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Preface

In general, systems of nonlinear partial differential equations are formulated and studied
individually according to sepcific physical or biological models of interest. There are,
however, certain classes of Lagrangian systems for which the asymptotic behavior of the
non-stationary solutions, including the blowup mechanism, is controlled by their total sets
of stationary solutions. In this book, we will show that these equations have their origin
in mean field theory and that the associated elliptic problems are provided with mass and
energy quantizations because of their scaling properties.

Mean field approximation has been adopted to describe macroscopic phenomena from mi-
croscopic overviews, with some success, though still in progress, in many areas of science,
such as the study of turbulence, gauge field, plasma physics, self-interacting fluids, ki-
netic theory, distribution function method in quantum chemistry, tumor growth modelling,
phenomenology of critical phenomena. In this last scientific area, phase transition, phase
separation, and shape memory alloys are included.

However, in spite of such a wide range of scientific areas that are concerned with the mean
field theory, a unified study of its mathematical structure has not been discusssed explicitly
in the open literature. The benefit of this point of view on nonlinear problems should have
siginificant impact on future research, as will be seen from the underlying features of self-
assembly or bottom-up self-organization which is to be illustrated in a unified way. The
aim of this book is to formulate the variational and hierarchical aspects of the equations that
arise in the mean field theory from macroscopic profiles to microscopic principles, from
dynamics to equilibrium, and from biological models to models that arise from chemistry
and physics.

One of the key concepts to be used repeatedly in our discussion in this book is the notion of
duality, which has been the origin of the extension of functions to distributions®’? that pro-
vides a useful tool for the formulation of weak solutions in the theory of partial differential
equations. In addition, Riesz’ representation theorem!%? provides the formulation of duals
for such important function spaces as C(K)' = . (K) and L' (Q)' 22 L*(Q), where K and Q
are compact and open sets in R”, respectively. Thus if a family of continuous approximate
solutions is not compact but is provided with a priori estimates, say, in the L= or L' norm,
then the weak solution is realized as an L™ function or a measure, respectively, whereby
several fundamental profiles caused by the nonlinearity can be observed (e.g., interface,
shock, localization, concentration, condensate, blowup, self-similar evolution, travelling
and spiral waves, ...). Another concept of duality, namely, that of Hardy-BMO?®® is reflex-
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ive. It is represented by LlogL(Q)' = Exp(Q) and Exp(Q)’' = LlogL(L), where Q C R”
is a bounded domain. The Hardy-BMO duality is associated with the mean field hierarchy
through the entropy functional and the Gibbs measure. Thus this duality notion can be
applied to the study of phenomena between particles and fields in the microscopic level
as governed by the Boltzmann principle and the zeta-function, respectively. Yet another
duality concept that will be used in this book is operator theoretical. For example, for some
given rectangular matrix 4 a column vector b, the duality of the linear model Ax = b is the
transposed operation that arises in the context of the Fredholm formulation concerning the
existence and uniqueness of the solution. On the other hand, the linear inequality Ax > b
in convex analysis has an analogous duality formulation. For example, this formulation re-
sults from integrating a linear functional equation where the Legendre transformation takes
on the role of the transposed operator.>? This involutive operation is often referred to as the
Fenchel-Moreau duality, which results in the more complicated dualities of Kuhn-Tucker
and Toland. Here, the Toland duality is concerned with the functional represented by the
difference of two convex functionals, such as the Helmholtz free energy. The field func-
tional then is obtained in its dual form, and these two principal functionals are regarded as
unfoldings of the Lagrangian.

This book consists of two main chapters. The first chapter is devoted to the study of varia-
tional structures, where the quantized blowup mechanism observed in the chemotaxis sys-
tem3*4 is first described. Within this section, the free energy transmission, which results
in the formation of self-assembly, is emphasized which means that the source of the emer-
gence is the wedge of blowup envelope, while entropy and mass are exchanged to create
a clean self with the quantized mass. The leading principle derived from this study can
be summarized as follows: dual variation sealed in the mean field hierarchy and scaling
that reveals this hierarchy. In fact, the phenomenon of quantization is sealed in the total
set of stationary solutions, referred to as the nonlinear spectral mechanics. The structure
of dual variation controls, not only the local dynamics around the stationary state, but also
the formation of self-assembly realized as a global dynamics including the blowup of the
solution. This duality is associated with the convexity of the functional; and thus, our de-
scription involves convex analysis as mentioned above. We will examine the phenomena
and logistics of both variational and dynamical structures of several problems including
phase transition, phase separation, hysteresis in shape memory alloys which review the
theory of non-equilibrium thermodynamics.

Chapter 2 is devoted to the discussion of the method of scaling for revealing the mathe-
matical principles hidden in the mean field hierarchy subject to the second law of thermo-
dynamics. More precisely, we will describe the quantized blowup mechanism observed in
self-gravitating fluid, turbulence, and self-dual gauge field. In particular, blowup anlay-
sis, one of the most important applications of the method of scaling, is used to clarify this
mechanism. This analysis consists of four ingredients, namely, scaling invariance of the
problem, classification of the solution of the limit problem defined on the whole space and
time, control of the rescaled solution at infinity, and hierarchical arguments. Meanwhile
we will also describe the method of statistical mechanics for the study of macro-scopic
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phenomena caused by the micro-scopic principles. In particular, we will re-formulate the
simplified system of chemotaxis as a fundamental equation of the material transport, the
Smoluchowski-Poisson equation.

Unfortunately, a complete overview of the topics mentioned above is beyond the scope
of this book, and the list of references is far from being sufficient. Furthermore, several
important related topics are missing, among which are the complex Ginzburg-Landau free
energy associated with super-conductivity in low temperature,’>*2” Arnold’s variational
principle for describinig the MHD equilibrium,!! the density function theory of quantum
chemistry,®? kinetic equations in fluid dynamics,? and the duality between Aleksandrov’s
problem in integral geometry and the optimal mass transport theory.?3® There are also sev-
eral stationary problems in engineering associated with duality!'> which may be extended
to the non-stationary problems of their own.

We take this opportunity to clarify several terminologies used in this book that are the
concern of thermal phenomena associated with dissipation. First, we follow the classical
concepts of equilibrium thermodynamics and classify thermal systems into isolated, closed,
and open systems. This classification is also associated with the theory of equilibrium
statistical mechanics. More precisely, these systems are provided with the microscopic
structures of micro-canonical, canonical, and grand-canonical ensembles, respectively. A
closed system here indicates the lack of transport of materials between the outer systems,
whereby the transport of heat and that of the energy are permitted. In the open system, on
the other hand, the transport of material between the outer systems is also permitted. Next,
in view of the theory of non-equilibrium thermodynamics, we add one more aspect to the
openness, that is the dissipation of entropy to the outer system.??* Under this agreement,
closedness is re-formulated as a system provided with decreasing total free energy or that
provided with increasing total entropy. Thus we have two kinds of closedness: physical
closedness in terms of kinetic and/or material, and thermodynamical closedness described
by two typical models discussed in details in this book. Free energy transmission occurs in
the latter case and could be the origin of self-assembly”.

In this connection, we note that the dissipative system is defined by the presence of an at-
tractor in the theory of dynamical systems. Gradient system with compact semi-orbits is a
typical dissipative system in this case.'?® We believe, however, that this definition of dis-
sipative system does not describe what were observed by.??* More precisely, decrease of
the free energy or increase of the entropy means thermodynamical closedness. It is formu-
lated by the gradient system in the same two models as mentioned above, and, therefore,
is never provided with the dissipation in the sense of non-equilibrium thermodynamics®>*
in spite of the fact that these two models are typical dissipative systems in the theory of
dynamical systems. To avoid this confusion, the above mentioned terminology of dissi-
pative system in the theory of dynamical systems'?® is not used in this book. Actually, a
recent paradigm asserts two aspects of self-organization, far-from-equilibrium (top-down
self-organization) and self-assembly (bottom -up self-organization), emphasizing the role
of their hierarchical developments, with the Hopf bifurcation casting the threshold.** Dis-
sipation occurs in a state far-from-equilibrium, which results in a spiral wave, a travelling
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wave, a periodic structure, a sef-similar development, and so forth; while self-assembly, we
believe, is formed near-from-equilibrium of thermodynamically closed system induced by
the stationary states, developing a condensate, a collapse, a blowup, a spike, and so forth.
This book is concerned with the formation of self-assembly. Its profile is provided with the
“triple seal,” of which basic concepts have already been described. First, several features
of self-assembly that is one aspect of the self-organization are sealed in thermodynamically
closed systems. Secondly, the dynamics of the closed system is sealed in the total set of sta-
tionary states. Finally, the stationary states themselves are sealed in the (skew-) Lagrangian,
provided with the structure of dual variation. These features of the mean field hierarchy
are certainly revealed by the method of scaling derived from the microscopic principle.
In summary, formation of self-assembly arises in thermodynamically closed systems, and
hence this process is subject to the calculus of variation. The closed system follows the mi-
croscopic principle. This principle controls the mean field hierarchy totally, and, therefore,
fundamental profiles of the macroscopic mean field equation are revealed by the method
of scaling. We would like to thank Professor Tomohiko Yamaguchi for several stimulative
discussions on non-equilibrium thermodynamics. Thanks are also due to Professors Biotr
Biler, Fumio Kikuchi, Futoshi Takahashi, and Gershon Wolansky for careful reading over
the primary version of the manuscript.

Takashi Suzuki
Osaka, Japan
June, 30, 2008
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Chapter 1

Duality - Sealed Variation

Self-organization is a phenomenon widely observed in physics, chemistry, and biology.
Usually, it is mentioned in the context of far-from-equilibrium of dissipative open systems
describing the discharge of entorpy, but the other aspect, formation of self-assembly, is
sealed in the total set of stationary solutions of thermodynamically closed systems. This
stationary problem is contained in a hierarchy of the mean field of many self-interacting
particles, whereby the transmission of free energy is a leading factor. We can observe
a unified structure of calculus of variation in these mathematical models, and obtain a
guideline of the study from it, especially the total structure of stationary solutions and its
roles in dynamics.

Equations describing self-assembly have been classified into models (A), (B), and (C). Al-
though model (C) equations indicate models other than those of model (A) or (B) equations,
see,’® some of them are fomulated as the (skew-) gradient system with semi-duality. In this
chapter, first, we take a simplified system of chemotaxis to confirm the above story, and
then develop the abstract theory of Toland duality. Next, we examine the closed structures
of model (A) and model (B) equations, and, finally, confirm the profiles of dual variation
sealed in several model (C) equations.

1.1. Chemotaxis

Chemotaxis is a feature that some living things are attracted by special chemical source,
which results in, for example, the formation of spores in the case of cellular slime molds.
In more details, under sufficient food and water, the spores of cellular slime molds break
and small amoebas are born. First, the dissipative structure makes them quite active, but
they are eventually combined with spores again after the first twenty-four hours. At this
occasion, the chemotactic feature to the chemical substances secreted takes a role. This
process is made up of a mathematical model, and then formation of the delta-function
singularity is conjectured. The effect of chemotaxis is formulated also in the material
transport theory subject to the total mass conservation and the decrease of the free en-
ergy. The quantized blowup mechanism to such a system is actually proven in this context,
using the weak formulation made by the duality and the scaling invariance of the prob-
lem. This section illstrates the story of the proof of such quantized blowup mechanics, its
backgrounds, and related topics such as the tumor growth model and the geometric flow.

T. Suzuki, Mean Field Theories and Dual Variation, Atlantis Studies in Mathematics for Engineering 1
and Science 2, DOI 10.1007/978-94-91216-22-0 1, © 2008 Atlantis Press/World Scientific



2 Chapter 1. Duality - Sealed Variation

1.1.1. Thermal Transport

If Q C R", n = 2,3, is a bounded domain with smooth boundary dQ and v = v(x) is a C'

vector field defined on Q, then the divergence formula of Gauss holds as

/V-vdx:/ v-vdS,
Q 2Q

where - is the inner-product in R”,

8x1

ox,
the gradient operator,

Vl

vn

the outer normal vector, and dS the area (or line) element.

Thus
1 n
V.y— v Iv
Jxq Ix,
is the divergence of the vector field v, indicated by
.|
v=1 ...
vn
Furthermore,
/
V= (xz (/S ) >
—x(s)
dS=ds

if n =2 and JQ is parametrized as x = (x1(s),x2(s)) by the arc-length parameter s:

Xy (s)>+x5(s)? =1

and
Xy X Xy

e x x|
dS = |x, X xy|dudv = mdudv
if n = 3 and 9Q is parametrized as x = x(u,v) € R® by (u,v) € R?, where
ox dx
Y=o =

E:\xu|2, F=x,xy, G:|xv\2

(1.1)
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and x denotes the outer product in R.
From the classical theory of ordinary differential equations, we can define a local flow {7; }
by x(¢) = T;xo, where x = x(¢) is a unique solution to

dx
= =v(x), x|,_g =x0 € R". (1.2)
Then, if ® C R” is a bounded domain, the set
I(0) = {Tix| x € o}

indicates the region occupied by the particles at ¢ = ¢ that have moved from those in ® at
t = 0, subject to the velocity field v. Its volume (or area) is equal to

|7}(w)\:/ﬂ(w)d5:/(l)|%(x)|dx

using the transformation of variables & = T;x, where

9&)
Ji(x) = det
) <8xj 1<i,j<n

denotes the Jacobian.

We can derive, see,?%?
86,’ _s. i 85, _ 8\/[
Ixjl_y 7 dtdxj|_, Ox;
or, equivalently,
2&; oV
- =6+t t
8)6/ J * 8)6/ * 0( )

from (1.2), and, therefore,

ov! "
Jx)=1+¢t(—+... t).
((x) =1+ (8x1+ +8xn>+o()
This relation implies
T (0)| = \w|+t/ Vvdx + o(t),
(O]

or, equivalently,

d
= I1()]

= / V -vdx.
t=0 o

Thus the left-hand side of (1.1) indicates the total amount of the particles flowing into €2 per
unit time from inside source, which is equal to the total integral of the normal component
of the velocity v on the boundary indicated by the right-hand side.

For the proof of (1.1), we approximate Q by € using small rectangles, for example, and
reduce it to

V-vdx:/ v -vdS. (1.3)
Qh aQh



4 Chapter 1. Duality - Sealed Variation

To prove (1.3), next, we take the rectangles {Q’h }i composing €, and show
vV-vdx:/ v-vdS (1.4)
Q o,

for each i. Then, ; of the left-hand side is equal to that of (1.3). The same is true for
the right-hand side because the inner boundary integrals cancel. Thus (1.4) implies (1.3).
Equality (1.4), on the other hand, is proven by changing the triple (double) integral of
the left-hand side to the successive integral, and then using the fundamental theorem of
differentiation and integration.

Divergence formula of Gauss (1.1) is equivalent to

af
Q ox;

where f = f(x) is a C' scalar field. This formula implies the integration by parts,

dx—/ vifds, 1<i<n,
Q

" 2]
/ w—dx = / wvigdS—/ —ngx7 1<i<n, (1.5)
ax; . Q Jx;

where w = w(x) and g = g(x) are C' scalar fields.
Direction derivative of f toward v, on the other hand, is defined by

af d
oy = %f(-—ksv)

s=0
Using
af
axl
Vi=1 ... |,
af
0xy
then we obtain
af
5y =V S
by
8f d 1 n
av( xX) = dsf(x1+sv 7'..’xn+SV)S:o
af af

8xl( v+, axn( x)v"
which means that
flx+sv) = f(x)+sv-Vf(x)+o(s)

as s — 0 and, therefore, Vf(x) has the direction where f(x) obtains the infinitesimally
maximum increase, and the length of this vector is equal to the degree of the variation of
f(x) in this direction.?8?
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Applying (1.1) for v = V£, we obtain

/QAfdx:/aQ g—CdS,

9? 9?

using Laplacian,

provided that f is a C* scalar field. Similarly, putting w = g—{ and taking Y, in (1.5), we
obtain

/Vg-Vfdx:/ ga—de—/gAfdx
Q Q" v Q

if g and f are C! and C? scalar fields, respectively. This equality implies Green’s formula

af dg
/Q (gAf — fAg)dx = /a . <g8v - av) ds

valid to C? scalar fields indicated by f = f(x) and g = g(x).

Heat Equation

If Q is occupied with a heat conductor and @ is a sub-domain with C' boundary d @, then

/ cp B:dx
w

denotes the infinitesimal change of the heat energy inside w, where ¢, p, and 6 denote the
specific heat, the density, and the temperature, respectively. Then, from Newton-Fourier-
Fick’s law, the heat energy lost per unit time is proportional to the temperature gradient,
and thus we obtain

20
/wcpetdx— /Bw kS oS (1.6)

with the conductivity k.
The right-hand side of (1.6) is equal to

/ V- (KV0)dS = / V. (kV0)dx
Jdo Jo
by (1.1), and hence it holds that
cp6,=V-(xV0) (1.7)

called the heat equation because  is arbitrary.
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1.1.2. Collapse Formation

Simplified system of chemotaxis'3’->° has several backgrounds in statistical mechanics,
thermodynamics, and biology.’** For this system, we have a remarkable profile of the
solution, called the quantized blowup mechanism.3%4303

In the context of biology, it is associated with the chemotactic feature of cellular slime
molds,'® typically formulated by

u=V- (Vu—qu

—Av=u— / inQx(0,T

du Jdv  dv

E_uﬁ_ﬁ_o on dQ x (0,7)

/v:O7 (1.8)
Q

where Q C R”, n = 2,3, is a bounded domain with smooth boundary dQ and v is the outer
unit normal vector.

In this case, u = u(x,?) stands for the density of cellular slime molds, and the first equation
of (1.8) is written as

Ur = -V j
with

j=—Vu+uVv (1.9)

Lo foo
dt Jo 0w /

for any sub-domain  with C! boundary d® by (1.1). Thus, the vector field j stands for
the flux of u, and the first equation of (1.8) describes mass conservation. The null flux
condition,

which means that

v-j=0,

therefore, is imposed on the boundary in (1.8), which guarantees the total mass conserva-
tion,

[[u(-, )11 = [fuol |1 (1.10)
for ug = u(-,0) > 0 because u = u(x,t) > 0 follows from the maximum principle.>>® Here
and henceforth, || - ||, denotes the standard L? norm:

I/, = {fQ|f|p}1/pa I<p<eo
TP | essesupeq ()], p=e.

The component v = v(x,¢) denotes the concentration of a chemical substance secreted by
the slime molds. Its production law is described by the second equation which constitutes
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the Poisson equation. We shall examine its details in the next paragraph. Roughly, since
Vv stands for the gradient created by the particle density u, the second equation indicates
that u acts as a source of v, namely, the self-attractive gradient field Vv is created by u.
The form (1.9) of j, on the other hand, indicates that v acts as a carrier of u, formulated by
the phenomenological relation, see §1.4.4. Thus, the term uVv describes the chemotactic
feature of the cellular slime molds, and u is carried proportionally to the gradient Vv of v.
This chemotaxis term, furthermore, competes the diffusion —Vu of u for u to vary.

System (1.8) is well-posed locally in time.2+282:304344 If the initial value uo > 0 of u is
sufficiently regular, then there is a unique (classical) non-negative solution locally in time,
and, therefore, if Thhax denotes the supremum of its existence time, then we obtain Tiax > 0.
In case T = Thmax < oo, this T is called the blowup time, and actually, there arises

li -t = +oo,
im (1) =+

For this system (1.8), we have the following theorems.?7%-304

Theorem 1.1.
Ifn=2and T = Thax < oo, then it holds that

u(x,t)dx — Y, m(xq)8y,(dx) + f(x)dx (1.11)

xp€S
ast | T, where

S = {xo € Q| there exists (xy,tr) — (xo,T)
such that u(xy,t;) — +oo} (1.12)

denotes the blouwp set of u and

0< /= /) eL'(@NC@\ ).

Theorem 1.2. We have

m(xo) = m.(xo) = {iz NP (1.13)

and hence
245 NQ) + 47 N0Q) < ), /(47) (1.14)

by (1.10).

The convergence (1.11) is *-weakly in the set of measures on Q, denoted by .2 (Q), which
means

lim [ u(,t)p= ) m(xo)(p(xo)f/g;ﬂp

1T JQ x0€.S
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for any ¢ € C(Q). This phenomenon of the appearence of the delta-function singularity in
u(x,t)dx is called the formation of collapse, and the equality m(xo) = m.(xo) is referred to
as the mass quantization.

In 1970, Keller-Segel'%° proposed a system of parabolic equations with a more complicated
chemotaxis term competing to the diffusion. System (1.8) is a simplified form introduced
in 1992 by Jiger-Luckhaus.'>” In 1973, Nanjundiah?!” conjectured the formation of col-
lapse, and Childress-Percus®! refined this conjecture in 1981 by heuristic arguments. More
precisely, formation of collapse is supposed to hold only in the case of n = 2, and 87 is
expected to be the threshold of A = ||ug||; for the existence of the solution global in time.
The latter means that A < 87 will imply Tiax = +o0, while any A > 87 admits ug > 0 such
that [Jug||; = A and Tinax < +-oo.

In 1995, Nagai?*® showed that this 87 threshold conjecture is affirmative for radially sym-
metric solutions, but later, 47 is proven to be the real threshold value of non-radially sym-
metric case. 2410821021278 'The abhove mentioned Theorems 1.1 and 1.2 are regarded as
a localization of this threshold combined with the formation of delta-fucntion sigularity.
Concerning the other space dimensions, on the other hand, it is proven that there is no
blowup for n = 1 and no L! threshold blowup for n = 3, see.!40:141209.275 1p the case of
n = 2, however, the formation of collapse is valid even to perturbed systems.!”®

1.1.3. Mean Field Hierarchy

System (1.8) arises also in physics. In this context, we call it the Smoluchowski - Poisson
equation, whereby u = u(x,t) indicates the distribution function of self-gravitating parti-
cles, and v = v(x,¢) is the gravitational field created by them. In more details, the second
equation of (1.8) is equivalent to

v(x,t):/QG(x,x')u(x’,t)dx',

where G = G(x,x’) denotes the Green’s function associated with the elliptic boundary value
problem called the Poisson equation

v
W_O on 0Q

./g;v:O, (1.15)

1 o
—Av:u——/ u in Q)
Q| Jo

and that this Green’s function behaves like the gravitational potential,
G(x,x') ~T(x—x)

for

1.1 _
F(x)_{“” o =3

1 1
Elogm, n=2.

This equation thus describes the formation of gravitational field by the particle density.
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Actually, system (1.8) is contained in a hierarchy of the mean fields of many self-gravitating
particles subject to the second law of thermodynamics obtained by the fluctuation-friction
approach, see §2.2.5. More precisely, it is a macroscopic description of this mean field asso-
ciated with the micoscopic Langevin equation, and the mezoscopic Fokker-Planck-Poisson
equation.>*33833% This hierarchy of mean fields is governed by the decrease of Helmholtz’
free energy %, which is defined by the inner energy minus entropy if the temperature is
normalized to 1, that is,

F(u) = ./Q (logu—1) —f//QXQ x,x )u(x)u(x)dxdx' (1.16)

because p(dx,t) = u(x,t)dx stands for the particle density, and G = G(x,x") casts the po-
tential, see §1.4.2. Thus, the first and the second terms of (1.16) indicates (—1) times
entropy and the inner (kinetic) energy, respectively. The inner force is self-attractive in this
case, and actually, —% factor appears in the second term because of Newton’s third law of
action-reaction. This potential is thus symmetric,

G(X',x) = G(x,x'), (1.17)

and there are several microscopic and kinetic derivations of (1.8), see §§2.2.5 and 2.2.6.
The first variation 8 % (u) of % (u) is defined by

W, 6F (u)) = %ﬁ(u—&-sw) » (1.18)
Identifying this paring ( , ) with the L? inner product, we obtain
07 (u) =logu—v
for
V= /Q G(-,xu(x)dx’

Thus (1.8) reads;

ur =V-(uVe.F(u)) inQx(0,7)

ui&?(u)zo on dQ x (0,7). (1.19)

ov

This problem is a form of the model B equation’®130:146:252 derived from the free energy
F = Z(u), and, consequently, it follows that

dt/ / u—&% =0

Eﬁ(u):—/guw&?(u)\ <0, (1.20)

see §1.3.1. The second inequality of (1.20) means the decrease of the free energy, while the
first equality of (1.20), combined with u = u(x,#) > 0, assures the total mass conservation
(1.10),

A= Jluolly = [luC 0Ol £ € [0, Tnax)- (1.21)
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Relation (1.21) leads to the selection n = 2 for the formation of collapse, using the dimen-
sion analysis.%! In more details, if  is concenrated on a region with the radius § > 0, then
it is of order § " because of this property, (1.21). Then, we replace 5! by V in (1.8), and
take §' /2 and 8'*"/2 for v and 1, respectively, which results in

5 (1+3n/2) (507507571%/2) =0
5" (507.’571“/2) -0

u—V-(uVv) —Av=0

1
u—— [ u+Av=0.
ks

Balance of these relations, thus, implies #n = 2. Surprisingly, this heuristic argument is the
origin of a rigorous proof of the formation of collapse and with mass quantization, that is,
the scaling argument.

Theorem 1.2 concerned with the mass quantization actually describes the ”local” L' thresh-
old for the post-blowup continuation. The reasons why 87 was conjectured first and why it
was modified later to 47 lie in the structure of the total set of stationary states.

1.1.4. Stationary State

As we described, the above mentioned quantized blowup mechanism of non-stationary
solutions is sealed in the total set of stationary solultions, which are defined by the zero free
energy consumption. More precisely, from (1.20), the stationary state of (1.8) is realized
by

0.7 (u) = constant, / u=21
Q
or, equivalently,
logu — v = constant, llull; =4, (1.22)

where A = ||ug|; and

v= (=Ay) (u—n), /g'zv:o (1.23)

for

_ 1 /
Uu——— u.
1Q[ Ja

Here and henceforth, —Ay denotes the Laplacian —A provided with the Neumann boundary
condition, %~ ’ = 0. Eliminating u in (1.22), now we obtain the relation
Q
Ae’
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and, therefore, the nonlinear eigenvalue problem with non-local term,

e’ 1 . dv
—AV—A«<[QeV—|g2> an, W—O On&Q

/Qv:O (1.25)

arises from (1.23). It is worth noting that the quantized blowup mechanism at this level is

already observed in the blowup family of solutions.?34277

More precisely, if {(Ax,vi)}r_; is a family of solutions to (1.203) for A = A; and v = vy,

satisfying A — Ao € [0,00) and ||v||., — oo, then the blowup set of {v;}, denoted by
= {x € Q| there exists x; — xo such that v (x;) — 4o},

is finite and furthermore, passing through a subsequence, it holds that

up(x)dx = Y. m.(x0) 8y, (dx) (1.26)

xoes
in . (Q) as k — oo, where
Are'x
Up = fQ ok .

This relatioin implies Ay € 474", and furthermore, it holds that

Vi |mi(xo)K(x,x0)+ Y mi(xp)Glx,xp) | =0, x=xo (1.27)
xpe\{xo}

for each xg € ., where only tangential derivative is taken in (1.27) if xo € dQ, and

L loglx—x|, x€Q

i (1.28)
zloglx—x'|, x€dQ

K(x,x") = G(x,x') + {
stands for the regular part of the Green’s function G(x,x’). Corresponding to (1.26), we
obtain

Vi(x) = vo(x) = 2 my (x0) G(x,x0)
x0€S
locally uniformly in x € Q\ .% and this vy = vo(x) is called the singular limit of {v;}.
The above mentioned blowup mechanism emerged in the total set of stationary solutions
is associated with the structures of complex analysis and differential geometry,3?* and also
the scaling invariance,'3! for example,

—Av=¢"

is invariant under the transformation v* (x) = v(ux) + 2logu for u > 0, see §2.3.2. The
singular limit of {v;}, Ax — A arising at the first quantized value Ay = 47 to (1.25), on the
other hand, is given by 47G(-,x) with xo € dQ satisfying

d
TTXK(X’)CO) :07

X=X0
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where 7 is the unit tangential vector. This singular limit is “stable,” attracts the non-
stationary solution in infinite time, and casts the underlying driving force to the self-
assembly. In other words, this singular limit is the origin of the quantized blowup mech-
anism of the non-stationary state, that is, formation of collapse with the quantized mass,
see.304

1.1.5. Localization and Symmetrization

For the moment, we are concentrated on the proof of Theorems 1.1 and 1.2, whereby n =2
is always assumed. First, Theorem 1.1 of the formation of collapse is proven by localizing
the following criterion concerning the existence of the solution globally in time 24108211

Theorem 1.3. If A = ||ug||, < 4, then it holds that Tiax = ~+oe.

Using the dual Trudinger-Moser inequality
inf{F(u) |u>0, ||ul|, =41} > —oo (1.29)

for the proof of the above theorem is proposed by,*** where .# = .% (u) denotes the free
energy defined by (1.16). In fact, from (1.29) and the first equality of (1.20) it is easy to
derive

sup u(logu—1)(,¢) <C
IE[OJ;nax)' Q

with a constant C > 0 in the case of A < 47, which guarantees Tiyax = +o0 with
sup [|u(-, 1)l < +eo
>0

by the parabolic regularity. Later in §1.2.8, we shall show the duality between (1.29) and
Chang-Yang'’s inequality,***

inf{Jae(v) | v e H'(Q), /Qv —0} > —oo, (1.30)

where

1 ~
L) = §||Vv||%—/llog </Qev> +A(logA —1).

Here and henceforth, H"(Q) = W™?(Q) with W™»(Q) standing for the standard Sobolev
space, where m = 0,1,--- and 1 < p < oo:
wmP(Q) ={f e LP(Q) | D*f € LP(Q), |o| <m}.

We shall write #)"” (Q) for the closure of C7(€) in W™ (Q) and H' (Q) = W"*(Q).
Chang-Yang’s inequality is relative to the Moser-Onofii inequality,?°63%

inf{Jg7(v) | v € H} (Q)} > —oo, (1.31)

see also §2.2.4. The total mass A = 4x in (1.30) is a half of that in (1.31) because of the
concentration on the boundary of the minimizing sequence for the former. The same profile
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occurs to the solution to (1.8) blowing-up in finite time and this profile provides the reason
why A < 4 is sharp in Theorem 1.3.

The proof of Theorem 1.1 is based on the methods of localization and symmetrization, and
the details are the the following.

()
)

)

Q)

)

Using nice cut-off functions, we show the formation of collapse at each isolated blowup
point.

The Gagliardo-Nirenberg inequality, see,! guarantees e-regularity. In more detail,
there is an absolute constant, denoted by & > 0, such that

lim lim su ot <& = %
R10 lTTmaxp”u( )||L1(Qm3(x07R)) 0 X0 ¢

which means that

x €S = lithnTSllP [uC )l 21 @nB(xo.R)) = €0 (1.32)
for any R > 0.
If we can replace limsup,;7, by liminf;7,, in (1.32), then we obtain .5 < +eo
because the total mass is conserved by (1.21). In this case, any blowup point is shown
to be isolated, and the formation of collapse, (1.11), is proven with m(xo) > m.(xg)
using the localized free energy.
The above replacement is justified by the weak formulation of (1.8),

%/Qu(-yt)fwfgu(-,t)mp

1
+= / P (x, X" u(x,t)u(x',t)dxdx', (1.33)
2 JJaxe
obtained by the method of symmetrization where
— d
0 eCl@Q), % —0 onoQ (1.34)

and

Po(x,x") =V (x) - ViG(x,x') + Vo (x') - VuG(x,x')
eL”(QxQ).
This formulation is possible because of the symmetry of the Green’s function, indicated

by (1.17).
In more detail, we obtain

d

G 00| < o427 (139)

from (1.33), and, therefore,

li . -t
[#r;l‘gub)w
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exists for ¢ = @(x) in (1.34). Using this property, we can replace (1.32) by

Xo €S = ltinrTlian”('J)||L1(m3(x0,R)) > &
for any R > 0.

Mass quantization (1.13), on the other hand, is a ”local” blowup criterion, while the global
blowup criterion also follows from the weak formulation (1.33), using the second moment.
A plot-type argument is given by Biler-Hilhorst-Nadzieja,?> and we obtain the following
theorem,?78-304

Theorem 1.4. There is an absolute constant 1 > 0 such that if we have xo € Q and 0 <
R < 1 satisfying

1 2
— X —Xo| Uug <
R? /QﬁB(xO,ZR)‘ ol uo <7

/ up > my(xo),
QNB(xg,R)
then Tmax < +oo. More precisely, it holds that Tyax = 0(R2) asR | 0.

We note that the assumptions of the above theorem are extended to the case that uy = ug(x)
is a measure, say, uo(x) = m(xo)0x, (dx) with m(xo) > m.(xo). Based on this observation,
now we infer in the following way.

(1) The argument employed in the proof of Theorem 1.4 is valid to the weak solution. In
particular, formation of the over-quantized collapse in finite time,

m(xp) > my(xg)

in (1.11), means the complete blowup, that is the impossibility of the post-blowup con-
tinuation of the solution. Thus the weak (measure-valued) post-blowup continuation
of the blowup solution u = u(x,¢) assures mass quantization,

m(xo) = my(xo).

(2) The Fokker-Planck-Poisson equation, on the other hand, admits a weak solution glob-
ally in time for appropriate initial values,?3>3?® and, therefore, we use the rescaled
variables to complete the proof of Theorem 1.2, regarding the hierarchy of the mean
field of particles.

Although the abve described guideline is not adopted directly because of several technical
difficulties, it contains key ideas for the proof of mass quantization. In the next section, we
shall describe the definition of the weak solution to the rescaled case. See also §2.4.1 for
the notion of complete blowup.



1.1. Chemotaxis 15

1.1.6. Rescaling

Fundamental concept of the method of rescaling is illustrated in §2.3.2. In the case of
(1.8), we assume 7' = Thax < 490 and xg € . and take the standard backward self-similar
variables defined by

y=(x—x)/(T=1)'?
s=—log(T —1), t<T. (1.36)
The formal blowup rate, on the other hand, is (7 —¢)~'/(?—1) if the nonlinearity is of degree

p, and p = 2 in this system of chemotaxis (1.8), see §1.1.8 for details.
Putting

Z(y,S) = (T_[)u(x7[)
Ww(r.s) = v(x,1), (137)
we obtain

2, =V (Vz—2zV(w+|y]*/4))

)
0=Aw+z— E\TI in Uss_ogr @2 (Q — {xo}) {5}

2P onUn g (00— fxoh) x fsh. (138)

v adv
Here, we use the following ingredients for the proof of Theorem 1.2:
(1) parabolic envelope.
(2) generation of the weak solution.

(3) second moment.
(4) formation of sub-collapse.

Parabolic Envelope

Taking a nice cut-off function around x¢ € . with the support radius 2R > 0 denoted by
¢xy,R, We can refine (1.35) as

d
E/ﬂu('vl)q)xoﬂ
with a constant C > 0 independent of 0 < R < 1 which implies that

[{(Pro. (- T)) = (@xo.r (1)) | < CQA+AP)RT(T 1) (1.39)

because u(x,¢)dx = p(dx,t) is regarded as a *-weakly continuous function in ./ (Q) on
[0, 7], that is

<C(A+AYR?

= p(dx,t) € C([0,T], 4 (Q)).
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Since 0 < R < 1 is arbitrary in (1.39), we can put
R=DbR(?)
for given b > 0, provided that 0 < R(t) = (T —1)'/? < b~!, that is
[Py r(0) 1 (5 T)) = (P () (-5 2) )| < CB2
which implies that

limsup [m(xo0) = ( @y pr(r) 1 (1)) | < Cb?

1T
for xg € % by
w(dx,T) = z m(xg) 8y, (dx) + f(x)dx,
xX0€S
and, therefore,
lim limsup|<(pr,bR(t),[,L(-,l)> - m(xo)| =0. (1.40)

bltee pT
Relation (1.40) indicates that infinitely wide parabolic region concerning the backward

self-similar variables, called parabolic envelope, contains the whole blowup mechanism.

Generation of the Weak Solution
Given s; T +oo, we have {s7} C {sx} and {(dy,s) such that

z(y,s +s3)dy — §(dy,s) (1.41)

in C, (—oo, +o0;.4 (R?)). Here, 0-extension to z(y,s) is taken where it is not defined. This
¢ = C(dy,s) satisfies supp {(-,s) C L, and is a weak solution to

z,=V- (VZ—ZV (w—l— |y|2/4>) in L x (—oo, +o0)
9z
v,

Vi) = [ VIG=y)t.5)dy'

where L is R? and a half space with dL parallel to the tangent line of dQ at x if xo € Q
and xo € dQ, respectively, and

1 1

I'y) = —1log—.
) 37 08T

If xo € dQ, we take the even extension of {(dy,s) denoted by the same symbol without
confusion. Then, all the above cases are reduced to L = R?,

zy=V-(Vz—zV(w+|y|*/4)) in R? x (—oo, 4-0)
Vw(y,s) = /R VD)2 5)dy. (1.42)
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We thus obtain a full-orbit weak solution
§ = C(dy,s) € Cu(—o0, oo 4 (R))
to (1.42). This {(dy,s) is a Radon measure on R? satisfying

2 [ mxo), x0€Q
S(R%,s) = {2m(xo)7 X9 € 0Q
> 87 (1.43)

for each s € (—oo, +o0) from the parabolic envelope.
Here, we use the one-point compactification of R?, denoted by R? U {0} which is identified
with the sphere

2 = {(xl,x27x3) eRrR? \x% +x§ +x§ = 1}
by the stereographic projection y; = x;/(1 —x3) (i = 1,2). The following definition of the
weak solution to (1.42) is sufficient for later arguments using second moment.
(1) Thereis 0 <V = v(s) € LY (—oo,4o0;&”) satisfying
v(s)le =C®C(dydy',s)  ae.s€R,
where
L7 (R?U{eo} xR?U{eo})
¢=[{pg 9 eC(RU{=})}] "
C L7 (R2U{eo} x R2U{o0})
pe(.y) = (Vo) = Vo()) - VI (y —y).
(2) For each ¢ € C?(R?U{e}), the mapping s € R+ (¢, {(dy,s)) is locally absolutely
continuous, and it holds that
d 1
% <(P7 C(7S)> = <A(P +y- V(P/za C(,S» + 5 <P87V(S)>g7@m )
ae.sc R

From (1.43) and m(xo) > m.(xo), we have only to derive
{(R?,0) < 8, (1.44)

using the above mentioned properties of {(dy,s) to complete the proof of Theorem 1.2.
For this purpose, we note that Kurokiba-Ogawa'”* used the scaling transformation and
obtained the non-existence of the weighted L? solution globally in time for the pre-scaled
system in the whole space,

u=V-(Vu—uVv), —Av=u  inR?>x(0,7), (1.45)

in the case that the initial mass is greater than 8. We shall now examine whether this
argument is valid to (1.42) or not.

Second Moment - Self-Similarity
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Since the (rescaled) weak solution § = {(dy,s) is global in time, method of the second
moment assures that sufficient concentration at the origin of the solution implies (1.44). In
more detail, we take smooth ¢ = ¢(s) satisfying

0<(s) <1, s>0
—1<e(s) <0, s>0

s—1,0<s<1/4
c(s) = {0 >4 / (1.46)

and then derive

(el +1,8(dr)) < CLebP) 1, dns))

7ilxo)

+5m(xo) {4 — o

} ae.s€R (1.47)

with C > 0 and 8 > 0, provided that
m(xo) = {(R?,0) > 8.
Thus, there is 6 > 0 such that
{e(IV[*) + 1,¢(dy,0)) < & (1.48)
implies
(e(l?) + 1,8 (dy,s)) <0

for s > 1, a contradiction.

In,3%4 it is proposed to use a self-similarity of the problem (1.42) to remove the concen-
tration condition (1.48). This similarity arises because equation (1.42) is obtained by the
following process:

(1) equation (1.8) with (potentially) self-similarity.
(2) equation (1.38) obtained by the backward self-similar transformation.
(3) weak limit as s, T +oo defined on the whole space-time (1.42).

To detect this property, here we take the transformation

z(y,s) = e *A(Y,s'), w(y,s)=B(/,s")
Vo =e %y § =—e . (1.49)

Then, we obtain the same form to (1.45),

Ay =V'-(V'4—A4V'B)

V'B(-s') = /R2 VI(-—)A( s )dy in R x (—es,0), (1.50)
provided with the self-similarity

up (x,0) = pwru(ux, pu®t),  vu(e,t) = v(wx, p’t).
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This property to (1.50) induces the self-similar transformation of (1.42):
z(y,s) = e *A(Y,s'), w(y,s) =B(/,s)
M) = e Au(Y.s"), wh(ns) =Bu(Y.s")
Au(,') = 124wy 1%, Bu(V.s') = B(wy' us')
y=e Py 5 =—e, (1.51)

where 1 > 0 is a constant.
The condition (1.48), however, is a scaling invariant. In fact,

(e(pP)+1,8(dy,s)) < & (1.52)
for some s € R means
<c ((—s/)f1 \y’|2) ,A(a’y,s’)> <o
for some s’ < 0, while
(c((=)"V'P) Auldy,s)) < (1.53)
is equivalent to
(c (=)' Y17)  Ady, 1Ps")) < 8. (1.54)
It is thus impossible to find y > 0 satisfying

(e(?) +1,84(dy,0)) < &

for the general case. All the difficulties lie already in the fact that (1.50) is defined only for
s’ < 0. In the following section, we complete the proof of mass quantization.

1.1.7. Mass Quantization

Taking an alternative approach to the proof of Theorem 1.2, we recall (1.35) in the form of

d
o Lutne| < Cllolag, (155)

with a constant C = C;, > 0 independent of ¢ € C?(Q) and that inequality (1.55) is derived
from (1.33). Here, we take ¢y, r, the smooth cut-off function with the support radius
2R >0, and apply (1.33)to ¢ = |x —x0|2 ®x,.&- This property results in, see (5.32) of,3%

d
E/Q |x_x°‘2(px0~,R'”('vf)
! 1/2
<44p(t) +C{RZ/Q x—x02(px0,R-u(-,t)}

+C/Q((Pxo,2R — Qx.R) - U(:,2) (1.56)

with a constant C > 0 independent of 0 < R < 1, where

)= [ %R-uc,r)-{1—@'/5%03-14(-70}.
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In case xo € dQ, actually, we modify |x — x| by a suitable function M = M(x) satisfying

%—Af:OonBQ.

From (1.11), the right-hand side of (1.56) converges to

4 {m(xo) +/Q Py R -f} {1 - ﬁ (’”(’CO) +/g Prok 'f> }

{ 12
+C{E/Q|x—xo|2¢xo,1e-f} +C/Q((Pxo.,2R_(Px0,R)'f

ast T T for 0 < R < 1, which is estimated from above by

, {m(xo) + [ ous f} {1 - m*zxo) (m(xo) + [ 0un .f) }

12
+2C{/ ‘Pxo,R'f} +C/ Q2R f
Q Q

— dm(xo) {1 _ mlxo) }+0(1)

ms(xo)

as R | 0. In case m(xo) > m.(xg), or, equivalently ii(xg) > 8, therefore, it holds that

d .
dt ,/Q ‘x_x0|2(Px0,R'u(-,t) <—a
for0 < T —t < 1and 0 <R < 1, where a > 0 is a constant. This inequality implies
/Q |x—X()|2(Pxo~,R . u(~,t) < —Cl(t—f) + /Q |X—x0‘2(px0’R . u(,f)
< alt=D+ [ ksafgq gD

for0<T—t<T—-7<1and0<R<R< 1. Putting R = bR(¢) and R = bR(f) with b >0
and R(t) = (T —1)/2, and thus we obtain

2
X — X0
/Q R(l) (pr,bR(t)'u('7t)
t_f T—Z : X — X0 2 -
< —a- . .
S—a T —t + T—t ./Q R(E) (pr,bR(f)u( at) (1 57)

for0<7T—t<T—-i<1.
Givent; 1 T, we take {s}} C {s¢} and {(dy,s) satisfying (1.41) in

C*(_°°7 +°°;'/”(R2))7
where s = —log(T —#). We take also s € R and define #; and 7 by

s+sp=—log(T —1)
h—lh=T-—1.
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It holds that 7 — 7 = 2(T — 1;), and, therefore, inequality (1.57) for t = #; and 7 = 7, reads;

2
X —X0 ’
/Q Tt}i) Pry.bR(1}) u(-ytp)
B e ) ~
< —a+2./g ) A ARAST I
and we have
§+s,=—log(T — 1) = s+s, —log2.
We thus obtain
(12 @op,C(dr,s)) < —a+2{y[os, & (dy,5))
= —a+2(I’ o, ¢ (dy,s —log2)) (1.58)
by sending k — oo.

From the formation of sub-collapse in the rescaled solution, however, the singular part of
¢ (dy,s —1log?2) is composed of a finite sum of delta functions, see,?®! Chapter 14 of,3%4 and
§1.1.8. It holds, therefore, that

(WP, E(dy.s —log2)) =o(1) (1.59)
as b | 0. The right-hand side of (1.58) is thus negative for 0 < b < 1, a contradiction. The
proof of Theorem 1.2 is complete. O

1.1.8. Blowup Rate

The scaling invariance (1.53)-(1.54) of the rescaled second moment, however, induces an
important property concerning the blowup rate of the solution. Described in §1.1.6, the
formal blowup rate is obtained by the ODE part of (1.45),

u = Au—Vu-Vv+i?,
that is
2

m=m".

Since the blowup solution to this ODE is given by m(¢) = (T —¢)~', we say that the rate of
the blowup solution to (1.8) is type (I) if

limsup (T — ) [|u(+,£) || < +oo.
(T

Then, the classification of the blowup point is done in accordance with the backward self-
similar transformation (1.36)-(1.37). We say that xo € .7 is of type (I) if

lirnTsTupR([)znu('v[)||L°°(B(x0,bR(t)ﬂQ) < oo
t
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for any b > 0, where R(t) = (T —t)'/?, and we say that xo € . is of type (II) if it is not of
type (I), that is if there is #; T T and b > 0 such that
gLI?wR(fk)2|| U516l 2=(B(xg bR () )n2) = oo

Then, we obtain the following theorem.?!>276

Theorem 1.5. Every xog € .77 is of type (II). More strongly, we have
i R() [l ) = s 500 =+ (1.60)
Sforany b > 0 and
2(ys +5")dy — m.(x0) o (dy) (1.61)
in Cy(—oo,+o0;. 4 (R?)) as s' | +oo, where R(t) = (T —t)'/? and z = z(y,s) denotes the
backward self-similar transformation of u = u(x,t) defined by (1.36)-(1.37).

Relation (1.61) is called the formation of sub-collapse. It says that the total blowup mech-
anism is enclosed in the infinitesimally small parabolic region, which we call the hyper-
parabola. We see that type (IT) blowup rate indicated by (1.60) is obtained by this (1.61).
For the proof, we pick up a preliminary result,”31-3%* which has been already used in the
proof of (1.59). It is, however, not so sharp as (1.61); the possibilitis of collapse collision
and the residual term are left. More precisely, the x-weakly continuous measure & (dy,s),
generated by s = —log(T — #) through (1.41), takes the form

Cldy,s) = 3, 878y (dy) +g(v.s)dy (1.62)

YoEBs

for each s € R. Here, % is a finite set and 0 < g = g(-,s) € L' (R*) NC(R?\ %;). Equality
(1.62) is actually a similarity to the quantized blowup mechanism arising in the blowup
solution in infinite time to the pre-scaled system (1.8). Thus, we perform a hierarchical
argument®? for the proof of (1.62). The proof is, therefore, quite similar to that of the
prescaled case of which fundamenta idea is illustrated in §1.1.9.
To improve (1.62), we show, next, the convergence of the global second moment of the
rescaled solution. To this end, we note

d
G =l e uln) = ~¢

obtained similarly to (1.56) in spite of 7i1(xg) = 87, where C > 0 is a constant independent
of 0 < R < 1. This time, we have

/Q v = x0[ Q- (1) SC(T—t)Jr/QIx—XO\z(PxO,R:f
by (1.11), and, therefore,

/\ o g (1)

/\ xol” Qe pr(r) S
§C+4b <(pr7bR<,),f>. (1.63)
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by putting R = bR(¢).
Given # | T, we take {s}} C {s} satisfying (1.41) in

Ci(—o0, 4052 (R?))
as before, where sy = —log(T —#;). It follows that
<\y\274(dy,S)> <C  —eo<s<oo (1.64)

from b T +oo.
Putting

1) = (WP ¢ ()

now we obtain

dl 1(x0)?

%:4ﬁ1(x0)—m(2%0)+121 ae. seR (1.65)

by (1.42) and ri2(xg) = {(R?,s) = 8x. Then, it follows that
(DP Gdrs) =0,  —o<s<o (1.66)

from (1.64)-(1.65). Combining (1.62) and (1.66), we obtain
C(dy,s) = 8nd(dy), (1.67)
and, therefore, (1.61). This convergence implies (1.60) and the proof of Theorem 1.5 is
complete. 0

Free Energy Transmission

Formation of sub-collapse, (1.61), suggests the other scaling r(¢) < R(t) = (T —)"/? to
describe real blowup envelope for type (IT) blowup point. Herrero-Veldzquez’ solution'4?
is a radially symmetric solution to (1.8) satisfying

_ _ _n|1/2
u(x/r(1)) e VRl T
u(x,t)zw I+o(1)+0 T'lxzr(t)
ast 1 T = Tmax < +eo uniformly in x € B(0,bR(¢)) for any b > 0, where

M) = (T — t)l/Zefﬁllog(Tft)P/z llog(T —1)| 4 (tog(7—0)1/2-1)

- (1+0(1)) < R(1)

and
8

(1+b7)

are the blowup rate and an entire stationary state satisfying

u(y) =

—Alogi=u  inR?,
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respectively, see (1.45). This solution obeys an interesting feature, which we call the emer-
gence. In more details, the local free energy diverges to 4o around it, that is

&%‘?jxo,bm)(u(',f)) = oo (1.68)
for any b > 0, where
Fro (1) = /Qu(logu— 1)@y R
1
5 |G @) ) g ) (¥ e
QxQ

This closed system, thus, realizes the space and time localization of the free energy. Since
it holds also that
limsup [ @y, pryu(51) < mi(xo)
nr  JQ
for any b > 0, we can summarize that ”mass and entropy are exchanged at the wedge of the
blowup envelope, creating a clean, quantized self**.3%* Such a profile is expected for a wide
class of solutions with 7(¢) = u(xo,) /2.

1.1.9. Blowup in Infinite Time

The following are open problems concerning the blowup mechanism for (1.8) with n = 2.

(1) classification of the blowup envelope r(¢) | 0 for the general type (II) blowup point,
that is

hn};up ”u('?[)||L1(QﬁB(x0,br(t)) < m*(x0)7 b>0
t

Jim T [Ju 0121 @i ray) = +(¥0)

and the profile of the emergence, (1.68) for any b > 0.
(2) to prescribe the blowup set .# C Q composed of arbitrary finite points.
(3) to exclude the boundary blowup point when the boundary condition is replaced by

d d
Tz—ua—::v:o on 9Q x (0, 7). (1.69)
(4) global in time existence of the weak solution similarly to the harmonic heat flow, see
§1.1.11.

Blowup in infinte time is another issue. If the principle of the quantized blowup mechanism
is valid even in infinite time, what is expected is that the blowup in infinite time occurs only
for A = |jug||; € 4nN. The following theorem is to be noticed first.

Theorem 1.6. Inequality (1.14) of Theorem 1.2 is improved by
28 NQ)+ (' NIQ) < ||uoll; /(4r). (1.70)



1.1. Chemotaxis 25

Proof: From the parabolic and the elliptic local regularities, u = u(x,¢) and v = v(x,) have
smooth extensions to 0 = Q x [0, 7]\ . x {T}, and it holds that

u =V-(Vu—uVv) inQ,

where T = Tiax < +oo. Therefore, if u(x*,T) = 0 for some x* € Q\ ., then we obtain
u = 0 on Q by the maximum principle or unique continuation theorem, a contraction. This
contradiction means f(x) > 0 forx € Q\ .# in (1.11), and in particular,

luolly = Y, ma(xo) + £, > D, ma(xo).

x0€S xXp€S

Hence (1.70) follows. O

Theorem 1.6 guarantees, in particular, Tpax = +eo if A = |ugl|, = 4r. If

limsup,; ;.. [[u(-,)|.. < oo, then the orbit & = {u(-,¢)},>0 is compact in C(L2), and then
the @-limit set of 0 is defined by

0(up) = {u- € C(Q) | there is t T +oo such that u(-,#;) — . in C(Q)}.

Under the presense of the Lyapunov function .# = .% (u), this o-limit set is non-void,
compact, connected, and is contained in E, the total set of stationary solutions, see!3®
and also §1.2.7. If this boundedness of the orbit is not the case then it holds that
limsup,; ;.. [[u(-,¢)]|.. = +oo, and hence there is #; T +oco such that

(s t5) [ oo — oo (1.71)

Formation of the Quantized Collapse

The following theorem is concerned with the general case of Tjyax = oo, so that admits the
possibility of n(¢) = 0.

Theorem 1.7 (38). If T = Tyax = +o0 holds to (1.8), any t; T +oo admits {t,} C {t;} such
that

u(x,t +t;)dx — p(dx,t) (1.72)
in C, (—oo, 40054 (Q)), where 1(dx,t) is a weak solution to (1.8). This term means that
thereis 0 < v =v(-,t) € LT (—o0,+o0; &) satisfying

d 1
E ((p,/.t(dx,t» = <A(pmu(dx7t)> + E <p(l)7v('7t)>g7@@/ aet€R

for o =o(x) € Cz(ﬁ) with g—(‘e o 0, where
Po(x,x") =Vo(x) - V.G(x,x') + Vo(x') - VG (x,x")

- {pq, lpec@), 9°

99 _0}
Vioa

v t)lc@xg = H@u(dxdy't)  aet.
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Furthermore, the singular part of LW(dx,t), denoted by Ls(dx,t), is composed of a finite sum
of delta functions with the quantized mass,
n(?)

s (dx,0) = Y m(xi(1)) 8y, 1) (dx) (1.73)

i=1

Since the regular part /' = f(x,#) of u(dx,t) satisfies a parabolic equation in the relatively
open set

of Q x R, we obtain u(dx,t) = us(dx,t) if

n(0)

A=Y m.(xi(0)) (1.74)

i=1
is the case, similarly to the proof of Theorem 1.6. This fact, of course, is not sufficient to
infer Tax = +oo for A & 47N.
The estimate of sub-collapse mass from above in (1.62), formed in infinite time to the
rescaled solution, plays a key role in the proof of Theorem 1.5, that is type (IT) blowup
rate of the pre-scaled solution blowing-up in finite time. This estimate is done similarly to
the pre-scaled case (1.73), in the flavor of the description at the end of §1.1.5; the ”post-
blowup continuation® implies this estimate as the localization of the blowup criterion. To
estimate the collapse mass from below, on the other hand, we have to discretize in time of
the global in time existence criterion of the solution, Theorem 1.3, besides the localization
in space. This proof is achieved by the parabolic regularity or the smothing effect and the
reduction to radially symmetric case by the Schwarz symmetrization. We call this part the
concentration lemma, see Chapter 12 of.3%

Collapse Dynamics

If (1.71) occurs to A = 4, it thus holds that
H(dx,1) = 418y (d)

with t € R — x(t) € dQ locally absolutely continuous. The movement of collapse, on the
other hand, is controlled by the Robin function from the method of second moment,?** and
thus, we have the following theorem.

Theorem 1.8. If A = ||ug||, = 4, then it holds that Tiax = +oo. If there is ti T +oo satisfy-
ing (1.71), then we have {t;} C {1} satisfying (1.72) with [(dx,t) = 418, (dx). Here,
teR—x(t) € 0Q

is locally absolutely continuous, and is subject to

dx
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for a.e. t € R, where T is the tangential unit vector on dQ, Vi = 1(1-V), and R(x) =
K(x,x") is the Robin function defined from the regular part K (x,x') of the Green’s function
defined by (1.28).

Since

d
ER (x(2)) >0,

we have lim, 1. x(¢t) = xZ € dQ, where x_, and x. are a local minimizer and a local max-
imizer of R|,q, respectively. In other words, this collapse 470, (dx) formed in infinite
time, appears first at x; on dQ, and then moves to x7, along JQ.

Similarly, we obtain the following theorem.?3

Theorem 1.9. Let the boundary condition be replaced by (1.69) in (1.8), and assume that
A = ||luo|l1 = 87, Tmax = +oo, and there is no stationary solution v = v(x) to
)., \4
“Aav=2C Q, v=0 ondQ. (1.75)
Jae€’
Then, any ti T +eo admits {t;} C {t;} such that

u(x,t +1;)dx — 8wy, (dx) in Cy(—oo, +o0; .2 (Q)

teER—x(t) €Q absolutely continuous
liminfdist(x(t),dLQ) > 0
140
dx
i 47VR(x(1)) a.e t €R, (1.76)

where

1
R(x) = |G(x,x') + o log |x — x|

x'=x

with G = G(x,x") standing for the Green’s function to —A with -| 3o = 0.

The ordinary differential equation descibed by the last equality of (1.76) is a conjugate of
the vortex equation derived from the Euler equation, see §2.2.1,

% = 4nVIR(x(1)).

Global in time behavior of the radially symmetric solution, finally, is classified as fol-
lows.?33

Theorem 1.10. If Q = B(0,R) = {x € R? | |x| < R} is a disc, ug = uo(|x|) is radially
symmetric, and A = ||ug||y > 8, then the blowup in infinite time does not occur to (1.8).
Thus, we have either T = Tyax < +0 0r Tmax = +o0 and limsup,; .. le(-,8)||oo < +oo. If the
boundary condition is replaced by (1.69), then we have always T = Tax < +oo for A > 8.
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If the blowup in infinite time does not occur, then the @-limit set of the orbit global in time
is non-empty, connected, and compact in C(€2), and is also contained in the set of stationary
solutions, see §1.2.7. The total set of stationary solutions to (1.8) and that with the boundary
condition replaced by (1.69), however, are rather different. In the former case, first, we
have always the constant stationary solution u = A /|Q|. If Q = B(0, R), furthermore, many
non-radially symmetric solutions arise. There are also non-constant radially symmetric
stationary solution for A > 8m. If 0 < A < 87, then any radially symmetric solution is
constant. In the latter case, the stationary problem is described by (1.75) in v-component.
The solution is always unique, provided that 0 < A < 8x. If Q = B(0,R), we obtain the

singular limit of v=v(x) as A 1 8x, i.e.,

Voo (X) :4log‘%. (1.77)
See?’7304 and §2.3.4 for more details.
Coming back to Theorem 1.10 concerning radially symmetric non-stationary solutions,
if A < 87 then any solution exists globally in time, see,>’” and, therefore, converges to
the unique stationary state in both cases of the boundary condition. If A > 87 and the
boundary condition is (1.69), there is no stationary solution to (1.75), and, actually, we
have the blowup in finite time in the case of A > 87. What is expected to this boundary
condition with A = 87 is that the v-component of the solution converges to the singular
stationary state (1.77) in infinite time. Concerning (1.8), there is a chance that the solution
exists globally in time and converges to the constant A /|Q| or the other radially symmetric
stationary solution even if A > 8.

1.1.10. Time Relaxization

The full system of chemotaxis is provided with the time relaxization. A typical form is
given by

u =V-(Vu—uVv)
1
Tvt:Av—&—u——/u inQx(0,7)
Qf Ja

Jdu Jdv  dv

W_L,W:WZO on dQ x (0,7T)

/v:O, 0<i<T, (1.78)
Q

with 7 > 0 in the left-hand side of the second equation standing for the relaxization time
which describes a chemical process of the formation of the field v. The fundamental struc-
ture is the existence of the Lagrangian,

L(u,v) = /g.zu(logu—l)—i—%HVvH%—/Qvu (1.79)

/v:O,
Q

defined for
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and (1.78) is equivalent to

u =V-(uVL,(u,v))

vy = —Ly(u,v) inQx(0,7)
d d
uévLAmv%ZE%::O on 9Q x (0,7)
/ v=0, O0<t<T.
Ja
Thus it holds that
d

—L(u,v) = —/ ulVL,>+1 W dx <0
dt Q

for the solution (u,v) = (u(-,¢),v(-,¢)). This formulation to (1.78) is assocaited with dual
variation, and, consequently, any linearly stable stationary solution is dynamically stable,
see §1.2.

Well-posedness locally in time and the standard blowup criterion are proven also to this
system. More precisely, we have always 0 < Tiax < +oo. If T = Thax < +oo, furthermore,
then limy;7 [Ju(-,7)||., = 4o and the blowup set .7 of u, defined by (1.12), is not empty.
The blowup criterion is also valid, and similarly to Theorem 1.3, A = ||ug||, < 47 implies
Tax = +oe for the general case, while A < 87 implies Tiax = o< in the radially symmetric
case 24,108,211

The local blowup criterion, or €-regularity, also holds and we obtain

limTSTuP [uC )21 @nax.)) = M+ (X0)
t

for each xq € ., where R > 0 is arbitrary.?!> The property of bounded variation in time
of the local L'-norm derived from (1.35) in the case of T = 0, however, is not known, and,
consequently, the finiteness of the blowup points is open to (1.78). The threshold blowup,
or even any blowup criterion in finite time such as Theorem 1.4 is also not known to (1.78).

Non-Local Parabolic Equation

Replacing u; by €u, in (1.78) and making € | 0, we obtain (1.24) which induces another
simplified system of chemotaxis,

ev 1
TV =Av+ A <—> inQx(0,7)
t Jaer 1Q]
%:O on dQ x (0,7)
/V:Q 0<i<T (1.80)
Q

formulated by Wolansky.3#34? This problem is provided with the Lyapunov function

F30) = I —Atog [ &) +200e2 -1 [v=0,
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and it holds that
d _
Zh ) ==t nlB <o.

Not so much is known to (1.80) also, but the following theorems show the dis-quantized
blowup mechanism to its relative,
Ae’

Ja€”
y=0 on 9Q % (0,T). (1.81)

TV, =Av+ inQx(0,7)

Theorem 1.11 (**!). IfQ = B(0,R), vo = vo(|x|), and A > 8, then
Ae¥

u= fgev

ast 1 T = Tax € (0,+00] in C(Q), where v=v(-,t) is the solution to (1.81) with v(-,0) = v,.

—~ A& (1.82)

Theorem 1.12 (193). If A > 87 in the previous theorem, it holds that T = Tpax < +oo, and,
therefore, we have the formation of collapse (1.82) in finite time with the dis-quantized
mass A > 8.

The threshold case A = 87 is open, but the blowup in infinite time is expected.

Non-Local ODE

Spatially homogeneous part of (1.80) or (1.81) is formulated by the non-local ODE. Adopt-
ing the normalization T = 1, A = |Q|, we obtain

_ Qe

W=l n@xO.7) (1.83)
or
Q vV
= 19 in Qx (0,7) (1.84)
Jae€

Even these equations are not so trivial.
First, equation (1.83) is reduced to (1.84) by ¥ = v+ ¢. Next, in (1.84) it holds that

1 d/
I
|| dt Jo
and hence
1 1
@/QVZH—@/QVO. (1.85)
We have, furthermore,
Q
—(e")y=a(t) = €

Joe”
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and
t
e o) _ gmvixt) =A(t) E/ a(t')dt',
0
where vo = v(-,0) which implies that
e Volx1) _ pmvxnd) — p—volx2) _ efv(xzaf)7
and, hence, the order preserving property
vox1) <wo(xa) = vi(x,1) <v(xp,t).
In particular, it holds that
[Volleo = volxs) = V(1) [leo = v(xs,2).
Since v; > 0, we have

limv(x,t) = v(x,T) € (—oo, +oo]
T

for each x € Q, and, therefore,
B [v( 1)l = 400 = v(re, T) = +oo.
T

It follows that

e V0x) — o—lvolle = A(T)
e*"o@‘) _ efv(x,T) :A(T)

from (1.86), so that
v(x,T) = —log{e "0 — g~ lloll=}.

Pluging this relation into (1.85), we obtain

1 r 1
[ oefe0 o llley — 7 7/
o Jyloste ety Tlalle™

and hence the following theorem.

(1.86)

Theorem 1.13. The solution v =v(x,t) to the non-local ODE (1.84) blows-up at the blowup

time

1 1
T:——/ log{e "0 — ¢l __/v.
af Jo o8t AL

We note that there is a case of 7' = +co while it holds always that

1 r 1 r
T>——/lo el —— [ yy=0.
Q] Jo'oste Mgy f e

Cancer Model
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Several mathematical models have been proposed to describe the movement of living things
attracted by non-diffusive chemical factors using re-inforced random walk which results in
parabolic-ODE systems in the limit state, that is

pe=V-(DVp—px(w)Vw)

see.>*” Here, p and w are due to the conditional probability of the decision of the walkers
and the density of the control species, respectively, D > 0 the diffusion constant, y the
chemotactic sensitivity, and g the chemical growth rate.

Angiogenesis is the formation of blood vessels from a pre-existing vasculature. It is a
process whereby capillary sprouts are formed in response to externally supplied stimuli
and provides with a drastic stage to the tumor growth. A parabolic-ODE system modelling
tumor-induced angiogenesis is proposed in this connection,® using the endotherial-cell den-
sity per unit area n, the TAF (tumor angiogenic factors) concentration f, and the matrix
macromolecucule fibronectin concentration ¢, that is,

n, =DAn—V - (x(c)nVe) — poV - (nV))
Jio=Bn—punf
¢ = —ync inQx(0,7), (1.88)

where

14+ oc

x(c)

denotes the chemotactic sensitivity and D, po, B, U, 7, X0, ¢ are positive constants. System
(1.87) is formulated as an evolution equation with strong dissipation.!”>17934% There is
also an approach from the comparison theorem.!%* Here, we take the third approach using
the calculus of variation.

We formulate the problem as the parabolic-ODE system

9 =V-(Vg—qVo(v))

— inQx (0,7) (1.89)
with

0

%:o on 9Q x (0, 7)

ql,—o = 9o, V],_o =0 on Q, (1.90)

where Q C R” is a bounded domain with smooth boundary dQ, v is the outer unit normal
vector, go > 0 and vy are smooth function on Q, and ¢ : R — R is a smooth function.?!?
We impose the compatibility condition

8v0 -

W—O on 0Q
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which guarantees the null flux boundary condition
dq g ae(v)
av av
Although the form of (1.89) is restrictive, some important cases of (1.87) are reduced to it.
First, if

=0 on dQ x (0,7).

glp,w)=(p—ww,  w>0
then we obtain (1.89) by

v=logw, g=p—1
p(v)=4("), 4'=7.
Next, if

g(p,W):p(,U—W), w<u
then (1.89) follows from

v=—log(u—w), ¢g=p
() =A(u—e), 4'=x.
Finally, if
g(p7w):_pw7 W>07
then (1.89) holds for
v=—logw, g=p
pv)=d"), 4'=7x.
System (1.88) is also transformed into a similar form,
4 =V-(Vg—qVo(v,w))
Vi=¢q, W=¢q inQx(0,7). (1.91)
In 1979, Rascle?’ studied (1.89) for ¢(v) = —v. This system seems to be the case of (1.78)
where the diffusion of the second equation is neglected and the chmotaxis term of the right-
hand side of the first equation has the negative sign so that the sensitivity ¢(v) = —v may
be regarded as the self-impulsive factor. In the actual interpretation we replace —v by v.
Thus u is attarctive to the material v and this v is consumed by u itself. In,2%> global in time
solution is obtained using the Lyapunov function in the case of one-space dimension, and a

related system of angiogenesis is studied by.!*?> This method is applicable to (1.89) in the
case that

¢ €C’(R)

q0,v0 € C*T(Q)

dqo  dvo

W = av =0 on 8Q

¢' <0, ¢">0, (1.92)



34 Chapter 1. Duality - Sealed Variation

where 0 < o < 1. System (1.89) is equivalent to the one studied by,
n=V-(Vn—ny(c)Ve)

¢ = —cn inQx(0,7)
with
on dc
R—X(C)R—O On&Qx(O,T),

where c,n > 0, and y = yx(c) is a C'-function satisfying
x(c) =0, cx'(e)+x(c) 20

% the global existence in time of the weak solution with the convergence

1
Q('J)—’%E—/QO
Q| Jo

as t | +oo is derived formally, see also.” Similarly to?% this property is actually the case

in the classical sense when the space-dimension is one, using the continuous embedding,
see J.L. Lions,!%*

L2(0,T; HY(Q))NL=(0,T;L*(Q)) — L*(0, T;L™(Q)).

This conclusion is a counter part of the result,** that is if ¢(v) = v, we have both global
and blowup in finite time solutions depending on their initial data. We note that ¢(v) =v
does not satisfy ¢’(v) < 0. This case is a relative to (1.78) with the diffusion term —Av in
the second equation neglected.

u=V- (Vu—qu

= u— / inQx(0,7)
[
du
ﬁ—uﬁ—o on dQ x (0,7).
The key structure of (1.89) is
dL

~ [ a7 Vg + 56" 0)alVaP ds

L- / gllogg — 1)~ 3¢/ VIV d,
Q 2

and thus L can be a Lyapunov function. We can show the following theorems.>!°

Theorem 1.14. [ (1.92) holds, then there exists a unique solution to (1.89)-(1.90) such that
q,v € CPHo11/2(Qry with g = q(x,t) > 0, provided that T is sufficiently small.

Theorem 1.15. [f (1.92) holds and the space dimension in one, then the solution in the
previous theorem exists for any T > 0. Given t; T +oo and 6 > 0, furthermore, we have
1, € (tx — 8,1+ O) such that

q('a tl/c) - 60

uniformly on Q.
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Differently from the elliptic-parabolic system,?’# the possibility of the oscillation of ¢(-,#)
ast T +oo has not been excluded because of the ODE part of (1.89) even for n = 1. Similar
results to Theorems 1.14 and 1.15 are valid to (1.91). Actually, we obtain the following
theorem.

Theorem 1.16. If 0 < ny, fy,co are C>T% on Q,

ﬁ J—
> 2 on
Jo M
dng dfy dcy
v oy v Y on 92, (1:99)

and the space dimension is one, then there is a unique solution globally in time to (1.88)
with the initial boundary condition

on dc af
DW_%(CMW_I)O”W_O on dQ x (0,7)

n|t:() = ny, .f|t:() = .f07 C|t:0 =Co in Q.

Any ti 1 40 and 8 > 0, furthermore, admits t;, € (ty — 8,4 + 0) such that
1 o
n(et) —ny = @ /Qno

uniformly on Q.

In the other case of the first assumption of (1.93),

B

0< fo<=.
MY

we obtain a priori bounds of the solution for any space dimension under the assumption of

(B—ufo)"P < co,

and this provides the global in time solution converging to the stationary solution, see.!%*

1.1.11. Geometric Flow

Several geometric flows are known to have the quantized blowup mechanism. In the har-
monic heat flow case, the total energy acts as the Lyapunov function. Differently from
(1.8), this Lyapunov function is non-negative, and then type (II) blowup rate arises from
this non-negativity. In this connection, we note that Herrero-Velazquez’ solution to (1.8)
has the bounded total free enery, see.!”> Before describing geometric flows, we present an
alternative argument to derive (1.61), assuming that the free energy is bounded in (1.8) to
illustrate the situation.

For this purpose, we use

d
E/Q(pxo_ygu:—/QuV(Sﬁ(u)-V(pr’R
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and derive
& o] < [2¥87 ) [V o]l
< CAR™! Hul/zvay(u)Hz.
If
ltlTr;M(( 1)) > —eo, (1.94)
is the case, then it holds that
[ oo -

by the second equality of (1.20), and, therefore, we can replace (1.39) by

[( Qw1 (dx,1)) = (@ro.r 1 wTM
<CAR™ /H 12V 8% (u H

<CAR V(T — 1/2{/ H 12V5.7 (u H }1/2

for xg € .. This inequality guarantees

<(Px0,bR(t)nu(dxat)> = m*(xo) + 0(1)

ast 1 T for R(t) = (T —1t)'/?, where b > 0 is arbitrary. Then, {(dy,s) generated by (1.41)
from sy T +oo has the form

C(dy,s) = m.(x0)do(dy)
which implies that (1.61), and in particular, any xo € .% is of type (II). 0

Harmonic Heat Flow

As is described above, formation of the quantized collapse is observed also in the harmonic
heat flow.2® If we take the flat torus Q = R? /aZ x bZ, a,b > 0 and the (n — 1)-dimensional
sphere §" ! = {x € R" | [x| = 1} as the domain and the target, respectively, then this flow
is described by

u=u(x,t) : Qx[0,T) —8" ' CR"
satisfying

—Au=u|Vul?
lu| = 1 inQx (0,7). (1.95)
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In this case, it holds that

1d
||“t||%+§E||VM||%—/Qu-ut|Vu|2
1 0
=3 [, (Gl ) W =0
and hence

dE )

7 [|ue||5 <O
1

E = [Vull5. (1.96)

Thus, the the above E casts the Lyapunov function.

The stationary solution to (1.95) is called the harmonic map. In the general setting, we
take the m-dimensional compact Riemannian manifold (€2, g) and the compact Riemannian
manifold N without boundaries. By Nash’s theorem this N is isometrically imbedded in R”
for large n. We define the Sobolev space composed of a class of the mappings from Q to N
provided with the finite energy as in the previous section, that is

HY(Q,N)={uec H'(QR") |ueN, ac. onQ}
1
E(u)= —/ \Vul? dvq,
2Jo
where dvq is a volume element of (Q,g). We call a map u € H'(Q,N) (weakly) harmonic
if

4 B (M(u+e0))

=0
de

e=0

for any ¢ € Cy(Q,R"), where IT: U — N is a smooth nearest point projection from some
tubular neighborhood U of N to N. This relation is equivalent to saying that u is a weak
solution of the Euler-Lagrange equation

—Au = A(u)(Vu,Vu) on Q, (1.97)

sometimes called the harmonic map equation, where A and A(u)(-,-) denote the Laplace-
Beltrami operator on (M, g) and the second fundamental form of the imbedding N — R”" at
¥ € N, respectively. Harmonic heat flow is the mapping u = u(x,¢) : Q x [0,7) — N C R"
satisfying

uy = —0E(u)

and, therefore, the harmonic map is regarded as a stationary state of the harmonic heat flow.
First, we have the energy quantization for the sequence of harmonic maps.

Theorem 1.17 (79-158:207,260-262,296,330) ' 1 o {ux}, be a harmonic map sequence satisfying
sup, E (uy) < +oo. Then, passing to a subsequence we assume u, — u in H'(Q,N) weakly
to some map u € H'(Q,N). This u is a harmonic map, and there exist

e p-sequences of points {x}},-- {x{'} in Q
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e p-sequences of positive numbers {8} },--- {8’} converging to 0
e p-non-constant harmonic maps {®'},--- {wP} : S = N

satisfying the following:

fk—o0

lim E (u;) = E (u) + i Eo()
=1

, 5 & |-
lim max PYENTER TNy
k—eo i 6k e 6]{ + 6]{

N e AT
w3 {o ()

1
Eo(0) = E/Sz Vol?dvg.

= oo

lim

k—so0

= O’
HY(Q,N)

where

(1.98)

The first equality of (1.98) is an energy identity which says that there is no unaccounted
energy loss during the iterated rescaling process near the point of singularity, sometimes re-
ferred to as the bubbling process, and that the only reason for failure of strong convergence
to the weak limit is the formation of several bubbles due to the non-constant harmonic maps
®/ : 5> =N, j=1,...,p. Differently from (1.25), there is a possibility that some of {x,{}k,
j=1,...,p, converge to the same point, and this process is classified into two cases - the

separated bubbles and the bubbles on bubbles.3’®

The e-regularity and the monotonicity formula are known to the harmonic heat flow,
similarly to the simplified system of chemotaxis (1.8). In the case of (1.95) for Q =
R?/aZ x bZ, first, there is & > 0 such that u = u(x,?) is smooth in By /2 % [0, T], provided

that
sup E(u(-,t),Br) < &,
t€[0,7]
where
B = B(0,R)
1
E(u,R) = —/ IVul?
2 /By
1
Eg = §||Vu0||§~
Second,

E(u(-,T),Br) < E(ug, Bog) + CEoT /R

holds with C > 0. These analytic structures guarantee that there is a weak solution global
in time with a finite number of sigular points in Q X [0,4-c<), and then we will obtain a

homotopy between the initial state and the expected ultimate state, see.?>->%
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Similarly to the chemotaxis system (1.8) with (1.94), the non-negativity of E implies

5,500 Vel + [l )l < 5 Vol
= Ey (1.99)
by (1.96). Then, there is t; T T satisfying
(7 =) |l (1) 3 — 0 (1.100)

because otherwise it holds that

[ a5 s = 4o

a contradiction. For this u; = u(-,#), it is known, see,>** that the conclusion of Theorem
1.17 arises. The hyper-parabola also works, and thus there are similarities and differences
between (1.8) and (1.95).

More precisely, we have

/|ut\2(p2+/Vu-V(ut(p2) :/ut-u|Vu|2(p2
Q Q Q

_l 2 2 2.2
_Z/Q{atm]vu —0

[ Vu Vi) - / (Vu Vu»«pzf/g'z[(ufwm-wz
° .
=2di Jo

with

from (1.95), and, therefore,
o 1 d o o
/ \Mt\z‘P2+__/ ‘V“\Z‘P“_/ [(ue - V)u] - Vo? =0
JQ 2dt Jo JQ

for each ¢ € C!(Q) which implies that

1d 2.2 2 2 2 212 12
3o [ VP | < JulBlQI + lull2-{ [ 1VulVe?
Q Q

1/2
< Jlwl3ll@)2+ V2l - Eg* IV, (1.101)
and then it follows that

T d
“ \V 2.2
/o dr/g' ure

w(dx,t) = |Vu(x,t)|*dx € C.([0,T],.# (Q))

dt < oo,

Thus

follows againg from (1.99). Using #; T T satisfying (1.100), we obtain
w(dx,T) =Y, m(xq)8,(dx)+ f(x)dx (1.102)

x0€S
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with a finite set . and 0 < f = f(x) € L!(Q). The above described result’>* guarantees
the “energy quantization.” More precisely, m(xp) > 0 is a finite sum of the energies of
non-constant harmonic maps: §> — N.

Inequality (1.101) implies also

[ 9C0PE [ 008 - )

1/2
+2\/_E1/2{/ e (-, ||2ds} .C(T—1)'?/R

T
<2C [ () 3ds

for xg € . with C > 0 independent of 0 < R < 1. Then it follows that
lim / VU092 ey = m(xo)

from (1.99) again, where b > 0 is arbitrary and R(¢) = (T —)'/2. The hyper-parabola thus
arises and we obtain type (II) blowup rate at each xy € .7 similarly to (1.8) provided with
(1.94).

Normalized Ricci Flow

The normalized Ricci flow describes an evolution in time of the metric g = g(¢) on a com-
pact Riemannian manifold. If Q is a compact Riemannian surface, this flow is given by

—=(-Rg t>0 (1.103)

where R = R(-,t) stands for the scalar curvature of (Q,g(¢)) and » = r(¢) represents the
average scalar curvature given by

_ JoRC:t)dpy
fgdﬂt

with the volume element y = y;. Hamilton'3! introduced the above flow to approach the
Poincaré conjecture, and this idea has the right.>>32%3 1In the case that Q is a comapct
Riemannian surface is described in,'3? and it is shown that the solution to (1.103) exists
globally in time, converges in C”-topology as ¢ T +oo, and the scalar curvature of the limit
metric is constant. Here, we describe an arguement using the analytic form of (1.103).
First, we obtain

JR

— =AR+R(R—

ot R+ ( r )
and, therefore, R(-,¢) > 0 everywhere on Q follows from R(-,0) > 0 everywhere on Q,
where A, denotes the Laplace-Beltrami operator associated with g = g;. Henceforth, we

deal with this case. Then, from Gauss-Bonnet’s theorem there follows

/QR(-,t)dut —4nx(Q). (1.104)
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Here, x () =2 —2k(Q2) stands for the Euler characteristic of €, and hence k(Q) is the
genus of Q. Since R(+,¢) > 0 in Q, this formula gives k(€2) = 0, and then the uniformization
theorem reduces the problem to the case that

Q=5

g(t) =" g,
where S? is the two dimensional sphere, g is its standard metric, and w = w(-,7) is a smooth
function.

In this case, the scalar curvature Ry corresponding to the metric g is a constant, and it is
related to R = R(-,¢) through

R=e¢""(—Aw+Ry) (1.105)
with A = Ag,. Here, we obtain
A;R(gt)dut::SE (1.106)
by (1.104) and hence |
o ST 8n (1.107)

B sz d,ut - fsz ewdx’
setting dx = dl,,. Finally, we have
|S?|Ry =87 (1.108)
because (1.106) holds and Ry is a constant.
By pluging (1.105) into (1.103) and using (1.107), (1.108), we end up with
ae” e
ot Jpevdx  |$?
The result in'3? thus reads as follows. The solution to (1.109) exists globally in time and
W(+,t) — We as t | +eo in C*-topology, with w., standing for a stationary solution:

_Aw+8n( ) in §2 x (0,7). (1.109)

eV 1
MAWeo =81 | ——— — — in S2. 1.110
e = 8T (Jsz o= d |SZ|) " (110

From the viewpoint of dynamical systems, the proof of!3? consists of three ingredients:

extension of the solution globally in time, compactness of the orbit, and uniqueness of the
o-limit set. All the steps are based on the geometric structure of (1.103), involving Har-
nack’s inequality for the scalar curvature, monotonicity of an awkward geometric quantity
called “entropy”, soliton solutions of the Ricci flow, the modified Ricci flow, and so forth.
There are, however, several complementary analytic arguments.

First, the third step originally achieved by modifying (1.103) via a transformation group
may be replaced by the uniqueness of the solution to

eW

1
=] inS?
Jg2e” dx |SZ|) "

w=0. (1.111)
Js?2

—Aw = 87t(
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In fact, since
d [

— dx=0
: /SQ ¢ dx

follows from (1.109), the stationary solution w = w.. to (1.109) constitutes of (1.110) with

/ e dx:/ "0 dx.
S2 S2

This w.., on the other hand, must be a constant, provided that only the trivial solution
w = 0 is admitted to (1.111). This property is actually the case because the metric on S2
with constant Gaussian curvature is the standard one. Thus the steady state of (1.109) is
unique:

1 Wi
Weo = — [ €"0dx.
Q| /s
Next, a gradient estimate of the form
[Vew| <C (1.112)

is obtained using the symmetry of S2, that is the moving sphere method, with C depending
only on wy = w(-,0), see.!® This estimate, combined with the argument in3>0 based on
Harnack’s inequality, induces also global in time existence of the solution to (1.109) and
also the compactness of the orbit.

Then, what happens to

w w
i?i_AwJ’l(fgew_s;) in Q x (0,7), (1.113)
where A > 0 is a constant and Q is a compact Riemannian surface without boundary?
Unless A = 87 and Q = S2, it is not a normalized Ricci flow (1.109) any more. An es-
timate like (1.112) may not be obtained because of the lack of the symmetry of Q. The
arguments of °2 using the geometric structure such as the covariant and Lie derivatives,
Bochner-Weitzenbock’s formula, and so forth, see,®® are also invalid, and even global in
time existence of the solution is not obvious.

Similarly to (1.106), however, we have

d w
- =0
dt /g ¢ ’
and, therefore,
A
=
Jae”

is a constant. Under the change of variables u = re" and t = »~ !, and writing ¢ for T,
problem (1.113) is transformed into

ut:Alogquu—i/u inQx(0,7) (1.114)
Q[ Jo
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with
/u@nzx. (1.115)
Q
This form, (1.114), is a non-local perturbation of the logarithmic diffusion equation
uy = Alogu inQx(0,7T) (1.116)

which also describes the evolution of surfaces by Ricci flow.!3% There are also some other
physical problems which could be described by (1.116); the spread over a thin colloidal
film at a flat surface,3%7433% the modelling of the expansion of a thermalized cloud of
electrons,'® and the central limit approximation to the Calerman’s model of the Boltzmann
equation.!””-188 Due to a variety of applications logarithmic diffusion equation (1.116) has
attracted the interest of many researchers, see for instance.32°

The spatially homogeneous part of (1.114) is formulated by the non-local ODE,

1
=u—— in Q T
u=u ‘Q|/gu inQx(0,7)
but the non-local term is removable by (1.115). The regions
Qi (1) ={xeQlulx1)>A/Ql}
Q (1) ={xeQulx,r) <A/IQ[}

are invariant in ¢, and, therefore, the extinction lim,jrinfqu(-,¢) = 0 arises before the
blowup limy;7 supg u(-,¢) = +eo comes. This fact is also known to (1.116), and we ob-
tain

[0l = [luol[y — 47

in the case of Q = R2, see327 and the references therein.
Equation (1.114), however, may be written as

uy = A(logu —v)
1
—Av:u——/u inQx(0,T
/v:O, 0<i<T, (1.117)
Jo

which is to be compared with the Smoluchowski-Poisson equation (1.8) formulated by
(1.19),

u=V-(uV( logu—v))

—Av=u— / inQx (0,7

/v_o 0<i<T. (1.118)
JQ

Actually, (1.114) is again a model (B) equation formulated by Helmholtz’ free energy

unzémmw—n—%m@

Y
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and from this fact it is easy to derive the total mass preserving and the decrease of the free

energy
d
el =0
di /g "

—F(u) = _/Q V(logu—v)* <0.

Concerning the Smoluchowski-Poisson equation (1.118), there is, however, a fundamental
property obtained by the method of symmetrization that is (1.35) which results in the for-
mation of collapse with the quantized mass. This control in time of the local L!-norm of
the solution u = u(+,#) to (1.117) is not available. The equivalent form (1.114), however,
is provided with the comparison principle thanks to (1.115). An important consequence of
this property is the monotonicity formula of Benilan’s type,

d u
— <
. (et_1> <0, (1.119)

which guarantees the point-wise convergence of

u(x,T) = ltiTr}lu(x,t)

in the case of T = Tax < +oo, where Thax € (0,4-o0] denotes the existence time of the
solution. The following theorems are obtained by this structure and Fontana’s Trudinger-
Moser inequality, 0!

inf{Jgﬂ;(V) lve H'(Q), /Qv_o} > oo

1 .
K= w2 (./Qe ) T A(logh —1),

see.!®4

Theorem 1.18. [f0 < A < 8, then the solution u = u(-,t) to (1.114) satisfies the uniform
estimates

0 <u(x,t), u(x,t)"' <C inQx(0,7).

The solution w = w(-,t) to (1.113), therefore, exists globally in time, and the orbit
O = {w(-,t) }+>0 is compact in C(Q). The w-limit set of O is thus non-empty, connected,
comapct, and contained in the set of statoinary soltions, and in particular, any t; T oo
admits {t;} C {tr} and we. = we(x) satsifying

v
—Aw= A <e—> inQ
Jaer  1Q]

/QeW:/QeWO (1.120)

such that w(-,t;) — We uniformly on Q.
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Theorem 1.19. Even for A = 87, the solution u = u(-,t) to (1.114) exists globally in time.
There is ty | o and we satisfying (1.120) such that w(-,t;) — We in C(Q).

The asymptotic behavior w = w(-,¢) to A < 87 is thus controlled by the uniqueness and
the non-degeneracy of the stationary solution. For this topic, we have’?-6%-182 and!#3 when
Q = 5% and Q = R?/aZ x bZ, respectively.

1.1.12. Summary

We have studied the chemotaxis system and observed that the formation of self-assembly
is realized in thermally and materially closed system, whereby the principle of nonlinear
spectral mechanics is efficient.

(1) The simplified system of a chemotax is the model (B) equation derived from
Helmbholtz’ free energy, and, conseqeuntly, the stationary state is described by the
Euler-Lagrange equation derived from this free energy.

(2) Using the field component, this stationary state is re-formulated as a nonlinear eigen-
value problem with non-local term.

(3) Then, the total set of stationary solutions controls the global dynamics.

(4) Tt is described by the quantized blowup mechanism, which results in the free energy
transmission.

(5) The key profile of the solution to the Smoluchowski-Poisson equation is obtained by a
weak formulation and by using a symmetry of the Green’s funtion, that is bounded in
time variation of the local L'-norm. Then, we apply a hierarchical argument to prove
mass quantization.

(6) Other non-stationary problems sharing the same stationary problem arise in biology
and geometry which, however, obey different features of dis-quantized blowup mech-
anism.

1.2. Toland Duality

The collapse mass quantization, (1.13) to (1.8), has its origin in a stationary state (1.25)
which provides a variational structure of duality between the particle density » and the
field distribution v. These variational problems each split into components and at which
point, then, the linearized stability of the stationary state implies a dynamical stability. In
this section we formulate the above duality observed in the full system of chemotaxis; we
thus develop the abstract theory and then examine the continuity of the entropy functional.

1.2.1. Exponential Nonlinearity

Besides a stationary state of chemotaxis, the additional problem of an elliptic eigenvalue
with a non-local term becomes evident whereby the two-dimensional Laplacian competes
with an exponential nonlinearity as shown in Witten-Taube’s gauge of Shrodinger equa-
tions,3!17318337 and Onsager’s theory of mean field stationary turbulence.?*!
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This eigenvalue problem is involved in a complex analysis and a theory of surfaces,’** and
its quantized blowup mechanism was first observed to
Ae’
Jae
see.?!3 More precisely, in this problem, non-compact solution sequence arises only at the
quantized value of A € 87N, and the location of the blowup points is controlled by the
Green’s function. This quantized blowup mechanism admits several approaches to the so-
lution set to (1.121), the singular perturbation,'3 the topological degree calculation,>*33:180
and so forth. The uniqueness of the solution, on the other hand, holds if 0 < A < 8,
see. 47301308 1t is proven by the bifurcation analysis combined with the isoperimetric in-
equality on surfaces,'* see §2.3.2 for details.
Problem (1.121) is the Euler-Lagrange equation to the variational functional

/x(v):%HVng—llog (/Qev> +A(logh —1) (1.122)

—Ay =

in Q, v=0 ondQ, (1.121)

defined for v € H} (), and the Morse index of its critical point v indicates the maximum
dimension of the linear subspace where the associated quadratic form

1 d?
O(w,w) = EEJA(V‘FSW)

s=0

defined for w € H{} (Q) is negative definite.
In,3%! the Morse index of the solution v = ¥ to (1.121) is shown to be equal to the number
of eigenvalues in (1 < 1 minus one of the eigenvalue problem

—Ap =pup  inQ

¢ = constant on 9Q

2] B
/agﬁ —0, (1.123)
where
a= e (1.124)
Joe'

Here, we emphasize that y = 0 is the first eigenvalue of (1.123) with the corresponding
eigenfuction being a constant.
Problem (1.121) is also the stationary state of a similar system to (1.8),

u=V-(Vu—uVv)

0=Av+u inQx(0,7)
du dv
Zo—ug=v=0  ondQx(0.7), (1.125)

subject to the decrease of the free energy defined by

() = /Qu(logu— 1)—%<(—AD)*1u,u>. (1.126)

Y
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Here and henceforth, we write v = (—Ap)~'u if and only if
—Av=u inQ, v=0 ondQ.

This stationary state is nothing but the Euler-Lagrange equation of the variational problem
0.% (u) = 0 constrained by ||u||; = A, that is,

(=Ap)'u=1logu+constant in Q, lull, =2 (1.127)
for u = u(x) > 0. From this variational structure, it is natural to define the Morse index
of the solution u to (1.127) by the dimension of the maximal linear subspace where the
associated quadratic form

1 d2 .
R(<p7<p)=§ @ﬂ‘(uﬂrp) , pel'(Q), /Q<p=07
5s=0 .

is negative.
This index again, is equal to the number of eigenvalues in u < 1 minus 1 of (1.123), see,’

and thus, the problems (1.121) and (1.127) on v and u are not only equivalent through
(1.124) and

38

v=(=Ap) 'u, (1.128)

but also their Morse indices coincide each other. This spectral equivalence between _#) (v)
and .Z (u), u > 0, ||ul|; = A is the starting point of Chapter 9 of.3%4 It is actually used to
show the dynamical stability of the linearly stable stationary solution,’’? see §§1.2.8 and
2.3.4.

1.2.2. Full System of Chemotaxis

The above spectral equivalence of variations, however, is a consequence of the general
theory of dual variation. This structure has been suggested in §1.1.10 for the full system of
chemotaxis (1.78), namely, the Lyapunov function L(u,v) defined by (1.79). We are now
describing the theory, taking the system

u =V-(Vu—uVv)

vy =Av+u inQx(0,7)
du adv
To—ugs=v=0  ondQx(0.7) (1.129)

for simplicity.
First, system (1.129) is also provided with the Lyapunov function, Z = L(u,v) defined by
1
L(u,v) :/ u(logu—1)+E||Vv||§—<v,u>. (1.130)
Q

Using this Lyapunov function, (1.129) is written as

ur =V-uVL,(u,v))

vy = —Ly(u,v) inQx(0,7)

d
uﬁLu(u,v)—v—O ondQ x (0,7),



48 Chapter 1. Duality - Sealed Variation

and it holds that
d
d
EL(M,V)—&-‘L'||vt||§—|—/gu|V(logu—v)\2:07 (1.131)

where (u,v) = (u(-,¢),v(+,t)) is the solution to (1.129) and ( , ) denotes the duality,

(v,u) :/qu.

Equality (1.128) holds in the simplified system (1.125), and in this case the above L(u,v)
is reduced to the free energy defined by (1.126),

L‘V:(iAD>—1u =7. (1.132)
‘We have, on the other hand,
l v
u=2¢ (1.133)
Ja€

in the stationary state of (1.129) because
logu — v = constant

follows from (1.131) with

d

%L(lh V) = 07

where |ju||; = A. Then, (1.121) is obtained by putting (1.133) and v; = 0 in the second
equation of (1.129). The associated variational function ¢, defined by (1.122) is obtained

similarly to (1.132):
L‘u:% :/l' (1134)
Joe

The ”’semi-stationary* state of (1.129) with (1.133) is nothing but the non-local parabolic
equation (1.81). Henceforth, we call (1.132) and (1.134) the unfolding Legendre transfor-
mation.

We have, on the other hand, the minimality indicated by

L(u,v) > max{.Z (u), £, (v)}, (1.135)

where ||u||;, = 4. In fact, the first inequality is a direct consequence of Schwarz’ inequality,
while the second inequality is proven by Jensen’s inequality. It is applicable to infer the
global existence of the solution to (1.125) or (1.129) in the case of A = |jug||, < 87, but is
regarded as a dual form of the Trudinger-Moser inequality, see’** and also §1.2.8.

We remind the reader that these structures are valid also to (1.78). We take L = L(u,v) of
(1.130) for v € H'(Q) with v = 0. Then, it holds that

(u)

F
= / u(logu—1) — %<(—AJL)7114’”>’
Q

L|V:(*AJL)71"
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L|u:% = _7)

= Liwg-2a (/ eV) + A(logh — 1),
2 JQ

and (1.135). Here and henceforth, v = (—Ayz )~ 'u if and only if
v=(-Ay) '(u—-7), V=0,

that is

—Av:u—i/u in Q, ﬁ:0 on 0Q
Q| Jo

av
/v:O.
Jo

More precisely, dual variation guarantees the splitting of the stationary state of each com-
ponent provided with the variational and dynamical equivalence and then, the above men-
tioned unfolding-minimality arises in the context of convex analysis.

1.2.3. Lagrangian

We are in position to formulate the general theory of a dual variation. Let X be a Banach
space over R. Its dual space and the duality paring are denoted by X* and (, ) = (, )y y«.
respectively. '
Given F : X — [—oo, 40|, we define its Legendre transformation F* : X* — [—oo, 4-o0] by

F'(p) =sup{(x,p) —F(x)}, peX"
xeX
Then, Fenchel-Moreau’s theorem guarantees that if
F :X — (—007 +oo]
is proper, convex, lower semi-continuous, then so is
F* :X* - (_°°a+°°}7
and the second Legendre transformation defined by
F*%(x) = sup {{x,p) —F"(p)}, xe€X
peEX*
is equal to F(x), see.’*®3 Here and henceforth, we say that F : X — (—oo, 40| is proper if
its effective domain defined by
D(F)={xeX|F(x) eR}
is not empty; convex if
F(Ox+(1-0)y)<O0F(x)+ (1—-0)F(y)
forany x,y € X and 0 < 6 < 1; and lower semi-continuous if

Fx) < lirr}\tian(xk)7
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provided that x; — x in X.
Let F,G : X — (—oo,+o0] be proper, convex, lower semi-continuous, with the effective
domains D(F) and D(G), respectively.

D(F)={x€X|F(x) < +oo}
D(G) ={x € X | G(x) < 4o},
and let
¢(x,y) =F(x+y) - G(x) (1.136)
for x € D(G). Then,
YEX = @(x,y) € (—oo, 40
is proper, convex, lower semi-continuous, and its Legendre transformation is defined by

L(x,p)zsup{(y,p)—(p(x,y)} (1.137)
yeX

for p € X*. Thus
L(x7') X — (_°°7+°°]

is proper, convex, lower semi-continuous. Sometimes —L(x, p) is referred to as the La-
grangian, but in this book, L(x, p) is called the Lagrangian directly.
If (x,p) € D(G) x X*, then it holds that

L(x,p) = ig}g{wﬂap) —F(x+y)+G(x) - (x,p)}

=F"(p)+Gx)— (x,p). (1.138)
Putting L(x, p) = +oo for x ¢ D(G), on the other hand, we obtain (1.138) for any (x,p) €
X x X*. Thus we define
F*(p)—G*(p), p € D(F")

) 1.139
o0, otherwise ( )

i ={
for p € X*. Then, it holds that
inf L(x, p) = F*(p) —sup{(x,p) — G(x)}
xeX xeX
=F(p)=G'(p)=J"(p)
for p € D(F*). Let us note that this relation is valid even to p ¢ D(F*) by (1.138) and

(1.139).
Similarly, we define

[ G(x)—F(x), x € D(G)
) = { +oo, otherwise (1.140)

for x € X, and obtain

inf L(x,p) = Gx) = sup {{x,p) —F7(p)}
PE peEX*

= G(x) — F* (x) = J(x)
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for x € D(G), which is valid even to x ¢ D(G) by (1.138) and (1.140). Thus, we have
D(J) = {x € X | J(x) # oo} = D(G) N D(F)
D(J") ={p € X" | J(p) # deo} = D(G") ND(F")

and

infex L(x, p) =J*(p), p € X*

i [ — 1.141
infycx (x,p) =J(x), x € X. ( )
Relation (1.141) implies

e Lop) = inf T (p) = inf /), (1.142)

called the Toland duality.3*>3%3 Here, we call (v,u) of (1.138) the hook term. The func-
tional

O(x,y) =F(x+y)— G(x): X X X — [—o0,+o0]

of (1.136) is called the cost function, which is convex in y-component.
Differently from the above properties of the Toland duality, the cost function

¢ =0(x,y) : X X X — [—oo0, +oo]

of the Kuhn-Tucker duality has the property that x € X — ¢(x,y) and y — @(x,y) are con-
cave and convex, respectively. In this case, this cost function defines the skew-Lagrangian
by (1.137),

L(x,p) = sgp{(%p) —o(x,p)},

see §1.3.5.

1.2.4. Variational Equivalence

Above mentioned global theory can be localized by sub-differentials. First, given F' : X —
[—oo0, 40|, x € X, and p € X*, we define p € F (x) and x € dF*(p) by

F(y)>Fx)+ (y—=x,p), yeXx
and
F*(q) 2 F*(p)+(x,g—p), q€X,

respectively.
It is obvious that dF (x) # 0 implies x € D(F), but if F : X — (—eo, +o0] is proper, convex,
lower semi-continuous, then

X € JF*(p) = p € IF(x), (1.143)
and Fenchel-Moreau’s identity

F(x)+F*(p) = (x,p) (1.144)
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follows, see.®3 If p € dF (x), then x € dF*(p), and, therefore,

F(p) = (x,p) = —F(x).

This relation implies

L|p€aF<x> :..]7 (1145)
recall
L(x,p) = F"(p) + G(x) — (x, p)
J(x) = Gx) = F(x)
J(p) =F*(p) = G"(p)-
Similarly, we obtain
Llyeogr(p) =" (1.146)

and thus, unfolding Legendre transformation (1.145)-(1.146) comparable to (1.132),
(1.134) arises in this abstract framework. The minimality such as (1.135), on the other
hand, follows immediately from (1.142). More precisely, we have

L(x,p) > J(x)
L(x,p) = J"(p)
and, therefore,
L(x,p) > max{J(x),J"(p)} (1.147)

for any (x,p) € X X X*, and in this way, properties (1.132), (1.134), and (1.135) are ob-
tained in the context of convex analysis.
The first part of our local theory is the following variational equivalence.

Theorem 1.20. Let F,G : X — (—oo,+o0| be proper, convex, lower semi-continuous, and
L =L(x,p) be defined by (1.138). Given (X,p) € X x X*, the sets of minimizers of p € X*
and x € X of the variational problems

J(x)= inf L(x
(%) = inf L(z.p)

J(p) = infL(x,p)
are denoted by A*(X) and A(p). We say thatX € X and p € X* are critical points of J and
JEif
dG(X)NIF(X)£0
9G" (p)NIF*(p) 0,
and that (X,p) is a critical point of L if
0 € o,L(%,D)
0 € dpL(%,p).
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Then, first, we have

A*(x) = dF (x)
A(p) =9G"(p) (1.148)

Sor any (x,p) € X x X*. Next, the following conditions are equivalent.

(1) (x,P) € X X X* is a critical point of L.
(2) X € X is a critical point of J and it holds that

P € dG(X)NIF(X).
(3) P € X* is a critical point of J* and it holds that
X€dF*(p)NIG*(p).
Finally, we have
L(x.p) =J(x) =J*(p) (1.149)
if one of the above conditions is satisfied.
Proof: By (1.138) and (1.143), it holds that
0€dL(x,p)=0<pedGx)<=xedG(p)
0€dyL(x,p) =0 x€dF*(p) < p € dF(x) (1.150)
for any (x,p) € X x X*. Given x € X, we take p € A*(x). This p attains
J) = inf Lix,p),

and, therefore, 0 € d,L(x,p). Thus A*(x) = JdF (x) holds by (1.150). The relation 4(p) =
dG*(p) follows similarly and the first part, (1.148), is proven.

The second part, the equivalence of the above mentioned three conditions, is obtained also
by (1.150) because (x,p) € X x X* is a critical point of

L(x,p) = F*(p) + Gx) - {x,p)
if and only if
P € dG(X)
X € JF*(p). (1.151)
Finally, (1.149) follows from (1.148) and (1.151). More precisely,
L(x,p) = F*(p)+ G(x) — (x,p)
=F(p)-G'(p)
= G(X) - F(x).

The proof is complete. O
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1.2.5. Spectral Equivalence
Under the assumptions of Theorem 1.20, we have
P € IG(X)NIF(X) & X € J0F*(p)NaG*(p),

and, therefore, each critical point of J produces that of J*, and the converse is also true.
This correspondence

X < p

may be called the Legendre transformation of the critical point, and furthermore, (¥, 7) is a
critical point of L in this case. This equivalence of critical points is valid up to their Morse
indices, under reasonable assumptions as we are showing. This property is the second part
of the local theory of the Toland duality, the spectral equivalence.

Recall that X denotes a Banach space over R and

F,G: X — (—o0, o)

are proper, convex, lower-semicontinuous. We define L(x, p), J(x), and J*(p) by (1.138),
(1.139), and (1.140), respectively, and let (¥, ) € X X X* be a critical point of L = L(x, p).
Let ¥ be a C! manifold or a closed convex set in X containing ¥, and let Y° be the tangent
hyper-plane of Y N D(J) at X. First, if there is

Y. C YND(J)

containing X and locally homeomorphic to a closed subspace of Y? of codimension &, such
that X is a minimizer (or strict minimizer) of

Iy,
then we write
iy(%) <k (or H(x) <k).
Next, we call the minimum of such k the (strict) local index of X relative to Y and write
iy(x)  (or #7(x)).
If there is
Y, cYND(J)

containing ¥ and locally homeomorphic to a closed subspace of Y of dimension &, such
that X is a (strict) maximizer of

Iy, »

then we write
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and the maximum of such £ is called the (strict) anti-local index of X relative to Y, and is
written by

(%) (or #(X)).

If Y, is a C' manifold or a closed convex set in X* containing 7, then the (strict) local index
of p relative to Y,, denoted by

ir.(p)  (or &.(p)),

is defined similarly, using the tangent hyper-plane Y? of Y, N D(J*) at p.
If 0, C Y, is an open set containing p, then the mapping

T:0,—Y

with T(p) =X is said to be k-(Y, Y, faithful if T~ (Y;) is locally homeomorphic to a closed
subspace of Y of codimension k containing p, provided that ¥} is a closed subspace of ¥
of codimension k containing x. Similarly, it is anti k-(Y,Y,) faithful if 7~!(¥;) is locally
homeomorphic to a closed subspace of Y of dimension k containing p, provided that ¥ is
a closed subspace of ¥ of dimension & containing X. If &' C Y is an open set containing X,
then the (anti) k-(Y;,Y) faithfulness of the mapping

T.:0—Y,
with T, (¥) = p is defined similarly.

Theorem 1.21. Under the assumptions of Theorem 1.20, let (X,P) be a critical point of
L=L(x,p), and let

k=i ()
ko =iy ()
be the (strict) local indices of X and p relative to Y and Y, respectively. Then, if

ko-(Y.Y) faithful T. € 9G
k-(Y,Y.) faithful T C oF*,

it follows that k = k,, that is
i) =iy ()
A similar fact holds for the anti-local indices.

Proof: We describe the proof only for the strict indices because the other cases are similar.
Since k = i} (X), there is ¥, C Y N.D(J) containing X and locally homeomorphic to a closed
subspace of Y? of codimension  such that X is a strict minimizer of J| Y

x € G\ {x} = J(x) > J(%). (1.152)
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Since p € A*(X), we have
J(x) = inf L(x,p) =L(x,p
(x) nf. (x,p) =L(x,p)

S FH) — _

> J*(p) = nfL(x.p)
and also

pEA (x) &x € dF*(p).
If pe T~1(¥;)\ {p}, therefore, then
Tp€dF(p)
by T C dF*, and hence p € 4*(T p) which implies that
J(Tp) = inf L(T(p).q) =L(T(p).p)
<i = .
< infL(x,p) =J"(p)
We have, on the other hand,
J(Tp)>J(x) =7 (p)
by Tp € Y, (1.152), and (1.153), and, therefore, it holds that
J(p)>J(P)

forany p € T-!(¥;) \ {p} which means that

iy, (P) < k= iy (%)
because T is k-(Y, Y, ) faithful.

1.2.6. Stability

(1.153)

The stability of the stationary state is derived only from the unfolding- minimality which
comprises the third part of the local theory of the Toland duality. Under the notation fo the
following theorem, a critical point of C!-functional can be ”linearly stable® even when its

linearized operator is degenerate.

Theorem 1.22. Let X be a Banach space over R, and
F:X — (—o0,+o0]
be proper, convex, lower semi-continuous. Let
J: X — [—oeo, 4]
L:X X X" — [—oo,+o]
satisfy

Llpeorm =7
Lix,p) > J(x),  (x,p) €EXXX".
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Let Yy be a closed subset of a Banach space Y, which is continuously imbedded in X, and
Y, be a Banach space continuously imbedded in X*, and assume that

(x.7) € D(L) = {(x.p) | L(x,p) # £} C X x X*
isin
pPEIF(X)NY.
XeY.

Suppose that x is a linearly stable local minimizer of

Iy,
in the sense that there is & > 0 such that any € € (0, & /4] admits 6 > 0 satisfying
xel
—xly <er = lv—3ly<e, (1.154)

J(x) —J(@) < &

and suppose also that L‘YOXY* is continuous at (X,p). Then, this (X,p) is dynamically stable
in x component concerning the orbit

{x(@),p(0)}o<y<r C Yo X X,
such that
tel0,T)—x(t) ey
is continuous and
te[0,T)— L(x(¢),p(t)) (1.155)

is non-increasing which means that any € > 0 admits 8§ > 0 such that

[x(0) =x[ly <&
[p(0) —Dlly, <6 (1.156)
implies
sup |lx(¢) — X[y <e. (1.157)
t€[0,T)

Similarly, if

G:X — (—oo, 4o
is proper, convex, lower semi-continuous, if

J* 1 X" — [—oo, 400
satisfies

Llycoge(py ="
Lix,p) >J"(x),  (x,p) €Xx X",
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if x,p) € D(L) is in
X€dG* (p)nY
]76 Y0*7

where Yy, is a closed subset of Y., p is a linearly stable local minimizer of

Sy,
in the sense that any € € (0,&y/4] admits § > 0 such that
p S YO*
lp=Ply, <& = llp=>ly, <&

T (p) - (p) < &
if the orbit {(x(t), p(t)) }o<yc7 C Y X You is given with
te0,T)— p(t) € Yo

continuous and (1.155) decreasing, X € dG*(p), and finally if Llyy, is continuous at
(x,D), then any € > 0 admits 8 > 0 such that (1.156) implies

sup [lp(¢) —Plly, <e.
t€[0,T)

Proof: We show the former part only. Given € € (0,&/4], we take & of (1.154), denoted
by 6; > 0. Since L\Yox y, is continuous at (¥, p), there is 6 € (0, & /2] such that

[[x(0) = X[y < &
[p(0) —plly, <6 (1.158)
imply
L(x(0),p(0)) —L(x,p) < &1 (1.159)

‘We have, on the other hand,
W (x,p) > J(x) > J(x) = W (%)

for any (x, p) € Yo x X* with ||x —X||; < & from the assumption. Therefore, as far as

Ix() = X|ly < &0 (1.160)
it holds that
0 <J(x(t))—J(x)
< W (x(t),p(t) —J(x)
< L(x(0),p(0)) — L(x,p) < &1. (1.161)

Now, we have

[1x(0) —=x[ly <6 <e0/2,
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and if there is 7y € (0, T) such that
[[x(t0) —X[ly = €0/2,
then we have (1.160) and hence (1.161) for # = fo which implies that
[x(t0) = x[ly <& <&/4 (1.162)

from (1.154) (with 6 = 9), a contradiction.
Since t € [0,7T) — x(¢) € ¥y C Y is continuous, the relation

[lx(e) = %[y < &0/2

keeps for ¢ € [0,7), and hence (1.160). Again this implies (1.161) and (1.162) for any
t €[0,7), and the proof is complete. 0

1.2.7. Gradient Systems with Duality

This paragraph is devoted to several comments concerning the above abstract results. Let
X, Y be Banach spaces with continuous inclusion ¥ C X, and Y, be another Banach space
continuously imbedded in X*. Furthermore, ¥y C Y and Y. C Y, are closed subsets, and
L(x,p) = F*(p) + G(x) — {x, p) be the Lagrangian defined by proper, convex, lower semi-
continuous mappings F, G : X — (—oo, +o0].

Given a continuous orbit

t €0,00) — (x(2),p(t)) € Yo X You,
we can define its @-limit set by
® (x(0),p(0)) = {(xeo, p) | there exists t — oo such that
(x(t), p(t)) = (Xeo, Peo) in Yo X Yo }
In the case that
t—L(x(1),p(t)) €R
is non-increasing and (x', p') and (x?, p?) are elements in @ (x(0), p(0)), we obtain

ti — +oo suchthat (x(¢)), p(¢})) — (x',p") in Yo x You
tf — +oo such that (x(¢7), p(£7)) — (x?,p?) in Yo x You

such that 7} <t} <1l (k=1,2,...) which implies
L(x(tp), p(tg)) 2 L) p(1)) = Lx(t1), P(t41))
and, therefore,
Lix',p") =L(,p?),
provided that
L:YyxYy —R
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is continuous. Thus L is invariant on @ (x(0), p(0)).
If there is a continuous local semi-flow {7; } on ¥ x Y. such that

(x(1),p(1)) = T:(x(0), p(0)),
then we obtain
T; (X0, po) € 0(x(0),p(0))
for any (Xe, pes) € ®(x(0), p(0)), and, therefore,
L(T; (X, ps)) = constant (1.163)

for any ¢ > 0. This relation means @ (x(0), p(0)) C E, where E denotes the set of (Xe, po) €
Yo x Yo, satisfying (1.163), which may be called the stationary set. The orbit

O ={(x(1),p(1)) [0 <1 < +eo}
is continuous in ¥y x Y., and, therefore, the o-limit set @(x(0), p(0)) is connected and
compact, provided that & is compact.!*® Under the assumption of Theorem 1.22, on the
other hand, the critical point (¥,p) of L is isolated. Therefore, if the above semi-flow {7;}
is global in time around it, then it is asymptotically stable and it holds that
Jim_[lx(0) =y = tim_[|p(0) =Py, = 0. (1.164)
The Lagrangian
L(x,p) =F"(p) + G(x) — (x,p)
induces the gradient system, say
p S _Lp(xap)
™ € —Ly(x,p), (1.165)

using the combination of model (A) - model (A) equations, see §1.3.1, where 7 > 0 is the
relaxization time. Then, its simplified system is defined by

p S _Lp(xap)
0 € Ly(x,p)
or
0€Ly(x,p)
X € —Ly(x,p).
Equation (1.165) means
F'(q)—F"(p) =2 (x—p.q—p)
Gy) = Gx) 2 {y—x,p— k)

for any (y,q) € X x X*. More precisely, assuming a Hilbert space ¥ over R with the con-
tinuous inclusion

XCY~Y* CX*, (1.166)
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we define the solution (p,x) = (p(¢),x(¢)) to (1.165) by
peC([0,7),Y), peLpl(0,7)Y)
xeC(0,7),Y), ¥ €Lz.([0,T),Y). (1.167)

Then, it holds that

limsup LU (p(t) — F* (ple = W)} < ((0), 5(0)) — [ 2

10

limsup - LUG((0)) — Glx(t — )} < (6(0),p(0)) — T [5(0)]2

hl0

fort € (0,T), and, therefore,

p(t) € D(F7)

x(t) € D(G), 0<t<T

=

p(T) € D(F), x(T) € D(G),
Lx(T), p(T)) < liminfL(x(c), p(z)-

Thus, if (X,p) € Y X Y is a linearly stable critical point of L, and (1.165) is locally well-
posed in a neighborhood of (X, p) in the sense of (1.167), then it is globally well-posed
there, and (¥, p) is dynamically stable.

1.2.8. Entropy Functional

We apply the above formulated abstract theory to Helmholtz’ free energy defined in §1.1.3,

where Q C R” is a bounded domain with smooth boundary dQ. This paragraph is devoted

to a convex analytic approach to what is written in Chapter 9 of.3%4

Given a positive definite self-adjoint operator 4 in L?(Q) with compact resolvent, we take
the Gel’fand triple!'®1-314

X —L(Q) ~ [} Q) —X*

for X = D(4'/?), and define the dual entropy functional F : X — (—o0, 4-00] by

F(v) = mog</ )+/1(1og/1—1)

where V' = V(x) > 0 is a continuous function of x € Q. This functional is proper, convex,
lower semi-continuous, and it holds that

D(F) = {v€X| /;)Vev<—|-°°}
AVeY

ucdF(v) < u:fQVe"'
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The entropy functional F* : X* — (—oo,+o0] is defined by the second Legendre transfor-
mation of the dual entropy functional,

£ (u) = sup{(v,u) = F(v)},
veX

and it holds that

Fo(u) = Jou(logu—1—1logV), u € D(F*)
R otherwise,

where
DF)={ueX |u>0,ue (LlogL)(Q), |lul, =2}

with (LlogL)(Q) denoting the Zygmund space, see §1.2.9. Thus v € dF*(u) if and only if
u € D(F*) and

v =logu —logV + constant € X.
Putting

o0 = s

next, we obtain a proper, convex, lower semi-continuous mapping
G: X — (—oo,+00).
The self-adjoint operator 4 induces the isomorphism 4 : X — X*, and we have
G (u) = ; (A "u,u)
for u € X*. Then, the Lagrangian is defined by
L(u,v) =F*(u) + G(v) — (vuy, (1.168)

with the stationary state described by
or, equivalently,

Here, we adopt the notation L(u, v), following (1.79).
From Theorem 1.20, this relation splits into the conditions on % and v, that is, to be a critical
point of

J(v) = G(v)—F(v)

2 o
‘Al/zv z—llog </ Vev> +A(logA —1)
Jo

71‘
2
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defined for
veX, / Ve" < +eo,
JQ
and that of
J(u) = F*(u) — G*(u)
1,4
_ /Qu(logu— 1 ~logl) — 5 (A~"u,u)
defined for

ue X NLY(Q), u>0, |ull,=A.

These variational problems are equivalent to

= . Ve'
veEX, / Ve < oo dve 2V yr (1.169)
Q JaVe’
and
ueXN(LlogL)(Q), u>0, |ul|,=A21
A~ = logi — log V' + constant € X, (1.170)
respectively.
The condition
veL}(Q)
Jov=0 = v=0

A~y = constant

is satisfied in many cases. Assuming this property, we can define (Y, Y, )-faithful 7 C dF*
forY =D(J)/RorY =D(J) and ¥, = D(J*), namely, v = Tu if and only if

v =logu —logV + constant € X,

or, equivalently,

. AVeY
- Jo Ve

This situation is the same as that of Chapter 9 of>** and details are omitted.
The Fréchet derivative

dG=4:X —X*,
next, is an isomorphism, and hence
T=dG|y:Y =Y,

is also faithful by the duality EXP'(Q) ~ LlogL(Q), see’?* and §1.2.9 for these function
spaces. Thus, we obtain the variational and spectral equivalences of these J and J*, together
with the unfolding-minimality using the Lagrangian L = L(u,v) defined by (1.168).
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If (@, V) is a linearly stable critical point of L, then it is dynamically stable for

u=V-(uVL,(u,v))

v, = —Ly(u,v) (1.171)
in the sense that any € > 0 admits 6 > 0 such that
[9(,0) =¥y < &
||u<70) _m X*NLlogL <9

(-, 0)lly = A = [[al];
implies
sup [[v(-1) =]y <e
t€[0,T)

sup ”u(v[) _ﬂ”X*ﬂLlogL <é&.
t€[0,7)

This dynamical stability is actually the case if the solution is sufficiently regular, say,
t (u(-,),v(,t)) € D(F*) x X
is continuous,
t = L(u(-,2),v(-,1))

is non-increasing, and ||u(-,#)||, is invariant in ¢, see Theorem 1.22.

If v is slightly regular, say, ¢” € L” (Q) for p > 1, then this critical point (%,v) of L = L(u,v)
comprises the classical solutions to (1.169) and (1.170). In this case, which is always true
if n = 2, the functionals

T = [ ullogu—1~logh) =3 (4 ), w0, Jul, =1

Jv) = % HAI/ZVHE —Alog </Q Vev> +AlogA —A

are twice differentiable at u = %, v = v which results in the derivation of Morse indices
by linearized operators and which are equal to the strict local indices and the strict local
anti-indices of the critical point (#,7) of

_ Y Po S - _
L(u,v) == ||[4/v|| + [ u(logu—1—1logV)— (vu).
2 2 Ja
More precisely, the linearized operator derived from above J = J(v) and v = v is defined by
v v
Ly=Ay— A ey _ fQVefwfVeV
JaVe'  (JyVe)

with the domain D(.Z) = D(A4) in L?(Q), and then, the non-local term is eliminated by the
transformation

JoVe'y
Jare

p=y-
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Thus if v = Au means (1.15), then we obtain the eigenvalue problem

P)
“A@ = uEp inQ, 5%::0 on 90 (1.172)
for
AVe”
g= 2% 1.173
u Nz ( )

and the (strict) local index of ¥ and hence that of % are equal to the number of eigenvalues
in0<u<1(0<yu<1)defined by (1.172).
Similarly, if v = Au is defined by

—Av=u inQ, v=0 ondQ,

then the (strict) local index of v and hence that of u are equal to the number of eigenvalues
m0<pu<10<pu<1)of(1.123), thatis

—A@ =puue inQ, ¢ = constant on J<2
/ 2 _, (1.174)

Joq dv
for # = u(x) defined by (1.173), see also.>*

1.2.9. Zygmund Space

The above mentioned dynamical stability to (1.171) requires the continuity of the entropy
functional defined on the Zygmund space.3? In fact, given an open set Q C R”, we define
the Zygmund space by

(LlogL)(Q) = {f: Q — Q measurable | || ] oe1 < +°°},

1V 10g:. —1nf{k>0 [ 17t (e+ |f|> }

denotes the Luxemburg norm, see.! Then, we obtain the following theorem.

where

156

Theorem 1.23. There is an order-preserving norm in (LlogL)(Q) equivalent to the Lux-

emburg norm defined by
_ [ /()]
o = [ L1010z (e 0.

under the agreement that [f],,,;, = 0 if || ]|, = 0.

The last paragraph of this section is devoted to the proof of Theorem 1.23 based on a series
of lemmas.

Lemma 1.1. It holds that

f fb a g gb a
1 = |- log - > gl 2)—-—=—log- 1.1
fog<e+a pa— ogb_gog(e+a> L _plogy (1.175)
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for f>g>0anda>b>0.
Proof: We have
logx <x—1, x>0
and, therefore,
blog% <a—b, a>b>0.

Then, putting

s sb a
h(s) = slog (e+ Z> - a—blOgE’

we obtain

K (s) = log (e+ 2) +5-
>1-1=0
and hence (1.175) follows from (/) > h(g).
Lemma 1.2. If f,g € Llog L(Q) satisfies
g < f)] ae,

then it holds that

[g]LlogL < [f]LlogL'

Proof: We may suppose that 0 < ||g||; < ||f]/;- Then, we obtain

oo £5) e 2

1 —1
T+ {le@I A1~ 1) gl ) g”?”i - ”"j"l'g'h

and, therefore,

fones (e+ ||1) freonos (e ﬁn?)

and the proof'is complete.

Lemma 1.3. We have

(x+y)log (e+z—i}l})> <xlog (e+2) +ylog(e+%),

where x,y > 0 and a,b > 0.

(1.176)
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Proof: The function A(s) = log (e —&-s’l) is convex in s > 0, and hence it holds that

b b
h(CH_ ) —n(4)+- h(—)
X+y X+y \x x+y y

This inequality implies (1.176). O

Lemma 1.4. The triangle inequality

[f"’g]LlogL < [f]LlogL + [g]LlogL

holds true.
Proof: We have
[f+&lr0gz < 11+ 1€l 10g

by Lemma 1.2, and, therefore, may assume f,g > 0. Then, Lemma 1.3 guarantees

B _Jte
[f+&lri0gr = L(f+g)10g (e+ ||f+g||1>

< s (e i) revoe(e o )}

= [f]LlogL + [g]LlogL ’

and the proof'is complete. O

Lemma 1.5. The norm [ - |,,,; is equivalent to the Luxemburg norm, and it holds that

1A < 1A z0gz < friogr < 211 I 0gL -

Proof: From the definition of the Luxemburg norm, we obtain

k= [ 1n1og(e+ 1) = 171,

for K = || f1| 1 1og 1> Which implies

S
K< / ‘f‘ log <e+ ”f”l) = [.ﬂLlogL'

‘We have, on the other hand,

Lfme+ﬁﬂ Jylrmo (um MQ
‘/fmG+f>/7“%ml

and here, the right-hand side is estimated from above by

K
K= 2K =2{f1100
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because
logs < : (s>1).
e
The proof is complete. O

We turn to the following theorem proven by a series of lemmas. 3

Theorem 1.24. If Q is bounded, then the mapping
fe (Llogh) (@) [ floglfl€R
Q
is well-defined and continuous.

Lemma 1.6. Ifx,y are elements in a normed space and t € R, then it holds that

x|+
b = () ol < 2+ o (e R,
e+
Proof: Fora>b > 0andt € R, we have
|e” —1] <t

and hence it holds that

a
eztlogb _ 1‘

it
zt_blt — (g) _1 —
a5 = | (4
a a
< |t|log—- < [t (——1).
< liftog s <1l (5
From the symmetry and the homogenity, we may assume
1
p+bl=1 0<hl<z <l
Then, it follows that

e +y <|x[+ =1
bl <l|xl+ =1,

and we obtain

x |x|" +y " = () e+ y["|

=|(x4y) (1= +y") = c+p) (1=D") —x (" = ")
1 1 |
<t {|x+y|log+|x+ylog+x|- (— 1>}
e+ vl x|

Here, we have

| — x| < [y+x|,
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and the right-hand side is equal to
[t[{—x+yllog|x+y| =[x+ y[log|y[ + |y| — [x[}

1
< 1] (o1 1og +he)
e+ [ bl
el v+ yllog — S < [¢]|x+]log
=t||x+y|log ——F— x+y|log——
e+ [yl [+l
1\ 1
§|t||x+y|log<e+> —21|x+y10g(e+>
[+l x+yl
The proof is complete. O

Lemma 1.7. Ifx,y are elements in a normed space, then it holds that

[xlog x|+ [y[log|y| — (x +y)log|x+ /|

<2|x+y|log <e+ x+y|>.
e+l

Proof: We obtain the result by dividing both sides of inequality in the previous lemma by
|¢| and making ¢ — 0. O

Lemma 1.8. It holds that

~ |f|+|g|> < ||f||1+||g||1>
—gll 2 — 1 N1 T sl
I og<e+ L) <l tog (e VL),

where f,g € L'(Q).

Proof: Both sides are zero if /' = g a.e. by the definition, and, therefore, we can assume
I/ —glly = 1. Thus

u(dx) =[f(x) — g(x)|dx
is a probability measure while i(s) = log(e+s) is a concave function of s > 0. Jensen’s
inequality guarantees

(2 200
~tog (e [ 11+1g] )

= log(e+ /1l +ligl)
and the proof is complete. O

Lemma 1.9. [t holds that
\ [ 710871 glogs du‘ <17 —glly llog 1/ gl

) flli+llg
2e 1\Q|1/2||f—g||1+2||f—g“110g (e+||||”fl—g”||||1
1

+ 1 —&lriogr - (1.177)
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where f,g € L1ogL(Q).

Proof: We obtain

fl+lg
|flog|/] — glogle] - (f — g)log|f —gll <21/ —gllog (e+ ']',_'g|' (1.178)
by Lemma 1.7. Then we have
' |f—¢gl /gl
1~ eltoelr el < 17—l | [, =5 tog
‘./Q : alf-gl I/ =gl
+ 17 =gl [log 1./ =gl
and use
slog(s+e) (s> 1)
<
Istogs| < {Zelsl/2 (0<s<1)
for the first term of the right-hand side:
" f ¢l |f —¢gl
. log -
.LHf—gm 1/ —&ll
1 / If-g
B
1/ =gl Jo 1/ —e&ll
120! |Q\1/2 _ [f_g]LlogL 10! ‘Q|1/z'
£ —gll;
Now, we apply Lemma 1.8 for the right-hand side of (1.178), and obtain (1.177). The proof
is complete. O

1.2.10. Summary

We have described the fundamental structure of dual variation, particularly, the Toland
duality.

(1) In the gradient system associated with the Toland duality, stationary states are equiva-
lently formulated variations, in terms of the field and the particle components.

(2) These structures are packaged into the Lagrangian. Then, a linearly stable stationary
solution is dynamically stable. This stability splits in both components, field distribu-
tion and particle density.

(3) A typical example of the Toland duality is the full system of chemotaxis, associated
with the entropy functional, which is continuous on the Zygmund space (LlogL)(Q).

1.3. Phenomenology

An important feature of dual variation is the unfolding-minimality concerning the station-
ary state. There are, however, systems provided only with the ”semi“-duality, that is semi-
unfolding and minimality. Among them are the problems arising in phase transition, phase
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separation, and shape memory alloys. In the Kuhn-Tucker duality, on the other hand, the
stable critical state is realized as a saddle. We have several such systems in mathematical
biology, game theory, and linear programing. This section is devoted to these variants of
the Toland duality.

1.3.1. Non-Convex Evolution

The Ginzburg-Landau theory is a phenomenology consistent to thermodynamics where
free energy is defined as a functional of an order parameter, composed of van der Waals’
penality and the double-well potential. This free energy is not formulated by the Toland
duality because the double-well potential is neither convex nor concave.

Generally, non-equilibrium mean field equations in phenomenological theories are de-
scribed by the chemical potential

u=07 (o),

where .# = .Z (@) stands for the free energy .% = .# () defined by the order parame-
ter @ = ¢@(x). These equations are classified into model (A), model (B), and model (C)
equations.'3%14 In more details, if Q C R”, n = 2,3, is a bounded domain with smooth
boundary dQ, then the order parameter ¢ = @(x,¢) is a function of the position x € Q and
the time # > 0 indicating the status of the material, and .# = .% (¢) is a quantity determined
by @. Thus # = % (o) is regarded as a functional of ¢ = ¢(x,¢), and the system moves
toward the equilibrium, making % (¢) decrease. Here, the chemical potential, § % (@) is
defined by

d
(v.67(9)) = F(@+sv) (1.179)
s s=0
similarly to (1.18). As in the previous cases, this ( , ) is usually identified with the L? inner

product.
Model (A) equation is formulated by

o =-K8F(p) inQx(0,T),

where K is a positive quantity, possibly associated with ¢. Then, it holds that

—_ /Q K8.F () <0

Model (B) equation, on the other hand, is described by
o =V-(KVoF(0)) inQx(0,7)
d
KW&?((;)):O on dQ x (0,7).

In this case, we obtain

dt / /ag W&/ =0

dtj /K\Vw( )12 <0,
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Thus, model (A) and model (B) equations stand for the thermodynamically closed system
and thermodynamically-materially closed system, respectively. A non-trivial time periodic
solution, for example, is not permitted to both of them.

The stationary state is actually defined by the zero free energy consumption; it is

0F(p)=0
in the model (A) equation, while

0.Z(p) =0 constrained by / o=A1
Q

in the model (B) equation, where A is a prescribed constant indentified with an eigenvalue.
More precisely, stationary states of model (A) and model (B) equations are defined by

if((p—&-sl//) =0 for all y
ds =0
and
d .
—Sﬁz((p—ksl//) =0 foall ywith [y=0
s=0

d
/(pzfl,
Q

respectively. Similarly, the linearized stability of the stationary state ¢ means

2

1
Oy, y) = 2ds2/(<p+sw)

in the model (A) equation, while

O(y,y) >0 for all y # 0 with [y =0

in the model (B) equation.

If model (A) equation or model (B) equation is well-posed globally in time, the associated
semi-flow is completely continuous, and the set of stationary solutions, denoted by £, is
bounded in a suitable Banach space, then there is a global attractor denoted by .o7. This
o/ is connected, comprises of the unstable manifold of £ (and of the union of the unstable
manifolds of the elements in E if any of them is hyperbolic), and attracts the orbitas ¢ T 4o
uniformly in the initial value contained in a bounded set, see.'?8?%7 We hereby describe
several free energies and model equations derived from them.

>0 forall w #0
s=0

Helmholtz’ Free Energy
As we have mentioned in §1.1.3, Helmholtz’ free energy
1
F(u) = a/ u(logu—1)— f/ G(x, X Yu(x)u(x")dxdx’
2 JJaxe

Q
induces the mean field equation of many self-gravitating particles, where u = u(x,#) de-
notes the particle density. If the absolute temperature o is equal to 1, and the potential
G = G(x,x’) is the Green’s function to (1.15), then we obtain the simplified system of
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chemotaxis (1.8) as a model (B) equation (1.19) with K = u. Its stationary state is de-
scribed by

e’ 1 . dv
—Av—l(jgev—m> an, W—O OnaQ
/v:O7
Q

using the field component, and in two space dimension, the quantized blowup mechanism
of this state implies that of the non-equilibrium, see §1.1.2.

Allen-Cahn Equation

Ginzburg-Landau'’s free energy,

2
Z () :/Q%\V(p|2+W((p) dx (1.180)
induces the Allen-Cahn equation®
o =K(EAp—W'(p))  inQx(0,T) (1.181)

in phase separation as a model (A) equation, where & > 0 is a constant associated with the
intermolecular force, ¢ = ¢(x,¢) is the order parameter, K > 0 is a constant, and

Wio)= 4 (1)

is the double-well potential. Usually, this .7 (¢) is associated with all ¢ € H'(Q2), and then
the natural boundary condition
o
3y =
is furthermore imposed to (1.181). Thus, the Allen-Cahn equation, (1.181)-(1.182), is
formulated by a semilinear parabolic equation of the second order.
Then, the stationary state is described by

0 on dQ x (0,7) (1.182)

—ENp=0p—¢° inQ, ‘;—‘5:0 on 9Q,

and its stability is equivalent to the positivity of the first eigenvalue of the self-adjoint
operator in L*(Q),

A=—E’A—1+43¢%

with the domain
d
D(A) = {y/eHz(Q) | a—‘i’ —0 onag}.
Here, any non-constant stationary solution ¢ is linearly unstable if Q is convex. Actu-

ally, this property is the case of the general (single) semilinear parabolic equation with the
Neumann boundary condition.**1%°
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In the one-space dimensional case, furthermore, each w-limit set, see §1.2.7, is composed
of one element.!”®33* Actually, due to the parabolic Liouville property, 0199200 and the
dynamics of the semi-linear parabolic equation in one-space dimension has several remark-
able profiles. For example, there are the Morse-Smale property,”!'3° the meandric permu-
tation concerning the stationary solution,'?” and the hetero-clinic cascade.”>**3 The other
aspect of such equations is the strong order preserving property. It is derived also from the
strong maximum principle and is valid even to the multi-space dimension.!4>-201-287 Related
aspects of the dynamics of the semilinear parabolic equations are described by!2%148:185 i
cluding the multi-space dimensional case.
The first term of the integrand of .% () of (1.180) is written as

2 2 ¢ ?

2179 g

It is associated with the surface tension and is called van der Waals’ penalty. Here, the
parameter 0 < & < 1 is determined in accordance with the molecular distance. The term
W (@), on the other hand, is called the double-well potential because ¢ = +1 are its bi-
stable critical points of the ordinary differential equation

¢=rx(p— o).
The other critical point @ = 0 of W = W(¢) is unstable, and, consequently, ¢ =
¢(-,1) is rapidly separated into the regions {x € Q| ¢(x,7) = +1} with the interface
{xeQ|—-1<o(x,t) < +1} of O(§)-thickness, and then this interface moves slowly sub-
ject to their curvatures, that is, there are fast and slow dynamics.3>77133:266
In fact, if ¢ = @(x) is regular, then this free energy is equal to

F(0) = /;ds/wzs}gz Vo| + T@% as

by the co-area formula. This value is estimated from below by

F.9)=28> [ WH" ({9 =s))ds

with the equality if and only if

¢ 1/2
WZW(S) / on{¢ =s},
where v denotes the outer normal vector on {¢ = s} from {¢ < s} to {¢ > s} and H""!
is the (n — 1)-dimensional Hausdorff measure. Thus, in the equilibrium this ¢ is almost
separated into ¢ = +1, and the interface thickness is of O(&).
To illustrate the relation between the mean curvature flow, we take K = 1 in (1.181), and
assume

@(x,0) = ¢ (d(x,1)/E)
near the interface, denoted by I7;, where d(x,¢) is the signed-distance function. Then, a
rough calculation implies

dt %Ad7
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where Ad and d; are the mean curvature of I'; and the velocity of M;, respectively. Thus,
we otain the suggestion of the convergence of ¢(x,¢) to the mean curvature flow as £ | 0
of (1.181).

In the level set approach,’®%%°° actually, this mean curvature flow is described by I'; =
{u(-,¢) = 0} with u = u(x,¢) satisfying

D Du®D
uy = |Du|div <u> = trace 1—&/ .
|Du |Du

In spite of the formal singularity, this equation is well-posed in the sense of viscosity so-
lutions,%® and the above mentioned convergence is justified by the comparison principle

under appropriate time scalings.!7%88227  Also, we obtain efficient numerical schemes

from this observation,86-106.230,242

Cahn-Hilliard Equation

Landau-Ginzburg’s free energy induces also the Cahn-Hilliard equation*?
¢ =—KAE*Dp—W'(p))  inQx(0,7)
d
W(§2A<p—W’(<p)):o on 9Q x (0,T)

concerning the phase separation as a model (B) equation. Similarly to the above case of the
Allen-Cahn equation, usually we impose

99 _
av

furthermore, assuming that .7 (¢) is associated with all ¢ € H'(Q) which means that

0 on dQ x (0,7)

0 = —KA(E2Mp—W'(9))  inQx(0,7)
e _ 30 _,
av av
In this case, the stationary state ¢ is defined by

on dQ x (0,7). (1.183)

1 . ¢
—ézA(p:(p—<p3—@/Q<p—(p3dx in Q, W:o on dQ

/q):)L, (1.184)
Q

and its linearized stability means the positivity of the first eigenvalue of the self-adjoint
operator in L3()

A=—E*A+1-3¢7

with the domain

D(A)—{y/eHz(Q) | %’:o on 9Q, ./g'zw_o}.
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If ¢ = @ attains the minimum of ¢ defined by
2
Fe(g)— | a3 VO +W(9)dx 9 €H'(Q), o0 =2
o0, otherwise,

then it is a solution to (1.184). Here, we obtain I'-convergence of Z; to . in L'(Q) as
£ 10, see, 295289 where

Fo(0) = { Perg{@p =—1}, p €BV(Q), W(p)=0ae., [ =2

oo, otherwise,
BV () denotes the space of functions of bounded variation,
BV (Q) = {v c L' (Q)| / IVv| < +oo}
Ja

Jvsi=sup{ [ w-glecci@r. lal. <1},

and Perg(4) = [, | V4| is the perimeter of the measurable set 4, see!?> which means that

ve —v as& | 0inL(Q) = lirgnﬁ)nfﬁé(vé) > Fo(v)

and any v € L' (Q) admits & | 0 and {v;} such that
v —v inLY(Q)
](ILIEIQ ygk (Vk) = fo(v).

In this case, any & | 0 admits {&/} C {&} such that (g converges to a miminizer of Zo

in L' (Q) from the genral theory.”®
The limiting problem of (1.183) as & | 0 is described by the Mullins-Sekerka-Hele-Shaw
equation,

Av=0 in Ute(O,T)(Q\Fl) x {1t}

3—3:0 on dQ x (0,7)
1[ov]"

v="kr,, V= 3 [W] ) on Ure(o,r) It X {t},

where kr,, ¥ > 0, and V' are the mean curvature of the interface I';, a constant, and the
normal velocity of T}, respectively.>231-2%1

The first factor of the micro-phase separation is the spinodal decomposition caused by the
composition fluctuation of sine-like waves. It occurs to the blended material when the
temperature becomes low. Its rough description is obtained by taking the equation on the
whole space, and linearizing it around the constant solution @, that is

K 'w=A(=E*Aw+W"(@)w)  inR"x(0,7).
Thus putting
w(x,t) = exp (tk-x+ Kot),
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we obtain

o = kP (=1"(@)~ E2 k).
where o > 0 corresponds to this phenomenon of spinodal decomposition. This range is the
case of W”(@) < 0, that is — % <P< %, and (— %, %) is called the spinodal interval,
and then it holds that

|k‘27 ﬁ:l: Vﬁ2_4§26

282 ’
where 3 = —W"(@). The value &, on the other hand, attains the maximum if
1
[k? = S BE 2. (1.185)
This formula suggests that unstable wave-like fluctuation with the length A = 27” = %né

in the one-dimensional case, and simultaneously, irregular patterns caused by the mixture
of a variety of waves for the two-dimensional case.*!

The second mechanism of phase separation is the nucleation, whereby several crystal seeds
gather under the presense of the condensate of the solution, caused by super-saturation. It
is associated with the intervals I_ = (—1, —%) and I = (%, 1) called the metastable
region, and if the mean value of the order parameter is ¢ € /_, then under the local but
sufficiently strong perturbation induces a small region with ¢ € I, surrounded by that with
el see

Ohta-Kawasaki’s Free Energy

Ohta-Kawasaki’s free energy,”!

2
ﬂ(w):/Q%\V<p|2+W(<p)+%\(—AN)*I/Z(q)—a) ? (1.186)

is concerned with the micro-phase separation in diblock copolymers, where ¢ > 0 is a
parameter proportional to the inverse length of the polymer chain and

_ 1
‘P—@/Q‘P-

If the region is separated into ¢ = +1 with the interface O(& ), then the third term of (1.186)
is not negligible because the variation derived from ¢ becomes large. This term of Ohta-

Kawasaki’s free energy is essentially the same as that of Helmholtz’ free energy defined by
(1.16)

F(u) = %/gu(logu— 1)— % (=) Muyu).

It can be made small by the rapid oscillation that guarantees the convergence to ¢ of ¢ in
H'(Q)’ which suggests a number of local minima of this functional.
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The free energy (1.186) induces the Nishiura-Ohnishi equation??®
ap=—A(EAp—W'(9)) —o(p—9)  inQx(0,T)

d
W{§2A<p—W’(<p)} =0 on 9Q x (0,7)
as a model (B) equation, where o = K~!. Similarly to the former cases, we impose
d
%:0 on 9Q x (0,7)

using all ¢ € H'(Q) to derive 5.7 (¢), and then it holds that
¢ =—A(EA9—W'(9)) —0(9p—) nQx(0.7)
JdAp _d¢ _ 0
v dv
The stationary state is described by

on dQ x (0,7).

1 v _ .
_ézA(P:(p—(p3—@/Q(P—(P3dx+6(—AjL) ' inQ

¢

2% _ o 29, [o=2
av on 0

Then, the linearized stablity of this stationary state means the positivity of the first eigen-

value of the self-adjoint operator 4 in L3(Q) defined by

Ay =—E Ay —y+3¢°y+o0(-Ax) 'y

with the domain
2 oy
D) = dyer(@) %Y =0 onog, /w:o .
v Q

We have also I'-convergence of the functional & = ¢ ; of (1.186) under several scalings
of (€,0), see 243244

1.3.2. Gradient and Skew-Gradient Systems

There are several systems derived from Lagrangian and skew-Lagrangian without duality.
In this case, the stationary state is not reduced to the single equation.

In the gradient system, the Lagrangian L = L(u,v) acts as a Lyapunov function. If the
combination of model (A) - model (B) equations

Uy = —Lu

™V = _LW
for example, is adopted, then it holds that

iL(u,v) = —/ Ly (u,v)? + 77 Ly (u,v)? dx
dt Q
<0,



1.3. Phenomenology 79

where 7 > 0 is a constant. The stationary state (,V) is defined by
L,(u,v)=L,(u,v) =0,

and its linearized stability is described by the positivity of

A= (e e

v v
V) L ()
provided that L = L(u,v) is C? because the linearized equation is given by

d (u u 1 0
a’t(v)+JA<v>_O’ J= (011)' (1.187)

This operator 4 is the same as the Hessian of L and the linearly stable stationary solu-
tion derived from this Lagrangian is dynamically stable. If L,,(#,v) = 0, then this lin-
earized stability is equivalent to the component-wise positivities of the operators L, (i, V)
and L, (@, V),

L

Ly (1, v) > 0. (1.188)
For the Toland duality with C?> Lagrangian

L(u,v) = F*(u) + G(v) = (v;u),

this stability holds if (F*)" (%) > 1 and G”(¥) > 1 as quadratic forms.
In the skew-gradient system using the skew-Lagrangian L = L(u,v), that is

Ur = —Lu

™V = Ly,
the stationary state is similarly defined by
L,(u,v)=L,(u,v) =0,
while the linearized equation is indicated by (1.187) for

A= (L_L(ﬁ(:) V) i EZ 3) '

In this case, the linearized stablity of (%, V) means that any eigenvalues of 4 is in the right-
half space, or, equivalently,

Re (JAw,w); =Re (4w,w) >0  forall w= (Z) £0 (1.189)
using the complex-valued trial functions {u, v} and the L-inner product

(wl,wz):/g2u1u§+v1v§ dx
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Wi—<u[>7 i:1727
Vi

where z* denotes the complex-conjugate of z € C and

for

(wi,wa)s = (I 2wy, d 1 2wy).
Since (u,V) is real-valued, it holds that
Re (Aw,w) = (u, Ly (1, 9)ut) + (v, Ly (#, 7))
(wi,wa) = /gzufuz +vivy dx

and, therefore, condition (1.189) is equivalent to (1.188) and such a stationary state is
dynamically stable if L = L(u,v) is C?, see.346-347

Eguchi-Oki-Matsumura Equation

An example of the gradient system without duality is the Eguchi-Oki-Matsumura equation
concerning phase separation of alloys.?? It is a combination of model (B) and model (A)
equations, using the Lagrangian

1 2
L{u,) :/QE\Vu\Z—F%WV\z—!—f(u,V) dx,

where

b v
f(u,v) = guz - Evz + ZV4 + %uzv2

with 7,a,b,b’,g > 0 constants, stands for the bulk-energy and u and v are the concentration
of the main component and the order parameter, respectively. Thus, we obtain

Tuy =V -VL,(u,v)

v =—L,(u,v) inQx(0,7)
%Lu(u,v)zo ondQ x (0,7),
and hence
d
d

—L(u,v) = —/ | VL(u,v)|* +v? dx <0,

dt Q

where 7 > 0 is a constant.

Using all u € H'(Q) and v € H'(Q) in deriving L, and L,, we obtain
du dv

5:5:0 on dQ x (0,7)
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as a natural boudary condition. Then the stationary state is described by

=0, /u:l
0Q Q

ﬁ
av

du
—Au+au+ guv2 =constant, ——

ov

—E2Av — v+ bV 4 guPv =0, =0.

2Q

This system is difficult to reduce to single equations on u or v. There arise, however,
multiple stationary solutions.!33

Gierer-Meinhardt Equation

Yanagida®*6*7 formulated the Gierer-Meinhardt equation and the HitzHugh-Nagmo equa-
tion, see §1.3.4, as skew-gradient systems. The former is concerned with the morphogene-
sis!'® and is a combination of model (A) equations

ra; = —L,

tht = Lh7

where 7,q,T > 0 are constants. It is derived from the skew-Lagrangian
e D
L(a,h) = [ = \Va|* = L= \Vh|> — H(a,h) dx
Ja 2 2

with
r

H(a,h) = 5

& +roa+a’ Rl + %hz
in the case of
p+l=r qg+1=s, (1.190)

where &,D, 0 > 0 are constants. Ifall a € H'(Q) and & € H'(Q) are taken to derive L, and
Ly, then we obtain
P

atzszAa—a+Z7+G
a” .
Tht:DAh—h+E inQx(0,7)
da Ooh
—=—=0 2Q x (0,7). 1.191

The shadow system is obtained by making D — 4o in the second equation. More precisely,
in this case & = A(¢) is independent of x, and then it holds that

at:e‘zAa—a—Fap/hq
1 1 .
rht:—h+ﬁ@/gar inQx(0,7)

da oh
Ta—gl=0 on 9Q x (0,7) (1.192)
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by operating ﬁ Jo > where ¢ = 0 is assumed for simplicity. Then its stationary state is
defined by

ap

2 _
8Aa—a+h7—0
1
hS“:—/a’ inQ
Q| Ja
d
8—3:0 on dQ,

see. 08226 In the case of 7 = p + 1 there is a variational functional

| A 1 -
J(v):i/ge |Va|"+a dx_(l—}/)r </Qar>

defined for v € H'(Q), where y = i1+ General case other than (1.190) is not formulated
by the skew-gradient system.

We have spiky stationary solutions, slow dynamics of spikes, and Hopf bifurcation to
(1.191), see.”?334335 The skew-gradient system can thus be involved by the top-down
self-organization, while the stable stationary solutions take a role of the bottom-up self-
organization.

1.3.3. Skew-Gradient Systems with Duality

If the skew-Lagrangian is defined by the free energy using Kuhn-Tucker duality, then the
stationary states split into the particle and the field components provided with the structure
of dual variation. This property is a special case with the convexity of the functional, and
the global dynamics near the stationary state is not so complicated.

Let X be a Banach space over R, and F, G : X — (—oo, 40| be proper, convex, lower semi-
continuous functionals. The Lagrangian in the Toland duality is defined by

L(x,p) = G(x) +F*(p) = (x,p)

for (x,p) € X x X*, see §1.2.3, where X* denotes the dual space and F* is the Legendre
transformation of F:

F*(p) = sup{{x,p) = F(x)}.

xeX
It is associated with the “free energy*

_ [ (p)=G"(p), p € D(FY)
Sp) = { +oo, otherwise

and the field functional

[ G(x)—F(x), x € D(G)
)= { oo, otherwise
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through
J*(p) = infL(x,p)
= inf L .
Jx) = inf L(x.p)

Then we obtain the unfolding-minimality (1.145)-(1.147). Furthermore, p and X are lin-
early stable critial points of J* and J, respectively, if and only if (X,p) is a linearly
stable critical point of L, and the former two conditions are equivalent each other by
PEIGX)NIF(X)andx € dG*(p) N IF*(P).

Skew-Lagrangian with duality, on the other hand, is defined by

F*(p)=G(x)+(x,p), pED(F"), x€X
+oo, otherwise

L(x,p) = {
Then, putting

J(x)=G(x)+F(—x)
J(p) =F(p)+ G (p),

we obtain a similar structure. In other words, we say that (¥,p) € X x X* is a critical point
of L if

0 € Ly(X,p)
0eL,(¥%p),
which is equivalent for X and p to be critical points of J and J*, respectively.
P E€IF(—%)NIG(X)
X € —dF*(p)NaG*(p). (1.193)

These two relations of (1.193) are equivalent each other, and if one of them is satisfied then
it holds that

We have the unfolding
Llcogr () ="
Llpeor(x =7
and the “minimality* in the sense of
JH(p) < L(x,p) < —J(x)

for any (x,p) € X x X*.
A critical point (X, p) is called a saddle if

L(x,p) < L(x,p) <L(%,p) (1.194)
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for any (x, p) in a neighborhood of (X,p). It is linearly stable if there is & > 0 such that
any € € (0,&/4] admits 0 > 0 such that

lx =l < €0
1= Pllx <& lx—xlly <&
L(x,p)—L(x,p) <& lp =Pl <e.

L(x,p)—L(x,p) < 6

These conditions of stability split component-wisely, and (¥,p) is a linearly stable saddle
of L if X and p are linearly stable critical points of J and J*, respectively, and they are
equivalent each other. More precisely, these # and v are linearly stable if there exists gy > 0
such any € € (0, &/4] admits 6 > 0 such that

[lx —X|ly <& -
Jo—Jm<s — Irrle<e
and
lp =Pl < _
* * (= = P —Plixy- <E,
J(p) =T (B) < 8 I>= Pl
respectively.
The skew-gradient system
p € _Lp(xap)
X% € Ly(x, p) (1.195)

derived from the skew-Lagrangian L = L(x,p) with duality, defined above, has similar
properties to (1.165). Thus in the presense of the Hilbert space Y satisfying (1.166), the
solution (x(¢), p(¢)) in (1.167) satisfies

limsup% (F*(p(t)) — F* (plt — )} < — (e p) — 15|
h|0

limsup% {G(x(t)) — Gx(t — b))} < (i, p) — T[¥(0) |7,
110

and, therefore,

timsup + {L(x(t),p(t)) ~ L(x(2),pla W)} <~ o)}
nl0

. 1 ,
hr;llsoup 5 L), p(0)) + Lix(t = h), p(1))} < —7 Ol
Thus, if (¥,p) € Y x Y is a linearly stable saddle point of L and (1.195) is locally well-posed
in its neighborhood in the sense of (1.167), then this skew-gradient system is well-posed
globally in time there, (¥,7) is dynamically stable, and it holds that (1.164).
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1.3.4. Semi-Unfolding-Minimality

As is described in the previous paragraph, if L is a skew-Lagrangian with duality, then both
J* and J are convex, and hence any critical point of L is a saddle. Several other systems,
however, are provided only with the semi-duality, and admit multiple stationary solutions.
In this paragraph, we describe the Lagrangian and the skew-Lagrangian combined with
convex and non-convex functionals, which are found in several phase field models provided

with the double-well potential, see §1.5.

Semi-Lagrangian

First, taking a Banach space X over R, we define the Lagrangian with semi-duality by

_ [F(p)+G(x)—{x,p), x € D(G)
Lixp) = { +oo, otherwise,

where
G : X — (—oo, 4o
is proper, convex, lower semi-continuous, while
F* : X* — [—o0, 409
is arbitrary. The semi-critical point (¥,p) is defined by
Ly (x,p)=0
or, equivalently,
D €JG(X).
Here, p € dG(x) is equivalent to x € dG*(p), and then it holds that
G*(p) — (x,p) = —G(x).
Thus, we obtain the semi-unfolding-minimality
infL = L|;cp6(p) =J,
where

F*(p) — G (p), p € D(F")
o0, otherwise.

7w ={

(1.196)

(1.197)

Given a critical point of J*, denoted by p, we define its linearized stability similarly, that is

D EX of
8 (p) =0

is linearly stable if there is & > 0 such that any € € (0, & /4] admits 6 > 0 such that

Ip—7lly- < _
- = —
J(p)—T(p) < 3 >~

X*<€’
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and such p is dynamically stable. More precisely, if p is a linearly stable critical point of
J*, then any € > 0 admits § > 0 such that if (x(¢), p(¢)) € X x X* (0 < ¢ < T) satisfies

tef0,T)— p(t) e X" continuous
te[0,T)— L(x(¢),p(t)) €R non-increasing
1p(0)~ By < 5,
then it holds that
sup ()~ Pl <e.
t€(0,T)
We have

L(x,p) =J"(p) +L(x,p)
L(x,p) = G*(p) + G(x) — (x,p) 2 0
and L(x,p) = 0 holds if and only if x € dG*(p), or, equivalently, p € dG(x). Given a
critical point p € X* of J*, we take
x€dG(p),
and now define its hyper-linear stability. Thus ¥ € dG*(p) is hyper-linearly stable if there
is & > 0 such that any € € (0, & /4] admits 6 > 0 such that
Ux —X[|x <&
Lix,p)—L(x,p) <0 = llx —x|[y <e&. (1.198)
lp—Plix- <0
Consequently, if 7 is a linearly stable critical point of J* and ¥ € dG*(p) is hyper-linearly
stable, then any € > 0 admits 6 > 0 such that

t€0,T)— (x(¢),p(t)) e X x X* continuous

t€[0,T)— L(x(¢),p(t)) €R non-increasing
[1x(0) = X[l + [[(0) = Plly- <&
=
sup {[x(¢) =[x + (1) = Plly-} <e.
t€[0,T)

Semi-Skew-Lagrangian

Skew-Lagrangian with semi-duality is defined by
F*(p)—G(x)+ (x,p), p e D(F*
L(J@p)—{ (p) —G(x)+ (x,p), p € D(F7)

oo, otherwise,
where G : X — (—oo,+o0] is proper, convex, lower semi-continuos, while F* : X* —
[—o0,+o0] is arbitrary. A semi-critical point (X,p) of L is defined by (1.196), and there
is semi-unfolding-minimality,

(1.199)

SlipL: L‘anG*(p> :J* (1200)
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for the free energy defined by
J'(p) =F"(p)+G"(p). (1.201)

Linearized stability of a critical point p € X* of J* is defined by (1.198). Here, we note
that the multiple existence of such p can occur because F* may not be convex. A stronger
concept of the robust stability of p indicates the existence of & > 0 such that any € €
(0, & /4] admits & > 0 such that

[lx =[x +1lp =Pl <& -

Lix.p) () < 8 = o=l
Although there is neither the Lyapunov function nor the anti-Lyapunov function in the
skew-gradient system, such 7 is stable as far as x(¢) stays nearby X, where (%,p) is a semi-
critical point of L so that ¥ € dG*(p). Thus, the driving force of leaving such (X, 7) lies
in the x component. We emphasize that this ”semi-stability is different from the (full)-
stability of (¥, ) defined in §1.3.3 for C? skew-Lagrangian.
Since

L(x,p) =J"(p) = L(x,p)

L(x,p) = G*(p) + G(x) - (x,p),
the hyper-linear stability of ¥ € dG*(Pp) is defined similarly, where P is a critical point of
J* defined by (1.201). It holds that

L(x,p) =J*(B) =J*(p) = J*(P) — L(x,p) < 6

and, therefore, if p € X™* is a linearly stable critical point of J* defined by (1.201) and
X € dG*(p) is hyper-linearly stable, then p is robust stable. The skew-gradient system
derived from this semi-skew-Lagrangian, on the other hand, has the properties

t€1[0,T)— (x(¢),p()) e X x X* continuous

te[0,T)— L(x,p(t)) R non-increasing if ||x — x|y < &

t€]0,T)— L(x(t),p) € R non-decreasing if || p — Py« < €&
with & > 0, and, therefore, if ¥ € G*(p) is hyper-linearly stable, then (x(¢),p(¢)) stays
nearby (X, p) as far as ||p(t) — Pl v« < & is kept.
Thus if p € X* is a linearly stable critical point of J* defined by (1.201) and ¥ € dG*(p)
is hyper-linearly stable, then (X,p) is dynamically stable, and, in this way, the stationary

solution and its full-stability split into each component in the skew-gradient system with
semi-duality. If L(x, p) is C?, then this condition is reduced to (1.188).

FitzHugh-Nagumo Equation

98,214

The FitzHugh-Nagumo equation concerning nerve impluse is a combination of model

(A) equations
up = —L,(u,v)

v = Ly(u,v),
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where T > 0 is a constant. It is derived from the skew-Lagrangian
2
L(vyu) = / & \Vul|* + W (u) — g |Vv|? 4+ uv dx
Q 2 2
defined for
weH'(Q), veH (Q), / y=0,
Q
where &, 0 > 0 are constants and
W(u) =
Thus, we obtain
u, = E2Au—W'(u)—v
1
Tvt:GAv+u——/u inQx(0,7)
Q Ja

du dv

ﬁ—w—o OH&QX(O,T)

/v:O, 0<t<T. (1.202)
Q

The above skew-Lagrangian is provided with the semi-duality, and (1.199) holds with
* _ 572 2
F*(u) = > |Vu|”+ W (u) dx, ueX
Q
Gl) = S IvvI3, vex, [v=o
2 JQ
where X = H'(Q). Then the free energy is defined by (1.197), that is

2
J*(u) :/Q% Vuul* + W (u) dx+%<(—AJL)’1u,u>,

which is nothing but Ohta-Kawasaki’s free energy % (1) defined by (1.186).
The stationary state of (1.202) is, in particular, given by

O0F(u)=0
and v = (—Ay.) " 'u. The former is equivalent to

~EMu=u—1w’+0(-Ax) 'u inQ

Ju
v = 0 on 0Q,

and we can confirm the semi-unfolding-minimality

sup L=L|__p,)1,= 7 (1.203)

v, Jov=0
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Since the FitzHugh-Nagumo equation (1.202) is skew-gradient, the linearized stability of
the stationary state (u,v) is reduced to the positivities of Ly, (#,v) and Ly, (u,v). The latter
positivity is obvious because L, (u,v) is nothing but —A with the domain

{WEHZ(Q) | ‘3—‘5 —0 ondQ, /Qw:o},
and, therefore, its linearized stability is described by the positivity of the first eigenvalue of
Appgy = —E2A— 1+ 312
with the domain

D(Arun) = {l//EHz(Q) \ g—l\l// =0 on 89}.

The first eigenvalue of this operator is denoted by prpy(u).

The stationary state u is the same as that of the model (A) equation derived from Ohta-
Kawasaki’s free energy. In the latter case, its linearized stability is indicated by the positiv-
ity of the first eigenvalue of Apg defined by

Aok y = =& Ay —y+ 3’y +0(—An) 'y

with the domain

D(4ox) = {l//EHz(Q) \ g—l‘l/l =0 on 89}.

Thus if its first eigenvalue is denoted by ok (), then we obtain
Mok (u) > prrn (u).

This relation, combined with the semi-unfolding (1.203), indicates that the instability
around a stationary state (u,v) of the FitzHugh-Nagumo equation satisfying

ok (u) > 0> tprn(u)

occurs to v at the begining, casting the driving force to the self-organization.

1.3.5. Kuhn-Tucker Duality

Skew-Lagrangian with duality is regarded as a special case of the Kuhn-Tucker dual-
ity,33:196321 and this paragraph is devoted to the description of the latter.
Let X be a Banch space over R and regard

L=L(x,p) : X X X* — [—oo,+od]

as a skew-Lagrangian. In the context of game theory, L stands for the price which X and X*
wish to increase and decrease, respectively. Then o = sup, inf, L(x, p) indicates the best
price of X when X* takes his own best strategy against X. Similarly, B = inf, sup, L(x, p) is
the best price of X* when X takes his own best strategy against X*. It is obvious that ¢ < 3,
but a sufficient condition to o = f3 is the exsitence of the saddle (¥,7) € X x X* defined by
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(1.194). Then von Neumann’s theorem guarantees the existence of such a saddle, provided
that

x€Xw— L(x,p)

is proper, concave, upper semi-continuous, and coercive from above for any p € X*, and
simultaneously,

pEX — L(x,p)
is proper, convex, lower semi-continuous, and coercive from below for any x € X, seet3303
for instance.
If the cost function
¢ =(x,y) : X XX — [—oo, 4]

is given, then the principal and the dual problems are defined by

P) inf

(P) info(x,0)

(P*) sup _(P*(07q)7
qeX*

where

0 (p,g)= sup {{x,p)+ g -y}
(xy)EX XX

denotes the Legendre transformation of ¢(x,y). Then the duality theorem of Kuhn-Tucker
guarantees the same value of (P) and (P*), provided that

yEX = ®y) = info(x,y)

is proper, convex, lower semi-continuous.
In fact, we have

¢*(0,9) = sup {{n,q) — @(x,y)}

xyeX
=sup{(r.q) — @)} =" (q)
yeX
and hence
sup —¢*(0,g) = sup —@*(g) = ®**(0)
qeX™ qexX*

= ®(0) = inf o(x,0)

by Fenchel-Moreau’s duality.
Given the cost function @ = ¢(x,y), we define the skew-Lagrangian by

L(x,q) = sup{(»,q) — o(x,»)}, (1.204)
yeX
that is the Legendre transformation of

YEX = 0u(y) = 0(x,y).
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If this mapping is proper, convex, lower semi-continuous, then we obtain
o(x,y) = (p;‘*(y) = SU’)I(3 {(y,q) —L(x,q)},
qex*

similarly, and, therefore, the principal problem is described by

inf =— inf L .
info(x,0) sup inf (x,q)
We have, on the other hand,
0" (p,q) =sup{{x,p) +L(x,q)} (1.205)
xeX
and hence
sup _(P*(an) = — inf SupL(xaq)'
geX* 9EX" xeX

Using the duality theory mentioned above, thus, we obtain Kuhn-Tucker’s saddle point
theorem.

Theorem 1.25. [f ® = ®(y) and @ = ¢« (y) defined above are proper, convex, lower semi-
continuous, and if the principal and the dual problems have the solutions X and p, respec-
tively, then (X, p) is a saddle of L.

Skew-Lagrangian with Duality

If p — L(x, p) is proper, convex, lower semi-continuous for each x, coversely, then the cost
function @ = @(x,y) defined by

¢(x.y) = Sl;p{<y7P> —L(x,p)}

satisfies (1.204), and then equality (1.205) holds true. In this case, the principal and the
dual problems are formulated by

(P) infe(x,0) = —supinfL(x,q)
X x q

(P*) Sup_(P*(()?q) = _infsupL(x7q)7
q q9 x

and, in particular, these problems have the same value if L = L(x, p) has a saddle, (1.194).
The skew-Lagrangian with duality in §1.3.3 is described by

L(x,p) = F"(p) = G(x) + (x, p)

with F,G : X — (—oo, 4|, proper, convex, lower semi-continuous. In this case, the cost
function @(x,y) and its Legendre transformation ¢*(p, q) are defined by

¢(x.y) = Sip{<y7p> —L(x,p)} =Fly—x)+Gx)

0" (p,q) = §gy1>{<x,p> +0q) —o(p.q)} =F"(q)+ G (p+q),
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and, therefore, the principal and the dual problems are described by
(P) infe(x,0) =inf{G(x) + F(—x)} = infJ(x)
(P7) sup—¢7(0,9) =inf{F"(q) +G"(¢)} = inf]*(q).
q

Concerning the existence of the saddle, we can apply the theorem of von Neumann, and
then obtain the following theorem.

Theorem 1.26. If X is a Banach space over R, and F,G : X — (—oo,+o0| are proper,
convex, lower semi-continuous, then the skew-Lagrangian

L(x7p) = F*(p) - G<x) + <x7p>
has a saddle if
x— G(x) - (x,p)
p—F'(p)—(xp)
are coercive for each (%,p). In this case, the associated variational problems
infJ(x)
X
infJ*(p)
P
have the same value, where
J(x) = G(x) + F(—x)
J'(p)=F"(p)+G (p).

Linear Programing

Theorems 1.25-1.26 are applicable to the linear programing, where X = R” and (d, p) €
X x X* with d,r > 0. The last relation means that any components of d and » are non-
negative.

In more precise, for a non-void closed convex set K C R”, its indicator function is denoted

by
0, xek
1 =9/ .
x () { oo, otherwise.

Then we define the skew-Lagrangian by
L(x,q) = —r-x—q-(d—Ax) = Liz0(x) + lg>0(q)-

Since

supz-q =

{0, z<0
q>0

+o0, otherwise
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the cost function is defined by
¢(x,y) =sup{y-q—L(x,q)} =r-x+lg(x,y)
q

for
K={(xy)|x=0, 4x >d +y}
with the Legendre transformation

0" (p,q) =sup{x-p+y-q—o(x,q)}
X,y

= sup  {x-(p—r)+(—Ax+d)-q+(4x—d)-q}
x>0, y—Ax+d<0

=14=0(9) —q-d+sup(p—r+'dq)-x
x>0

_ [ —qd,ifp—r+'49<0,9>0
| +oo, otherwise.

Thus, the principal and the dual problems are given by

(P) minimize r-x forx >0, Ax > d

(P*) maximize q-d forg >0,'Adqg <r.

These problems have the same value from the duality theorem, and the solutions X, g con-
stitute of the saddle of L:

L(x,q) < L(x,9) < L(x,q)

for any (x,q).

Stokes System

The Stokes system

—Au+Vp=f, V-u=0 in Q
u=0 on 0Q (1.206)

is identified with the saddle of the skew-Lagrangian
1

defined for (p,u) € Y x X, where X = H}(Q)", Y = L*(Q), and (-,-) denotes the L*-inner
product. In this case, (1.206) is degenerate in p-component, regarded as a saddle (u,p) of
L,

L(p,u) < L(p,u) < L(p,u), (1.208)
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where (p,u) € ¥ x X. The weak form of (1.206) is defined by

(p,u) €Y xX
(Vu,Vv) = (p,V-v) = (f,v), veX
(Vu7q): ) q€Y7

and we obtain the following theorem.

Theorem 1.27. The Stokes system (1.206) is equivalent to (1.208).

Proof: Let (p,u) € Y x X be a (weak) solution to (1.206) and take (p,u) € ¥ x X arbitrary.

Then it follows that
L(p.a)~Lp,0) = (p—p,V 1) =0
and
L(p,u)—L(p.7)
= SIVulB— SVl ~ (fu =)+ .V (e )
= (Vi V=)~ (fu =) + (.Y (u-) + 5
= Ve3> 0.
Let (p,u) € Y x X be a saddle of L, conversely. First, we have
L(p,u) > L(p,u)
and hence (p — p, V) > 0 for any p € ¥ which implies
(Veu,p)=0
for any p € Y. Next, we have
L(p,u) > L(p,u), ueX
which means that
(Va, V)= (o) + (.Y )+ 5[Vl 20, wex
and, therefore, we obtain
(Va,Vw) — (f,w) + (B, V-w) >0, weX,
checking the degree in w of (1.209). Then it follows that
(Va,Vw) — (f,w)+ (B, V-w) =0, weX,

and (p,%) is a weak solution to (1.206).

IV (u—)l3

(1.209)
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The cost function ¢ (p,u) associated with the skew Lagrangian L(p,u) of (1.207) is defined
for (p,u) € Y* x X:

(P(p7u) = sg}l?{<z7p> +L(Zau)}

= sup{(e.p) + 5 [Vl = (fu) + (V1.2

1

- 5 ”VV”% - (f7 V) + 1{p:7V<u}(p)a
and, therefore,

(P*(W,Q) = sup{(v,w) _L(q7v)}

veX

= Ssup {(V,W)—!—(p,q)—(p(p,v)}
peY, veX

= sup{(0) — [V + ()~ (4.V W)}
veX

for (¢,w) € X* x Y. The principal problem is thus given by
(P) inf{% VY2 = (fv) [vEX, V-v=0}.
Theorem 1.28. The above (P) is equivalent to (1.206).
Proof: Defining B: H}(Q)" — Y = L*(Q) by
Bv=V-y,
we see that u solves (P) if and only if

ucKerBCX
(Vu, Vv) = (f,v), v € Ker B. (1.210)

If 6 : X — X* denotes the duality map defined by
(ofvixx=(fv), VvEX,
then, (1.210) means
u € Ker B
u—of € (Ker B)* =Ran B*
The Poincaré inequality, on the other hand, implies
IVB > 8v3, Ve H(Q)", Vov=0
and, therefore, Ran B* is closed in X*. Thus (p,u) solves (P) if and only if
ucKerBCX
u—of=Bp
for some p € Y, and hence (1.206). O
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In the abstract formulation, we take
L(y,x) = F(x) + (v.Bx)y
for (y,x) € Y x X, where X and ¥ are Banach and Hilbert spaces over R, F' : X — (—oo, +o0]

is proper, convex, and lower semi-continuous, and B : X — Y is bounded linear with
Ran(B*) closed in X*, see'% for more details.

1.3.6. Summary

We have examined several mathematical models concerning self-assembly, which are pro-
vided with the variational structure derived from the free energy or (skew) Lagrangian.

(1) Closed Systems

(a) Model (A) equation describes thermally closed system.
(b) Model (B) equation describes thermally and materially closed system.

(2) (Skew) Gradient Systems

(a) Several model (C) equations are formulated as (skew) gradient flows derived from
the (skew) Lagrangian. A typical example is the gradient system provided with the
Toland duality.

(b) Ifthe skew-Lagrangian is provided with a duality, then the dynamics and the struc-
ture of the stationary solutions are simple.

(c) Skew-gradient system is involved by the dissipative structure, but the dynamics
around the stationary solution is controlled by the calculus of variation.

(3) Non-convex evolution

(a) Several free energies are involved by the double-well potential. Then, the associ-
ated (skew-) Lagrangian is provided with the semi-duality.

(b) Ifthe (skew)-Lagrangianis provided with semi-duality, then the linearized stability,
the robust stability, and the hyper-linear stability of the critial point are defined.

(c) A hyper-linearly stable critical point is dynamically stable in the gradient system
with semi-Lagrangian. This property is a case of the skew-gradient system with
semi-skew-Lagrangian, while a linearly but not hyper-linearly stable semi-crtical
point casts the driving force of the far-from-equilibrium.

1.4. Thermodynamics

Having examined model (A) and model (B) equations in the previous section, this section is
devoted to the physical principles that derive model (C) equations consistent with the non-
equilibrium thermodynamics. Several systems of phenomenological equations are thus
derived from the free energy and duality. Similar to entropy, free energy is a fundamental
concept of thermodynamics in accordance with the thermal equilibrium. This section is
devoted to the theory of non-equilibrium thermodynamics from the viewpoint of dynamical
systems.
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1.4.1. Stefan Problem

We begin with the two-phased Stefan problem and its mathematical structures by examin-
ing first its free-boundary and interface problem, secondly, the reduction to a degenerate
parabolic equation associated with the enthalpy, third, the application of the nonlinear semi-
group theory to this equation, and finally, the phase field approach of the Ginzburg-Landau
theory using order parameter.

Level Set Approach

Let O be the relative temparature, and assume that the heat conductor is water and ice if
0 > 0 and 0 < 0, respectively. Then we obtain the heat equation (1.7),

cp6, =V-(kVO)  in{0 #£0}. (1211)

The region {x € Q| 0(x,7) =0} is comprised of an interface, denoted by I, where the
phase transition occurs and the latent heat is exchanged. Usually, the density p = p(0)
depends continuously on 6 € R, but the specific heat ¢ = ¢(60) and the conductivity k¥ =
K (0) have the discontinuity of the first kind at 6 = 0.

To describe the motion of T, we take first the level-set approach, and introduce the C!
function @ = ®(x,¢) satisfying

T, ®(1) =0. (1212)

Let v be the outer unit normal vector of T; from {6 < 0} at x € T;. If x moves VAA during
the small time interval A¢, then it holds that

D(x+ vAh,t +At) = 0.
Taking the infinitesimal approximation of this relation, we obtain
(v-VO)Ah+ DAt =0 onI7;. (1.213)

Meanwhile, ¢Ah is radiated from the unit area on I'; as the latent heat, where £ = Ap with
A standing for the latent heat per unit weight, and, therefore, Newton-Fourier-Fick’s heat
energy balance law guarantees the relation

lAh = — |:K‘g—€:| +At, (1.214)
where
At =4, -4
As(x) = lim A(y)

ye{£6>0}, y—x
Combining (1.213) with (1.214), thus, we obtain the Stefan condition
00 d0
= — " | K—
av av

which comprises of the Stefan problem with (1.211) and (1.212).

+
E(Dt :| on F,, (1215)
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Enthalpy Formulation
Here, we use the Kirchhoff transformation
]
u= / x(0")do’
0
and the enthalpy H = H(u) defined by

8 p(0)e(0)d0 —t,u <0
)= { fzep(e')c(e')de', u>0,

which satisfies

/ )
H'(u) = 0) u#0
H(+0)—H(-0)=/¢
Concerning u = u(x,t), we obtain
Vu=xVo
H M)t = E . 6; K
K
and, therefore,
H(u), = Au in Uperer(Q\T7) x {t}
(D, = [Vu-VO|*  onUyer Ty x {t} (1.216)
by (1.211) and (1.214).
Now, we show
d du
E/‘I)H(u)dx— o st (1.217)

for each @ C Q with C! boundary d. In fact, we can assume @ N T, # 0 by (1.216) and,
furthermore, that this portion is a cylinder with the small base area ¢ on I'; and the height
2Ah cut by Sy, for 0 < At < 1, similarly to the proof of the divergence formula of Gauss
(§1.1.1). If v denotes the outer unit vector on I; from {6 < 0}, then (1.215) means

Ah dul*
b—=—|— 1.218
At {av} _ ( )
similarly to (1.214). Relation (1.217), on the other hand, implies
1A A ou
/ Hwdx| = / ar- | Las. (1.219)
[0 t—At —At [0 av

Here, the right-hand and left-hand sides are identified with

/w [H (u(x,t +Ar)) — H(u(x,t — Ar))] dx = 20h- 0 - [H(u)— — H(u)4]
= —2Ah-0-/,
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and
oul”

respectively, and, therefore, it holds that (1.217).
Using the divergence formula (1.1) again, we obtain

H(u); = Au inQx(0,7) (1.220)
by (1.217), which re-formulates the Stefan problem with the initial-boudary condition

ul—g = uo(x)
ulgo =g(&,1). (1.221)

Here, H = H(u) takes the discontinuity of the first kind at u = 0. If p is constant and ¢ and
K are piecewise constant, then it holds that

0
H _ CiKy,u>
(u) {cl{,u<0

H(+0) — H(—0) = .

In any case, we define the maximum monotone graph, still denoted by H = H(u) in R X R,
putting H(0) = [H(—0),H(40)]. Then we obtain the unique existence of the weak solution

u=u(x,t) € L”(Qx(0,7))

to (1.220)-(1.221) globally in time.'®%237 More precisely, there is & = /(x,t) such that
h € H(u) a.e. and

// (uA(p+h(pt)dxdt—//ga—(pdet+/ w9 (- 0)dx = 0
0 r-dv Q

for any ¢ = ¢(x,t) € C>(Q x [0, T]) with ¢|,_; = 0, where

0=Qx(0,T)
r=9Qx (0,7).

Nonlinear Semi-Group Theory

Using the single-valued maximal monotone graph f(v) = H~!(v), we can derive

vi =Af(v) in Q x (0,¢)

from (1.220), and then the nonlinear semi-group theory'®2%? is applicable. In more detail,

if /: R — R is a non-decreasing continuous function satisfying f(0) = 0, then the operator
Av = —Af(v) with the domain

D) = {veL'@)| 10v) e W (@), Af) eL'(@)}
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is maximum monotone,>* and hence generates a contraction semi-group® in X = L(Q),
detoted by {7; },~. Then v(:,#) = T;vy is regarded as a solution to

vi =Af(v) inQx(0,7)

V],_o =Vo in Q, (1.222)

and in this sense the problem (1.222) is well-posed in X = L' (Q) globally in time.

Phase Field Model

Classical Stefan problem is the origin of the phase field theory. First, assuming that the
physical coefficients are piecewise constant for simplicity, we replace (1.220) by

H(u); = xAu inQx(0,7), (1.223)
where

l
H(”):”‘FE‘P

[+ u>0
| -1,u<0.

This ¢ is regarded as the phase, which is equal to +1 and —1 if the material is water and
ice, respectively.

In the Ginzburg-Landau theory, however, this phase is replaced by the order parameter
which varies continuously in space and time. This order parameter is controlled by the free
energy % (@), indicating a macroscopic quantity describing the microscopic freedom of
the system. In other words, the system retains high freedom of microscopic states when
the value of this free energy is high, and it becomes a minimum if the system falls in the
equilibrium. Thus, the system passages to the state with the local minimum free energy,
and model (A) or model (B) equation defined in §1.3.1 realizes such a principle.

If @ = (x) is subject to Ginzburg-Landau’s free energy (1.180),

2
7(0)= [ 5 V0P + W (o) dx

then the phase of this system is almost water and ice if ¢ > 1 and ¢ < —1, respectively,
while mushy region is defined by

{(x,6) eQx(0,T) | =1 < @(x,2) < +1}.

In the Fix-Caginalp equation,’®93%178 the above free energy is modified in accordance
with u, regarded as a relative temperature, that is

2
Zu9)= |5 VoP+W(g)~2up dx,
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and, therefore, this system is provided with the high free energy if u¢p < 0, and passages to
u = 0 with ¢ = %1 eventually. Then we obtain

ap =EAp+ (9 — @) +2u
l
u,—&-i(p, = KAQ inQx(0,7), (1.224)
using model (A) equation for ¢ and the entalpy equation (1.223) with
l
H= —Q.
u+2¢

In the classical theory of thermodynamics, however, decrease of the free energy occurs
under the constant temperature, and in this sense this model is not valid if u is far from
Zero.

1.4.2. Thermal Equilibrium

This paragraph is devoted to a review of equilibrium thermodynamics, and clarify what is
described at the end of the previous paragraph.

Quantity of State

First, we confirm that the objects of thermodynamics are the quantity of state, independent
of the history of the system. The (absolute) temperature 7', the pressure p, and the volume
V' are the quantities of state of the ideal gas, subject to the state equation

f(p,T,V)=0.

A thermodynamical quantity of state A, therefore, is a function of two variables of p, T,
and ¥, denoted by x and y, satisfying

/M:O
JY

for any closed path 7y in the xy plane, where

dA =Xdx+Ydy
with
gt o
ox dy
Thus, this one-form Xdx 4+ Ydy is completely integrable, and it holds that
ox _or
dy  Ix’

Energy Balance
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The first law of thermodynamics is the energy balance described by
dU = Q— pdV,

where the left-hand side indicates the energy variation of the system in accordance with the
volume variation in the right-hand side caused by the outer thermal energy Q. Here, it is
emphasized that heat or work is not a quantity state.

Entropy Increasing

The second law of thermodynamics is the entropy increasing. If the process is reversible
and d’Q denotes the energy variation, then we can examine
i’
y T
for any closed path 7y, and thus we can define the entropy variation dS by
dQ
dS=—
T
in this case. This relation allows us to re-fomulate entropy as a state quanity valid even in
the irreversible system. Then, the Clausius-Duhem’s inequality
d/
ds > TQ (1.225)

=0

is obtained if the process is irreversible.

Entropy decomposition is obtained by introducing the inside thermal energy transport d’' O*
caused by the thermal energy contact, denoted by d’Q;,, to the outer system. More pre-
cisely, the entropy variation and the inner entropy production arising at this contact are
defined by

d'O;
a5 %
and
d/ Q*
d;S = ,
T
respectively, and then inequality (1.225) is replaced by the equality
dS=d.S+d;S.

Thus, the second law of thermodynamics is re-formulated by d;S > 0 with the equality if
and only if the process is reversible.

Free Energy

The first and second laws of thermodynamics are thus summarized by

dU =d'Q— pdV
!/
ds= dTQ +d;S. (1.226)
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Then, Helmholtz’ free energy 4, Gibbs’ free energy G, and the enthalpy H are defined by
A=U-TS
G=H-TS
H=U+pl.
If the process is iso-thermal and iso-volumetric, then it holds that
dA=dU—-TdS=—-Td;S<0

with the equality if and only if it is reversible. Similarly, if the process is iso-thermal and
iso-baric, then it holds that

dG=dH —~TdS=dU+pdV —TdS=—Td;S <0

with the equality if and only if it is reversible.
In the reversible process of ;S = 0, it follows that

dU =TdS—pdV,
which guarantees

dH = TdS+ Vdp
dA = —SdT — pdV
dG = —SdT + Vdp (1.227)

and, therefore,

r— (Y __ (%
“\os ), P~ \ar )
OH OH

() -2
as » ap )

G__ (o4 (o4

~\or), P~ \ov ),
9G

s=-(57)

These equalities result in
o\ __(ap\ (oT\ _ (¥
24 S_ a8),” \dp S_ aS »
98\ _(9r 98\ __ (I
v )r \or/), \ap)r \oT ),

called Maxwell’s relation. Here and henceforth, * in ( ), indicates the fixed variable in
taking derivatives.

Chemical Potential
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In the open system provided with the material transport between the outer system, Gibbs’
free energy is a function of the numbers of moleculars comprising the following system

G= G(T,p,l’ll,nz,...).
In this case, dG of (1.227) shifts to
dG = —SdT+Vdp+ Y pdn;,

= (8G>
' 81’!,‘ T.pnjsi

is called the chemical potential. It is assumed to be a partial molal quantity, which means
H‘(8U> (8H> (8A>
l ni Sz ni S,z ni T.Vnjzi 7

dU = TdS— pdV + Y pidn;

where

or, equivalently,

dH = TdS+Vdp+Y idn;
dA = —SdT — pdV + wdn;. (1.228)

If the system is iso-thermal and iso-baric, then we obtain

dG =Y pdn;. (1.229)
i
Therefore, if the material composition is constant, furthermore, then it follows that
G= Z,Uini
and hence

Znidu[ =0.

It is called Gibbs-Duhem’s equality.
If £ denotes the extent of reaction, then

di’ll‘ = V[dé

is the variance of the i-component of the material, when the chemical reaction proceeds
from £ to & +d&, where v; denotes the stoichiometric coefficient. Its time variance is
defined by

dl’l,' dé

E_Viz7
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or

dn; d&;
= (1.230)

if this component is associated with the other reactions.
Equilibrium

If two interacting systems 4 and B are in equilibrium and are isolated totally, then the total
entropy, the total inner energy, the total volume, and the total quatntity of i component are
constant.

S4 + Sp = constant, U4+ Up = constant

V4 + Vp = constant, n;4 + n;p = constant.

From dS,+ dSg = 0, it follows that
dUy  pa Mig dUp  ps Wis
L4 2dV -y dn; — =+ =dVp— Y “——dnip | =0.
(TA+TA A zi"TA Rig | + TB+TB B;TB ng

Then, using

dUys+dUg =0
dVy+dVg=0
dniy +dnip =0,

we obtain

1 1 P4 _PB Mia Mg\
(TA TB>dUA+(7:4 TB)dVA i(TA Ts dniy =0,

which results in

Ty=Tp
P4 =DPB
Higa = HiB.

Thus, the equilibrium of this contact is described by the balance of the temperature, the
pressure, and the chemical potential of two systems.
In the iso-thermal and iso-baric system, we have (1.229). In the chemical reaction system

aAd+bB= cC+dD,
for example, the free energy variation is given by
AG = cuc+dup—apy—bug.
The chemical potential of ideal solution, on the other hand, is equal to

W = 1l +RTlogc;, (1.231)
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where R, ¢;, and /.Lio are the gas constant, the concentration, and the normal chemical po-
tential, respectively. Thus in the equilibrium of AG = 0, it holds that

AG® = —RTlogK

o G IDE,

(414, B2,

G® = cug +dup — ap — bug,
where [ o, denotes the equilibrium concentration and X is called the equilibrium coefficient
of reaction.
In the chemical reaction of

VIRI+ VR + ...+ VjRj — Viv1p1+Vjpap2+...VepPe,

we replace —v; by v; fori > j+ 1, and define the chemical affinity by

J
A== vill;.
i=1
The inner entropy production of this process is given by
dQ"=TdS=—-dG= —Z/.Lidni =Ad& (1.232)

from v;d& = dn;.

1.4.3. Penrose-Fife Theory

If the temperature varies, it is preferable to use the equation provided with the increase of
entropy other than the decrease of free energy. This property is realized by the Penrose-Fife
theory,?? and then the Penrose-Fife and the coupled Cahn-Hilliard equations are obtained
for the phase transition and the phase separation, respectively.

First, we infer

f(T) :ire}f(e—Ts(e)) (1.233)

from A = U — T'S and the minimum energy principle, where e, s(e), and f(T) are the energy
density, the entropy density, and the free energy density, respectively. Since e — s(e) is
concave, this (1.233) is regarded as the Legendre transformation. The minimum is attained
by e = e(T) satisfying

Jds 1
e T (1.234)
and hence it holds that
f(T) _e(T)
P =22 —semy).

Using (1.234), we obtain
1 de(T) ds de(T)

d(f(T)/T) _ _
ar D 7aam " g aqm 4
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Thus, the minimum of (1.233) is attained by

_d(/(1)/7)

1.235
and, therefore, it holds that
e=f—Tfr. (1.236)
Writing (1.233) as
A1) _. 1
— —nelf e —s(e) |,
we obtain
. Je [(D)
s(e) = 1?f{ T T } (1.237)

by Fenchel-Moreau’s duality. Furthermore, the minimum of (1.237) is attained by 7 =
T(e), that is, the inverse function of e = e(7') defined by (1.234). These relations are valid
even when f depends on the order parameter ¢, and we can define the entropy s by (1.237),
namely,

f(T,0) = inf{e~Ts(e, )}

. Je [f(T.9)
s(e,p) = n}f{ T T } . (1.238)
If T = T (e, @) attains the second minimum of (1.238), then it holds that
ds(e,p) 1
de Tle.o) (1.239)
similarly to (1.234). Here, we apply the transformation of variables
(e;0) — (1/T,9)
for
se.)= 5~
f=1T9)
T=T(e0),
and obtain
as(eg) _ 0 (1\_[aU/T) 2(1/T)  1df
do o \T o(1/T)  d¢ T do
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Using ¢ = @(x), the free energy functional is now defined by
g2

F(T.0) = [ S(T.0)+ > Voo’
2
= [Linfle—Ts(e.0(c >>J+% Vo)
2
—inf [ e~ Ts(eto).pla)) + 5 Vo)

= g(lf{U( e)—TS(e, )},

where

and
Ste.p) = [ se). o) = 5 Vol

are the energy and the entropy functionals, respectively, and x; = &2 /T. Here, taking
variations of this entropy functional, we obtain

6S(e,p) _ Is x),@(x)) = T l(p
Se 879( ( ) ( )) (87 ) (l. 1)
and A(P X
6S(e, ) Js () 2<p x
= —(e(x),p(x)) 77"(e(x),()) )

e)
- (—f<T<e,<p>7<p>+z52A<p>
_ L9 e, (1.242)

by (1.239) and (1.240), respectively.
Concerning the time evolution of the order parameter, model (A) equation is adopted by
the entropy increasing,

oS
o =K %(67 ). (1.243)

On the other hand, model (B) equation is adopted for the energy density evolution by the
entropy increasing and the energy conservation,

oS
-V. (M2V—(e,(p)> . (1.244)
de
Finally, we assume the energy density by

e=u(T)v(e)+A(0),



1.4. Thermodynamics 109

where A () is a potential, and

u(T) = %kT

with the Boltzmann constant & and the degree of microscopic state freedom v(¢) per unit
volume.?3? In this case, the first term of e indicates the kinetic energy, and it holds that

f(Tfp)—V @)ur(T)+ A (@) — Tso(¢)
T/ d(1/T) (1.245)

with the integration constant so(¢). Thus, we obtain

s(e, ) = v(@)y(T (e, 9)) +s0(9)
_uw(M)—w(T) _ [du

yr) =2 [

by (1.238), and then (1.243)-(1.244) reads as follows.

o =K (_MI(T)TV/((p) _ ),/;(P) +s()((p)+K1A(p>
uv(@)+uv' (@) +A' (@) = V- < V;>. (1.246)

Sometimes V(¢) and so(¢) are assumed to be a constant and (¢ — 1)2, respectively. In
this case, it follows that

o =K (KiAp+o— @’ —T'1'(9))
k 1
ET,+M<P)<Pt=—V- (M2V (T)) (1.247)

Alt-Pawlow®’ obtained this equation using the renormalized free energy density f(e, ') =
f(e,T)/T, where the heat flux ¢ = k(e,T)V(1/T) is defined by Newton-Fourier-Fick’s
law concerning the energy balance, and the increase of entropy is derived from Clausius-
Duhem’s inequality.3*

1.4.4. Non-Equilibrium

Although the system of balance laws can describe open systems, local equilibrium prin-
ciple guarantees the Prigogine paradigm near the stable equilibrium, whereby the non-
equilibrium stationary state is defined. In the range where the phenomenological relation
is valid, this stationary state thus realizes the minimum entropy production rate. Then the
detailed balance law implies Onsager’s reciprocity, and the irreducible process is identi-
fied with null dissipation.”>2%* A useful application of this theory is the understanding of
motion of the free boundary associated with a phase transition.32°

Balance Laws
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First, local equilibrium principle assures that the entropy, the inner energy, and the material
desnity per unit volume v are state quantities, denoted by s, = s/v, u, = u/v, and ¢; = n; /v,
1 <i < n, respectively. Their balance laws are described by

s,
8(3,‘
% Vit Viday
5 Ji 4+ vidy
aqy
=-V.-J. 1.24
ot Ja (1.248)

Here, the first equation of (1.248) indicates the entropy balance, where J; and o are the
entropy flux and the local entropy production rate, respectively, and hence it holds that

d;S .
— = [ odV.
i
In the second equation, J; and J,;, = % are the diffusion flux and the chemical reaction rate,
respectively, and, therefore,

dn;

dt

stands for the production rate of the chemical material. In the third equation, J; and g,
denote the total heat flux and the local heat quantity, respectively.

viJ, ch —

Dissipation Function

Above mentioned local equilibrium principle induces

Tds, = du, — Z,uidci

by (1.228), if the process is iso-volumetric. It also holds that du, = dq, and dU = d’'Q by
(1.226), and hence

dsy 1 aqy Hi JC;

dt T ot _;T o’

Using (1.248), we obtain
1 i
~Vesito=-2V-J, —2?(—V-L+viJch).
i

Here, in the right-hand side, we have

1 J, 1
-V.J=V-X2_j.V=
T Ia T Ia T
Wi wiJ; Wi
2y =V. —J- V2L
T Ji T Ji T
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and, therefore,

I =S u.J
-V-J,+0=-V. M
T
1 Wi A
Ty VA XV (-5 + 1249
g Vgt XhV (=7 ) o (1.249)
where A = —Y; vil; is the chemical affinity.
Taking regards to (1.249), we put
J, =3 Wi
;]S _ q T[ IJ“I 1
1 Ui A
G:Jq~V?+;JiV< T) o
Then, using
1 1
V- =—-=VT
T T2
_&) _ g B
Y ( ) ==Vt VT
we obtain
1 iJi A
6= 2“ VT — 2 Vi + o
=Z.V(- +Z V( uz)+Jch
This equality allows us to define the dissipation function
n+1

D=To=J;-V(=T)+ X Ji- V(=) +Jand = Y, Ji- X,
i i=0

where J; and X; are regarded as the flux and the general force, respectively. In more detail,
Jo = Js is the entropy flux subject to Xy = —V T with the temperature 7, J;, i < n, is the i-th
diffusion flux subject to X; = —V; with the chemical potential y;, and X, = J, is the
chemical velocity subject to the chemical affinity X, = 4.

Entropy Production Rate

In the iso-thermal system with diffusion and chemical reaction, we can define the entropy
production rate by

P= T— /cpdV>o (1.250)

using the dissipation function. Here, the equality means the equilibrium of the system. We
have, on the other hand,

n
= > Ji Vi + Y Agvi
-1 p
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in this case, and hence it holds that

n+1 n+1 aJ
/ZJ ot +IZX81 v
dXP dJP
~dr ta dt

Using (1.230), then we obtain

dXP / ZJ Va“’+2 k%dV

_ Ol N, M
_/_;J’ Var %V’m ot

and, therefore,

d P I
X /2 J ZV,ka a[.i dv

B ou; 8cj ' dp: de;j
_/%acj g ¥ v

under suitable boundary conditions. Then the second equation of (1.248) guarantees

dXP /Z dau; de; 86,
dc; ot at

This quantity is non-negative around the stable equilibrium by (1.232), and thus, the sta-
tionary state near a linearly stable equilibrium is defined by the zero of this value.

Phenomenological Relation

Near from the equilibrium, the flux is proportional to the associated force; the diffusion
flux is the product of the concentration gradient and the diffusion coefficient; the elecrtic
current is that of the electro-static potential and the electric conductivity; and the heat flux
is that of the thermal gradient and thermal conductivity, and so forth, referred to as Newton-

Fourier-Fick’s law or Ohm’s law.
These relations are summarized as

Ji :Li/Yia
or

Ji =D LiX;,
J

regarding the effect of interaction, where L;;’s are constant. Then Onsager’s reciprocity

relation is indicated by

Lij=Lji,

(1.251)
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and (1.250) reduces to
® = JiX; = Y LijXiX; > 0.
i ij

Here, the equality indicates the equilibrium again. Thus, we obtain

Ay 4
SX G = B,

X dX; dX;

= %Lij = ;Jig

and hence
dxP d;P 1dP
AT A 2dr
which is non-negative near a linearly stable equilibrium.

Principle of Detailed Balance

In the reaction system

ke
N

A B
«—
ki

the phenomenological coefficient L defined by J,;, = LA is equal to
= k@’
RT

where ¢4 denotes the equilibrium concentration of 4.
In fact, this system is described by

dCA
—=—k k_
at 1€4 +K_1CB
dCB
— =kicy—k_
i 14 1CB,
and the chemical reaction rate from 4 to B is equal to
dCA dCB
Jp=—""7"=—=.
AT T4 T dt

In the equilibrium, we have

kicy = k_icg,

where ¢4 and c¢p are equilibrium concentrations, regarded as local densities.

define the equilibrium constant by

(1.252)

(1.253)

(1.254)

Here, we
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Fluctuations from the equilibrium of these concentrations are denoted by
Oy =cq—Cq
O = Cp — CB,

where it is assumed that

oy

C4

Using mass conservation
cytcepg=cy+cp
and (1.254), we obtain
Jon = krey—k_1cp =kioyy —k_jop
= oy(kr+k-1) =kiou (1 +K).
Chemical affinity, on the other hand, is defined by
A=y~ Up

because v4 = 1 and vz = —1 follow from (1.252).
Since 1y = Up, we have

/.Lg +RTlogcy = [.159 + RTlogcp
by (1.231). Then it holds that
A= pg—up

— u%+ RTlogc; + RT log (1 + %)
1

[0
— 1% — RTlogcs — RT log <1+CB>
B

= RT [log <1 +aA> —log <1 +aB>]
Cyq CB

~ RT (aA _ 068)
Cyq CB

—rTH (1 4K). (1.255)
C4q

Thus, we obtain (1.253) by J.;, = LA.
If there is

ka k3

— —

B C, C A
— —
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besides (1.252), then we obtain three chemical reaction rates and three chemical affinities

denoted by
Ji=kicy —k_icp
J=kyeg—k_sce
J3 =kycc—k_ 3¢y
and
Ay = Ug— g
Ay = U — le
Az = U — Wy,
respectively. It holds that
A1 +A4,+A43=0
and the dissipation function is defined by
O =J 1A+ hAr + 345 = (Jy — J)A1 + (J, — J3)4s.
Thus, the phenomenological relation guarantees
Ji—JS=Lndi+ LAz
Jr =S =Ly 41+ Lia4s.

In the equilibrium, we have [y = lip = lic = 0 and, therefore, 4| = 4> =0and J; =

However, principle of detailed balance requires
J=h=J3=0
in the equilibrium. This equality implies
kicy =k_icp
kocg = k_occ
kscc =k _3cy.
Using the perturbations ¢; from the equilibrium ¢;, we obtain
Ji=kioy—k_iop
S =kop—k 0c
J3=kyoc—k 304
by (1.256). Since (1.255) reads

RT
A= ——(k —k_
1 k@( 1004 108),

it holds that
kicy

Jp = A
YT RT

1y

(1.256)

(1.257)

Jr=Js.

(1.258)

(1.259)
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by (1.255) and similarly
kycp
=——4
52 rr 2
ksce
=——(4;1+4,).
J3 RT (41 +42)
It holds that
kicq+ksec kace
J—J= A A
1—J3 RT 1+ RT 2
_ kscc kacg + ksec
J—J3= RT A1+ RT
and hence we obtain L = Ly by comparing (1.257) and (1.260). Thus the principle of

detailed balance (1.258) implies reciprocity, (1.251).

A, (1.260)

1.4.5. Summary

We have described mathematical modelling of phase transition, reviewing the theory of
non-equilibrium thermodynamics.

(1) The Fix-Caginalp equation is a combination of the enthalpy equation of the two-phase
Stefan problem and the model (A) equation using a modified Ginzburg-Landau’s free
energy.

(2) Since this system is not consistent with the theory of thermodynamics, the Penrose-
Fife theory is adopted if the temperature is far-from-equilibrium. Then we obtain the
Penrose-Fife equation and the coupled Cahn-Hilliard equation for the non-isothermal
phase transition and phase separation, respectively.

(3) Theory of non-equilibrium thermodynamics is concerned with the open system pro-
vided with the chemical reaction. It formulates the balance laws of the entropy, the
inner energy, and the material density per unit volume, using the local equilibirum
principle. Consequently, the solution to this system has a different feature from that of
model (A), model (B), and model (C) equations.

(4) The stationary state of this system of balance laws casts the driving force to the non-
equilibrium from the equilibrium, but its control region is restricted to near-from-
equilibrium because the variational structure is lost in far-from-equilibrium.

1.5. Phase Fields

Regarding the order parameter as the field component,” we can see the semi-dual vari-
ational structure in several phase field equations concerning critical phenomena. Particu-
larly, the nonlinear eigenvalue problem with non-local term arises as the stationary state
of the closed system. Illustrating the profile of the total set of stationary solutions and
distinguishing their stability and instability are the first step to clarify the process of self-
organization. This section concludes the first chapter by examining these variational struc-
tures sealed in several mathematical models of self-assembly.
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1.5.1. Fix-Caginalp Equation

If the system is involved by the quantity other than the order parameter, several model (C)
equations are formulated in phenomenology. This section is devoted to the mathematical
study of several model (C) equations. Actually, some of them take the Lyapunov func-
tion, and then we obtain the semi-unfolding-minimality concerning the order parameter,
which provides stability of the linearly stable order parameter. This property is the case of
the Penrose-Fife equation for phase transition,?>? the coupled Cahn-Hilliard equation for
phase separation,’-?>? and the Falk-Pawlow equation for shape memory alloys.”!,92-249:250
Although the well-posedness of these equations have been studied by several authors,3*333
this variational structure provides a new point of view to the global dynamics of these
equations.

Thermally Open System

Historically, the first model (C) equation was the Fix-Caginalp equation described in §1.4.1,
concerning non-isothermal phase transition. If Q C R”, n =2, 3, is a bounded domain with
smooth boundary d<, it is defined by

T, =E*AQ+ (¢ — @) +2u
Y4
u;+§(p;: KAu in Q x (O,T)7 (1261)

where 1=K ' >0,¢>0, k>0, ¢ =¢(x,), and u = u(x,t) denote the relaxization
time, the latent heat, the conductivity, the order parameter, and the relative temperature,
respectively. It is a coupling of the model (A) equation using the free energy

2
Fu(@) = /Q % Vol + W (@) —2up dx

and the enthalpy equation of the two-phase Stefan problem

/
<u—|—2(p>t = KAM,

where W (@) = % ((p2 — 1)2. This free energy prescribes that the equilibrium is ¢ = +1
with u = 0, while we can show the semi-duality in the stationary state. Let us recall that
(, ) denotes the L?-inner product.

First, if this system is thermally open, then it holds that

3—(5:14:0 on 9Q x (0,7). (1.262)

In this case, we have
£ d

d
tlol = -5 IVelE -5 [ w(e)+20p)

1d

l
-« 2., * - 2
32 3+ 5 (@) = = Vul
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and, therefore,

d (1 (&2 2
o {3 1+ 5 1vol [ o)} = =% llalB - vl

<0. (1.263)

Thus

é

Llug) = 5 lulB+ 5 [Vl + 5 [ weo (1264)

acts as a Lyapunov function. The functional L = L(u, @) is not provided with the hook term

[0
Q

and the Fix-Caginalp equation is not a gradient system derived from L(u, ¢).
In the stationary state, we have

u=u=0

by putting d,- = 0 in the enthalpy equation
4
(u+§¢> =xAu inQx(0,7), u=0 ondQx(0,T),
t

and, therefore, the stationary ¢ = ¢ is defined by

. d
_EAp=9—¢> inQ, % —0 ondQ, (1.265)
putting d;- = 0 in the order parameter equation.
This elliptic problem concerning the stationary order parameter has the variational structure
defined by Ginzburg-Landau’s free energy,

2
=[S Vol w)ar, pen'@)

and, therefore, it is equivalent to 8.7 (@) = 0 for ¢ € H'(Q). Then we can confirm the
semi-unfolding-minimality

E a
:ZJ‘(‘P)-

From the argument described in §§1.2.6 and 1.3.4, this property implies that (¢, u) = (@, %)
is dynamically stable in ¢ component if ¢ is a linearly stable critical point of .% (¢) defined
for o € H'(Q).

L(u,@) > L(#, )

Thermal Analysis

If this system is thermally closed, then it holds that

do Jdu
To=S0=0  ondx(0.7) (1.266)
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instead of (1.262). Equality (1.263) is valid even in this case, and L(u, @) of (1.264) is
again a Lyapunov function of this system. Total enthalpy, on the other hand, is preserved
in this case, and it holds that

d l
dt/ u+ - (pdx—
From the enthalpy equation
4 . du
u+-¢) =xAu inQx(0,7), —=0 ondQx(0,7),
27/, av

the stationary u state of this closed system is a constant. This unknown constant ¥ = % is
determined by the prescribed total enthalpy,

14
/ u+-@pdx=a.
Q 2
Thus, the stationary state is defined by

—EAp=0— @’ +21 inQ, g—(C:O on dQ

( 3
E\Q|+—/ 0=a
2Ja

or, equivalently,

2 2 ! .
—EAp=0p— (p+Q|< E/g(p) in Q
29
ov
Regarding this a as an eigenvalue, we see that this physically closed stationary state of
Fix-Caginalp equation is realized as a nonlinear eigenvalue problem with non-local term
similar to (1.25).
The problem (1.267) has a variational function

2

a _ > 2

Zie) =5 Vol [ Wit oy (a5 [0) a2
defined for ¢ € H'(Q), and it is equivalent to §.%, (@) = 0, that is this ¢ € H'(Q) satisfies

=0 on 9Q. (1.267)

d ar
gwa(wsw) »

for any w € H'(Q). Then the semi-unfolding is obtained by

_ &2 2 ! 1,
Liag) = - IVol3+5 [ W(o)+ 1)

g 1 ¢ 2
Vol [ @)+ i (a5 o)
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using

/.ﬁ—&—{(pdx:a.
Jo 2

This property implies the semi-minimality

L(E5.0) = | Zul0) < L(u0).

/u—i—g(pdx:a
JQ

() <@

Thus, a linearly stable critical function @ of .%, is dynamically stable. More precisely, if
the self-adjoint operator 4, in L?(Q) with the domain

D(Aa)Z{I/JGHl(QH (3_1\///:0 on&Q} (1.269)
defined by
2 3 _ 1 l_
AaY = =S AY+ Gy — Py — @/Q(a— SOV
is positive, then each € > 0 admits 6 > 0 such that

L<u07(PO) _L(ﬁaa) < q

¢ 0 ¢ = 214 -0 <E.
a:ﬁ|§2\+f/(p:/u0+,q)odx sup [9(,1) = @l
2Ja Q 2

Enthalpy Analysis

If we regard

L+

\Y%
Vol + [ (o)

as a functional of H = u + %(p and @, then the above structure of semi-duality is derived
from the formulation of §1.3.4.
In fact, in this case we obtain the hook term with

2 2
s
IVoli+5 [ (o

¢ zg
||H||2 H (. 0)+ *||(P||2+ IVol;+ 4/W

wnn=tt
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Moreover, since

/ ? 0E? l
Lyp= —§H+Z¢—%A¢+Z(<p3—<p)

4
= —Z{§2A¢+<p—(p3+2u}
Ly=H-Lto=
H — Z(P_lh

the materially closed Caginalp-Fix equation is the combination of model (A) and model
(B) equations derived from this Lagrangian, that is

Lo

D

H =xV-VLy inQx(0,7)

d 0]

WLH_W_O OHQQX(O,T).

This Lagrangian takes the form

SL(H,0) = Glo) + F*(H) ~ (H.9)
for

e

2 1 r
G(o) =2 [IVol3+5 [ W(p)+- ol
4 2 Jo 4

. Lo
F=HE. [ H=a

and this F* is regarded as a proper, convex, lower semi-continuous functional defined on
L?(Q). These relations imply

) 2, 7
inf L(H,¢) =, L(H,¢) =J(¢),

14
where
J(p) =G(9)—F(¢p)
¢ €IF*(H) = HEeIF(p),
and it holds that
F(o)= sup {(¢,H)—F"(H)}
H, [oH=a
fH R R S
4)® Q| Q(Pz ¢ 1Q
Thus we obtain
ST Laf( L [e) 4+l
J(9) =3 ||V(P||2+2/ (@)+ 1€ |Q"/ e
1
- ja((P),
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and, therefore,

(P siute),  [H=a
4 Q

These structures motivate us to examine the hyper-stability of the critical point, see §1.3.4.
In fact, it holds that

Lo 1,5
ja(@*‘g”““z‘g””“z
1 _

Zul9)+ + =}

for

u—L<a—€/ )—L/u
"\ 2k’ Tl k"

and, therefore, the following theorem is obtained.293-312

Theorem 1.29. I ¢ is a linearly stable critical point of %, defined by (1.268) for ¢ €
H'(Q), then each € > 0 admits § > 0 such that

[[uo =l + 9o = @l 0 <&

y4
/uo—|——(podx:a
Q 2
=

sup {[lu(- 1) —ully +[l@(1) =Pl } <e,
t€[0,T)

where (u(-,t),¢(-,t)) € C([0,T),H'(Q) x L*(Q)) is a solution to (1.261)-(1.266),

and T > 0 is arbitrary.

1.5.2. Penrose-Fife Equation
Penrose-Fife equation (1.247) is formulated by

6 +A (@) —Aa(0) =0
@ — KAQ+g(p) —a(8)A (9) =0 inQx (0,7)

doa, .. do
W(9)_W_0 ondQ x (0,7)
0],_o=1060(x) >0 (1.270)

?l,—o = Po(x) in Q, (1.271)
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where Q C R", n =1, 2, 3, is a bounded domain with smooth boundary dQ, ¢ and 6 > 0
are order parameter and absolute temperature, respectively,

A(Q) =a19* +ar¢

g@)=0’—0

K >0, a; <0, and a, are constants, and A (¢) stands for the latent heat.

We note that this is a materially and thermodynamically closed system, and, consequently,
there is a Lyapunov function, provided with the semi-unfolding-minimality. More pre-
cisely, first, the total energy is preserved,

d
E/99+A((p) dx—0,

and then

K
1(0.9)= 5 [Voll3 - [ log0+ [ W(p)

acts as the Lyapunov function:
d
£ 1(0.9) =~ ll@l3 = |Va(®)[3 <o.

Again, this functional L(6,¢) is not provided with the hook term, and (1.271) is not a
gradient system derived from this functional.
In the stationary state, 8 = 6 > 0 is a constant by (1.271), and ¢ = @ is a solution to

—KA(p—&—g((p)—&—@ =0 inQ, 3—‘5 =0 ondQ (1.272)
satisfying
Q|6+ LA(@ =a (1.273)
for |
a= /Q 60 + A (go) dx. (1.274)
Thus, it is formulated as a nonlinear eiéenvalue problem with non-local term,
_KA<p+g(<p)+m_o in Q, %‘5:0 on 0Q

comparable to (1.267).
This problem has a variational structure, and it is the Euler-Lagrange equation of

() = 5 1VolB+ [ o) - i@itog (& iy [ (o)

defined for ¢ € H'(Q) satisfying
[ o) <a
Q



124 Chapter 1. Duality - Sealed Variation

where W (@) = £ (¢? — 1)2. If
a:|g\§+//1(<p)
Q

then it holds that

L(0.9) = 5 IVoli+ [ W(o |Ql°g(|g \Q|/ )
= Fa(0).

This fact means the semi-unfolding. On the other hand, we obtain
1(6.¢)~L(B.¢) = - [ log6 + [0/ logB,
Q
provided that
/ 0+ A(p) dx=a,
Q
and then the semi-minimality

L(0,9) <L(6,9)

follows from Jensen’s inequality

1
10g9>—log< /9)
] / Q|

To perform the rigorous analysis, we say that [0, @] : [0, 7] — L?>(Q) x V is an H'-solution
to (1.271) if

e=0+A(p) € L=(0,T;L*(Q))NH (0,T;V*)
@ € L*(0,T;H*(Q))NL=(0,T;V)NH'(0,T;L*(Q))
0>0, oo = —% e L*(0,T;V)
forV =H'(Q),
(z,er)yys +(Vz,Va) =0
(z,¢) + (Y2, Vo) + (z.8(0) — al'(9)) =0
a.e.t€(0,7) foreachz €V, and
el,—o = 60+ A(¢o)
?l—o=0

Comparison theorem and standard parabolic regularity are not valid to (1.271), and, there-
fore, deriving 6 > 0 in the classical sense needs rather strong regularities of the solution.
Here, we use the fact that the inverse function of a = () is realized as a maximum

monotone graph
1
_ ) s<0
po={ 258
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in R X R. Then realizing the relation o« = —1/6 in a function space, we obtain the following
theorem.

Theorem 1.30 (\5%). If
0 < 6= 6(x) € L*(Q)
log6p € L'(Q)
1

——— eV
% =—¢g €

P = go(x) € H(Q),
then there is a unique H' solution to (1.271) for any T > 0.

Using the above mentioned well-posedness, we confirm the generation of a dynamical
system, which is useful to classify the asymptotic profile of the solution.

Theorem 1.31 (15%). System (1.271) generates a weakly continuous dynamical system in
the space

X={(6,9) € L*(Q) x H*(Q) | ‘;—‘5 =0 ondQ

1
6 >0, logh € L'(Q), rk V}.

We have
o € C([0,0);L7(Q))
¢ EC([Ov‘X’);V)
Tim [ Vo), = Jim [ (1), = Lim 8,00 =0
fgg{lla(wf)lly o 0llp} <o

Jor o(-,t) = a(0)(-,t), and, therefore, the orbit
0= {(a('vl)v(p('at))}t207

described by (o, @), is continuous and compact in L*(Q) x V, and in particular, it has a
non-empty, connected, and compact o-limt set 0 (0, Qo) composed of stationary solutions.

More precisely, we define

(g, o) = {(o, @) | there exists #; T +oo such that
(1), 0(,16)) — (@, 9) inL*(Q) =V}

and call (¢, @) € L*>(Q) x V' a stationary solution if and only if § = —% > 0 is a constant
and it holds that (1.272)-(1.274) for ¢ = @. The set of stationary states, denoted by £,
is discrete if n = 1, see.!®" For the other case, convergence to the stationary solution of
(oe(-,1), (1)) in L*(Q) x V is not obvious.
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Here, the linearized stability of the stationary ¢ = ¢ is indicated by the positivity of the
self-adjoint operator 4, in L?(Q) with the domain (1.269) defined by

QA" () ) L Qe @V
a—JoA(®) (a— oA (@)

In this case, we obtain its dynamical stability as well as the asymptotic stability.

AW = —KAy + (3<p3 —1+

Theorem 1.32 (15%). If ¢ is a linearly stable critical point of F,, and 6 > 0 is a constant
determined by (1.273) for ¢ = @, then each € > 0 admits & > 0 such that

V(o —9)[, <6

1 _
’m/glogeo—logel <d

0= /Q (60 + A () (1.275)
implies

sup [V(o(-,0) = @), <e
>0

sup
>0

1 _
@/gloge(-,t)—loge <E.

As is mentioned, each linearly stable critical point of .%,, is isolated in V, and we have

(Ol(',t),(P(',l)) - (676) in Lz(Q) xV

as ¢ T 4o under the assumption of the above theorem, where o = —% with @ > 0. Classi-
fication of the stable stationary states, however, is not complete.
We can regard L as a functional of (e, ¢), using the energy density e = 6 + A (),

Lie.p) = 5 IVol3— [ togle=2(0))+ [ W(p)

Then, (1.271) is formulated by a combination of model (A) - model (B) equations:

¢ =—Lg
—V.VL, inQx(0,T)
d d
WLe_Wa_O OHQQX(O,T).

In this case, we obtain

infL(e, p) = L(e, )

e=HO g / i
L(e, @) = Zu(0),
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and this confirms the semi-unfolding-minimality

Zi9)<Lleg),  [e=a

again. However, this L is not formulated as the convex-non-convex functional described in
§1.3.4, and the hyper-stability to guarantee 0-stability is not certain to hold in spite of the
second relation of (1.275).

1.5.3. Coupled Cahn-Hilliard Equation

The coupled Cahn-Hilliard equation describes non-isothermal phase separation using the
absolute temperature 8 = 6(x,¢) > 0 and the order parameter ¢ = ¢(x,#) (7>°?). In this
case, we use the combination of model (B) - model (B) equations, and thus it holds that

¢ =MA (—KIA‘P+ @)

e = —MA <;> inQx (0,7)

d 1 _d¢

59 v =0

0 Jo

S (—map+ 2 ) =0 on 9Q x (0,7), (1.276)

where M, M,, and K; are positive constants. In fact, Penrose-Fife’s relations (1.239),
(1.240), and (1.236) are summarized by

S(e.9) = [ slel),9()) — S 1VoF d

ds  fo
0 6
ds 1
de 6
e=f—0fo,

and, therefore,
K
Ste.p)= [ S IVoP + fo dx.
Q 2

Then, (1.276) is obtained by

éS
Q= —MlA%
68 .
€ = —MzAa in Q x (O,T)
965 _ a8 _
ovde Jvde
a—‘p—O on dQ x (0,7).

av
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Thus this system is associated with two conservation laws and the entropy increasing.
In fact, first, (1.276) describes a kinetically and thermo-dynamically closed system, and we

obtain
1 / e=0

dt/(p— (1.277)
Next, we have
/(pt< K1A<p+f‘*’> ——M/‘ ( K1A<p+f“’>
= 214 wolg+ [ 2o
2 dt 2t

and

/‘Ptfq) /ft 6:/o /€t+9(f9)t

=M V- /
2 /Q ’ dl f97
and hence it holds that

d K 2 .
‘h{2||V‘P||2+/Qf9}
_—MI/‘V( Kirp+72 )‘ M/|V9 12
Q
<0

Thus, the total heat energy and the total order parameter are preserved,

/Qf—efg dx—a

[ o=
Q

and the entropy acts as the Lyapunov function, re-formulated by
K
1(0.0) = 51Vl + [ fa-
Q

The temperature is constant in the stationary state. It is denoted by 8 = 6 > 0, and then it
follows that

(1.278)

1. -
—KijAp + Ef(p(& @) = constant  in Q

99
av

/£2f<§v(p) —éfg(@,q)) dx =
/‘P:C- (1.279)
Q

=0 on 0Q
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Here, we use the free energy density of>>? described by

o
/(8,9) = —cy(0log8+8) — S¢* = Bp+7— 0s0(¢)
with concave so(@), say,
4

so(¢) = —%

where ¢,, o, B, 6, and Y are positive constants. In this case, it holds that
f=6fo=c6- 9"~ Bo+y-dc,
and the above stationary 0 is prescribed by
e |Q0 = (8¢cy—7)|9Q —1-/9 %(p2 +Bodx+a.
Thus writing
()= 5 9% +Bo+8c,~ 7,
we obtain
0 = “’a +/QA(<p) (1.280)
and
f(0,0) =—c,0log0 — A(¢) — 0s0(6) + constant,
which guarantees

fo(6,0) = —4'(¢) — 0s4(9). (1.281)
Relations (1.279), (1.280), and (1.281) are summarized by
o |Q[4(9) (@) — v JoA' (@) 1 /

—KiAp = +5 —— [ 5 in Q
A= Tad(e) T T A T 1] Jo )
10 g
P —0  onoq, ./Q(p —c (1.282)

similarly to (1.272)-(1.273). Then, we see that (1.282) is the Euler-Lagrange equation of
() =" 1901~ laliog (a+ [ () - [ (o)
—cv|Qflog(cy L)
defined for
o€ H (Q), /Qw:c

a+/QA((p) > 0. (1.283)
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On the other hand, for the stationary 6 = 6 defined by (1.280), it holds that

1@.¢) = 15013+ [ /o(@.0)
with
fo(0.0) = —cy(log® + 1) —so()
¢ |Qlogh = ¢, |Q| {log (a+ /g)A((p)) —log(c, |Q)} :
This property implies the semi-unfolding,
L(6,9) = Za(9).
Finally, we have

f0(0,0) — fo(9,0) = —c,(logh —log6)

W h=?

by (1.280), while Jensen’s inequality implies

1 1 _
— [ —log6>—— | 0= —1oeh.
\Q|/Q 08l = |Q|/Q o8

Thus, we obtain

/Qfe(eﬂp) — f0(8,0) dx>0,
and hence the minimality

L(8,9) > Fu(0) (1.284)

for ¢ satisfying (1.283). These structures are sufficient to motivate the study of stationary
solutions from the dynamical point of view. We obtain an analogous result to Theorem

1.32 if the friction term pAu; is added to the right-hand side of the first equation to (1.276),
155
ee.

1.5.4. Shape Memory Alloys

Hysteresis of the shape memory alloys is modelled by®!*? for the one-dimensional case of
Q=(0,1), where u, €, 0, e, q, h, and g denote the displacement, the strain, the stress, the
inner energy, the heat flux, the load density, and the heat source density, respectively. More
precisely, momentum and energy balances described by

Up — Ox + Wy = h(x,1)
e +qx— 08 — Uex =g(x,1)
are coupled with the structural relation

af _9f
%7 “_883"

E=uy, O= e=f—0fp, (1.285)
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where /= f(¢, &, 0) denotes the free energy density defined by

f=£ol0)+ai(6—01)fie) + fo(e) + Le?
fo(0)=—c,0 (logE — 1) +¢
0,
file)=¢€
f(€) = —me* + 03",

and furthermore, Newton-Fourier-Fick’s law is adopted:
q = —K0,.
Here, the thermodynamical relation
A=U-TS

0A
S:‘(a—r)V

in §1.4.2 is used in the last equation of (1.285), see (1.236). Then we obtain

)
Uit — <aj;)x+’)/a;u—h
d ) .
et—K‘exx—<8£‘>gt—<aé‘c>€x¢—g IHQX((),T)

Ju  Jduy, 96
v oy _W_O ondQ x (0,7). (1.286)
Since
0 _(df af af
Ef(&gxﬁ) = <8£> &+ <8£x> &+ <89 6;
2]
€t :ft - 9tf6 - Gafea
it holds that

d

and the second equation of (1.286) is described by
92 fo+ KO =
90 TP =&
This equation is equivalent to
vl — KOy —0,0(e?), =g
because

0
fo=/fo(6)+oufi(e) = —Cv10g6*2+0€182,
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and, therefore, (1.286) means

d
U — <aj;>x+’)/a;‘u =h

b — kb — 0 (e?), =g inQx(0,7)
o 20
v adv  adv

0 on dQ x (0,7). (1.287)
See**3! for more on physical backgrounds and the well-posedness of (1.286).

Three-Dimensional Model

Three dimensional model?>° is concerned with the bounded domain Q ¢ R? with smooth
boundary dQ. Thus u = (u,')i:17273 and 6 > 0 again stand for the displacement and the
absolute temperature, respectively. Then it is described by

K
uy — YOu; + ZQQ” = V~F/S(£,9) +h
c(€,0)0;, — KAO = OF )9, (£,0) : & + yA& 1 & +g

in Q x (0,7) (1.288)

for
O(u) =V -Ae(u), Ae =A(tr &)l +2ue,
where A and p are the Lamé constants satisfying
u >0, ),—&—%/.LZO, (1.289)

Kk > 0 is the conductivity, and y > 0 is the visicosity. Here, € = (eij) denotes the stress
tensor defined by

1
&) = 5 (e + i)

i d
for-/i= -, and

JoF d
el F“:(agi,-) + froe= gt

(aij) = (bij) = Zaijb[j~
ij

i

Furthermore, F = F' (g, 0) is the (elastic) free energy density and 4 is a fourth order linear
elastic tensor determined by Hooke’s law, and

C(E,e) =Cy— BF/QQ(E,B)

is the specific heat ratio. Thus (1.288) is a natural three-dimensional extension of (1.287).
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We assume 7 = 0 and g = 0 in (1.288), and take the kinetically and thermodynamically
closed system provided with the boundary condition

du
,LLW—F(l—F,U)VV'u:O

K d
1 {uanu+(7L+u)vV-Qu} ~V-Fg=0
3—3 =0 on dQ x (0,7). (1.290)
In this case, we obtain the total momentum conservation
d
dt /Qu /Qun 0 ( 9 )
Using
2 4
Aa:a= (7L—|— T“) (tr a)* + T'u|a\2 >0,

valid to any symmetric second order tensor a = (a;;) with a;; = a;;, we obtain the entropy
increasing

d
" /ch log® — Fjg dx > 0. (1.292)
In fact, the second equation of (1.288) is described by
d
Cvet— KAO = GEF/GJ'_’}/AEI & (1293)

and hence it holds that

i/cvloge—F/e dx:/KG’IAG—H/G’IA&:& dx
dt Jo Q

_ / k02|VO|* + 70~ Ue, : & dx
JQ

> 0.
This inequality means (1.292).
Since
Qu=V-(4e(u)) (1.294)
by the definition of 4, we obtain the energy identity
% {% a3 + g | Qul3 + ./;ZF—F/GB +¢,0 dx} =0. (1.295)

In fact, using the first equation of (1.288), we obtain

d(1,. K K
o {300+ § 10013 b = ) + § (On 0w

= Y(Qutvut)_/QF/e “Vuy,
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where (1.293) is applicable to the second term of the right-hand side. More precisely,

d
/QF/SZVM[:/QF/SIV&:E/QF—(F/Q,B[)
d o o
- E./QF—F/GB dx—&—./QG(F/g)t

d o
= E./QF—F/GB—H’VG dx—y/QAst:st,

and, therefore,

d 1. 2 K 2
Lyt S g+ [ 7 Figo +e0 s}

dt
= v{(Qus,ur) + (A&, &)}
= ')// —Agt . Vut +A€t & dx
Q
:y/ —Ag &+ Ag & dx=0
Q

by (1.289) and (1.294). This equality means (1.295).
The stationary state is described by the constant temperature 8 = > 0 and

gQQu —VF(e,0) inQ

du
oo+ A+ vV u=0
- HiQu+(/l+u)v~VQu ~V-Fe=0 ondQ. (1.296)
4 ov

Then
1 12 K 2
b= 3 il +¢ ||Q”||2+/QF—F/99+0V9 dx (1.297)

is preserved, and this b is determined by the initial data. Since i = 0 in the stationary state,
we obtain the coupling of (1.296) and

B |
b= loulh+ [ (F=Fo0+cb)|, s (1.298)

to assign the stationary state.
The problem (1.296) has the variational functional

Fs(u) =% loulp+ [ Fle.0)
defined for u € X = H?(Q)3 because it is equivalent to
;(Qu,Qv) + ./g.zF/g(sﬁ) V=0
for any v € H?(Q)* and w = §(v+v). Then the second term is equal to

/ F/E(S,g) : Vv,
Q
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and thus (1.296) is equivalent to §.%5(u) = 0.
Regarding

L(O,u) = / Fjg—cylog0 dx
Q

as a Lyapunov function, we can confirm the semi-unfolding. In fact, first, (1.298) implies

L(6,u) = A(€) — ¢y |Q|log (b — Fg(u) + 0A4(€)) + ¢, |Q|log (¢, | (1.299)
for
A(s):/QF/g(é,s).
Next,
L,(6,u)=0
means
SA(e) — o |0 - 0Ta +084(E)

or, equivalently,

8.Fg(u) + (b — ‘%C(”)QT o) _ 5) 34(g) =0,

Here, the second term of the right-hand side vanishes by (1.298), and, therefore, it holds
that

L,(6,u)=0 < 8F4(u)=0.

To examine the semi-minimality, let (8,u,) be in (1.297), and 6 > 0 be a constant satis-
fying (1.298). Then it holds that

Cv/99+y§(u)+/QF_F/96_F|9:§ dx§b7

—log(ﬁ_/g'ze) < (-oz0),

L(6,u) = / Fjg—cylog® dx
JQ

1
> _ _
_/QF/Q cv9|1og(|g/ge)

Z/F/e—cvQ|10g(b—ﬂ\9(u)—/F—F/QG—F|96 dx>
Q Q
+c, |Q|log (e, Q).

and, therefore, using

we obtain
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Thus, it follows that
L(6,u) > L(0,u),

provided that

./QF/9 = ./Q Frolo-o
'/QF—F/QdeZ/Q(F—F/ge)lezg. (1.300)

Here, we note that inequalities (1.300) are valid if F = F (g, 0) is linear in 0, as is defined
by.”? Only F, /e appears in system of equations (1.288), and, therefore, it suffices to exist F
linear in 6 such that /), = F,.

Based on these considerations, we assign b by (1.297) using the initial value. In the case
that @ > 0 is a constant and % is a linearly stable critical point of Fg = Fg(u) satistying
(1.300) and (1.298) for u = %, then the stationary state (8,u,1) = (6,%,0) is dynamically
stable. It is formal if Y = 0 because these quantities are not sufficient to contol the well-
posedness of this problem, see.33>3%3

One-Dimensional Case

In the case of one-space dimension, however, all the processes are justified. We re-
formulate the Falk model (1.287) as

Ust + Vibooee = (F (1) 0 + F3 (1) )

0 — KO = OF (uy )uyy inQx(0,7)
ux:uxxxzex:() OHBQX((LT)
ul,_g=uo, utl,_g=u1, 0,_o=20 in Q, (1.301)

where Q = (0,1) and F}, F; are C*-functions satisfying
F/(0)=0
K>-C.
If
(uo,u1,60) € HH(Q) x H*(Q) x H*(Q), (1.302)
then there is a unique solution (, 8) global in time such that
u € C([0,400), H*(Q)), u, € C([0,40),H*(Q))
0 € C([0,+),H*(Q)), 6 € L}, (0, +e;H' (Q)),
see.313

In the stationary state, 0 is a constant denoted by 6, which is detemined by the energy
conservation,

0+ L e 2 +/ Fy(uy) = b,
2 Q
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where

1
b= 3+ L uowl3+ [ Falun) + .0 d. (1.303)
Thus the stationary state to # = u(x) is formulated as the Euler-Lagrange equation
6Jb(”x) = 0,

where
1y Y 2
Jp(uy) = — | Fi(uy) —log( b— >luwllz — [ Fa(ux)
Cy JQ 2 JQ
u, € H'(Q). (1.304)

Then the stationary solution (Z,0) to (1.301) is called linearly stable if # = 7(x) is a stable
critical point of Jj, that is its second derivative is positive definite. From the momentum
conservation, finally, we impose

/ - (1.305)
Q

for the stability of (u,0) to hold because this equality is the case of the stationary state by
Et = 0

Theorem 1.33 (313). Let (1.302) hold in (1.301), and assume
inf6y > 6,
Q

and (1.305), where 6, > 0 is a constant. We take b > 0 of (1.303) and suppose thatu =u(x)
is a linearly stable critical point of J, = Jy(uy) defined by (1.304). Let 6 > 0 be a constant
satisfying

0+ %/HEXXH% +/ Fy(ux) = b.
Q
Then, this (@, 0) is dynamically stable in the sense that any € > 0 admits & > 0 such that

sup [|(u(-,2) = w)xl| ) < €
t>0

sup
>0

1 o
/ logO(,¢) —loge‘ <&
Jo
provided that

sup | (uo — w)x|| 1 () < &
t>0

1 —
’/ log@o—logﬂ‘ < 0.
0
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1.5.5. Time Map

Method of the time map is applicable to the stationary phase field models for the one-
dimensional space domain.?’%?’! This paragraph is devoted to the simplest application,
(1.265) with Q = (0,1). See’!? for (1.267).
First, in the general case of

EWV' + f(v)=0, 0<x<1

V(0) =V (1)=0 (1.306)
with £ > 0, we take the solution v = v(x,a) to

EWV' 4+ f(v) =0, 0<x<1,

V(0)=0, v(0)=a,

assuming f(a) > 0 without loss of generarity. This assumption implies v/ (x) < 0 for 0 <
x < 1, and we define the first zero of v/ = 0, denoted by xo € (0, 1], if it exists. Then, from
the reflection argument we obtain the solution to (1.306) if and only if

1
X0 = % (1.307)
for some k= 1,2,.. ., standing for the mode of the solution.

Here, we have
SEWPHF) = Fla)

for

and, therefore, such x exists if and only if there is b(«) such that

b(a) < a, F(b(a))=F(a), F(p(a),.a) < Fla). (1.308)
In this case, it holds that
/ v _ X 0<x<x (1.309)
v 2(F@)—F(v) &
by
dv
- =—V2(F(@)-F()), 0=<x<x,
dx
and (1.307) is equivalent to
1
T(a)= a, (1.310)
where
ra)= | 2
bla) /2 (F(v) — F(a))
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called the time map.
Since f(v) = v—13 in (1.265), we obtain

D(T) = {a| f(a) >0, b(a) > —eo} = (0,1)

and (1.309)-(1.310) are reduced to

1 dy _ e
Lisams a5
1 dy _x /@
/v<x>/a V=2 (=22 ¢ \/i

for £ = —2—. Using Jacobi’s elliptic function y = sn(w, ¢) defined by

2—a?’

w=/1 &y
v V=) (1 =32

thus we obtain the k-mode solution to (1.265) by
1 a? a
sn| —A/1l——, —— | =-1
Sk 2 V2—a?
x a? a
vix)=a-sn| z\1—-—,—/—= |, 0<x<1/k,
3 2 Jo 4
2

where 0 < a < 1. Then we can perform the asymptotic analysis as @ | 0 and a T 1 to
illustrate the solution set, see.!?°

1.5.6. Summary

Several phenomenological equations are provided with the Lyapunov function, and this
functional induces a semi-dual variational structure to the stationary state, especially to
the field component. The particle component, on the other hand, is sometimes trivial in
the stationary state, which guarantees the dynamical stability of linearly stable stationary
states. If the system is materially closed, then this stationary state is realized as a non-
linear eigenvalue problem with non-local term. In some cases, we obtain the hyper-linear
stability of the field component, which guarantees the stability of the particle component
simultaneously.

(1) The structure of semi-dual variation is observed, especially in materially closed sys-
tems of phenomenology.

(2) Among them are the Caginalp-Fix equation, the Penrose-Fife equation, the coupled
Cahn-Hilliard equation, and the Falk-Pawlow equation and the stationary state is de-
scribed by the nonlinear eigenvalue problem with non-local term.
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(3) Consequently, a stationary field state has a variational functional associated with a non-
local term, and a linearly stable stationary state is dynamically stable.

(4) Besides the calculus of variation, the method of time map is applicable to the stationary
state of these equations if the domain is one-dimensional.



Chapter 2

Scaling - Revealing Hierarchy

Details of the self-organization are hierarchical achievements between self-assembly and
dissipative structures.>* The latter is top-down and occurs in a far-from-equilibrium for-
mulation of an open system that involves dissipation of entropy and is characterized by
periodic structures, sprial waves, travelling waves, self-similar evolutions, and so forth.??’
The former is, as described in the previous chapter, bottom-up and controlled by the sta-
tionary state of the closed system which is involved by condensates, collapses, spikes,
quantizations, free energy transmissions, variational structures, and so forth.

The control of the total set of stationary states to the global dynamics, however, is not
restricted to thermodynamics. This profile is observed widely in mathematical models
involved by the mean field hierarchy and sometimes referred to as the nonlinear spectral
mechanics.3%* In more precise terms, there is a unified mathematical principle in each mean
field hierarchy provided with the underlying physical principle, such as the conservation
laws, decrease of the free energy, and so forth.

This chapter describes the quantized blowup mechanism which is one of the leading princi-
ple of self-assembly. It arises in self-interacting fluid, turbulence in the context of the prop-
agation of chaos, mean field hierarchy derived from the friction-fluctuation self-interaction
in the molecular kinetics, and gauge field concerning condensate of microscopic states.
Actually, this profile of quantization is revealed by a blowup analysis which is one of the
important products of the method of scaling and is valid even to the higher-space dimen-
sion.

2.1. Self-Interacting Continuum

The macroscopic state of particles that constitute the self-interacting fluid is formulated
by the system of equations provided with the self-duality between the particle density and
the field distribution. Here, the formation of the field is physical and is associated with
the Poisson type equation. The stationary state is then described by the nonlinear eigen-
value problem with a non-local term because of the mass conservation, and this problem
is provided with the variational structure from the energy conservation. Then the method
of scaling detects the critical exponents for mass quantization. This section is devoted to
the variational and scaling properties of the systems of self-interacting fluid such as the
Euler-Poisson equation and the plasma confinement problem.

T. Suzuki, Mean Field Theories and Dual Variation, Atlantis Studies in Mathematics for Engineering 141
and Science 2, DOI 10.1007/978-94-91216-22-0 2, © 2008 Atlantis Press/World Scientific
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2.1.1. Self-Gravitating Fluids

Several fundamental equations of self-interacting fluids are provided with the semi-
unfolding-minimality.

Euler-Poisson Equation

With the prescribed velocity v = v(x) € R3, x € R? of the particle, we can define the local
flow {7; } by (1.2). Thus x(¢) = T;x¢ indicates the solution to

dx
dt
If f(x) stands for the observer of particles, then
u(x7[) :f(Tftx)
indicates the distribution of particles detected by it at the time —¢. From the semi-group
property, it follows that

=v(x), x|,_o = xXo.

u(Tiy,t) = f(T-:Ty) = f(v)

for any y € R3, and, therefore,

p) 0
0= 2 ulTy.t) = Va(Tit)- 2 Ty (T

=v(Ty) - Vu(Ty,t) +u(Ty,t),

or
81/! . 3
E—H}-Vu:O inR> x (0,7).
Thus we obtain
Du
-0
Dt
for u(x,t) = f(T_;x).
We call
D 2]
E = E +V'V,

the material derivative, which indicates the differention in ¢ of the transported quantity
subject to v, and, therefore, the acceleration vector of this fluid is defined by

Dv
Dt
From this observation, we obtain the Euler equation of motion,
Dv
—=pF-V 2.1
Pp; =P P (2.1)

where p, p, and F denote the density, the pressure, and the outer force, respectively, and
also the equation of continuity

pi+V-(py)=0 (2.2)
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because j = pv is nothing but the flux of p.
The self-gravitating fluid is associated with

F=VIxp

using the Newton potential

1
4w x|’

I'(x)=

These relations are combined with the state equation, and thus it holds that

pi+V-(pv)=
pvi+(¥-V)v)+Vp+pVd =0
AD=p, p=Ap” inR®x (0,7) (2.3)

using @ = —F, where 4 > 0 is a constant determined by the entropy, and 1 < y < 2 is
the adiabatic constant. Here, we have y = 5/3,7/5,... when the gas is mono-atomic, bi-
atomic, and so on, and ¥ = 4/3 in the case of the excellent radiational pressure.

Conservation Laws

From the first equation of (2.3), we obtain the non-negativity p > 0 from that of the initial
value, p|,_, > 0. The total mass conservation,

m= | p.

follows also from this equation, while the total energy conservation

V4 ’
E= dx — — d dx 2.4
/3 2 M + -1 //R3><R3 x — x’l 4)

is derived as follows.
First, we replace the second equation of (2.3) by

(pv): +V-(pv@v)+Vp+pVd =0, (2.5)
using the first equation, where
VRV = (Vi\/‘j) for V= (Vj)ISjS3'

Here, it holds that

[v-eveniv= [ aom]vi=-[ pwvay

—5/R3pvfa,~|v| =3 JL Y-
1
= _E/RS v p
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and
/ (pv): - —/ pi V> + pvi - v dx

Z./R3Pt|"| +§p9tM dx,

and, therefore,

' 1
[ v V- (prav))v =5 [ P pi+pailvf? dx

= [ e, 2.6)

Next, we have
/Vp-V:A’)// pY*IVp-v:—Ay / Vp”fl-pv
R3 ’}/—1 R3

Ay A _
= Y pY1 -(/)V)=—7,_y1 /R3P7 "oy

-
d [ p
_4d 2.7
dt./R3Y—1 2.7)
and
/Sprb-v:—/ <I>V~(vp):/ Dp,
R
:_77// PDPUL) 2.8)
8 dt R3><R3 |x x’\

Thus (2.4) follows from (2.5)-(2.8).

Makino’s Solution

Putting w = 2(;1,+>11/2 -p(=1)/2 we can replace (2.3) by
-1
wi+ (v-Viw+ 7/TW(V~V) =
-1
vi+(v-V)v+ 7/T(W~V)w—&—V(I): 0
AD=wHTD  inR¥x(0,7), (2.9)
where

AVD =0, VA 'p=VA lp, = —VA V- (pv)

is applicable.!”>1°¢ More precisely, the Calderén-Zygmund operator, denoted by Op, is

defined by the symbol
(515} )
‘§| 1<i ]<3
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and then we obtain

1 \¥r=1 2/(y-1)
Vo = V(I)0+/ ( Ay)1/2> Op {w v] (-,8)ds.

Using this formula, (2.9) is formulated as a quasilinear symmetric hyperbolic system,
and then the general theory'®? guarantees the unique existence of the solution locally in
time.?>!!2 Particularly, based on Hardy-Littlewood’s maximal function, we can construct
the semi-group solution satisfying

(p('vt)(Y7l)/27v('7t)) € C<[07T)7HS(R3)4) )

where s > 5/2 and 1 <y < 9/5. This property means the well-posedness of (2.9) in this
space locally in time, and the existence time 7" > 0 is estimated from below by

[(o5" )]

The space H*(R3)* with s > 5/2 contains the equilibrium, to be defined in the next para-
graph, in the case of y = 6/5. The assumption s > 5/2, on the other hand, is optimal in this
approach of quasilinear symmetric hyperbolic system, in the sense that it comes from the
fact that H'(R?) is an algebra if £ > 3/2 and £ ¢ N. However, if

HS (R3)4 ’

(w,v) €C ([0, T) x R?)*

is a non-trivial radially symmetric solution to (2.9) with the support p(-,#) compact for
eacht € [0,T), then we obtain 7' < oo, using the Lagrangian coordinate.'

Second Moment

Weak formulation to (2.3) is described by
d .
“ _ v
dt /R3P(P '/R3 pv (0]
d .
E/Rspv' V= ./R3PV®V'VIII+pV- v dx
+l // (w(x) — w(x')) -V (x—x")p(x,0)p (¥, 1)dxdx’
2 JJR3xR3

for ¢ € C7(R?) and y € C3(R?)?, and hence it follows that

dt2/ po = /pv@v V20 + pAe dx
2//113 R3 — Vol )}
VI(x—x)p(x, t)p(x’7t)dxdx’. (2.10)

Putting ¢ = |x|* in (2.10) is justified, for example, if p = p(x,7) and pv = (pv)(x,?) have
compact support and are continuous in x € R? and continuously differentialble in ¢ € (0, T).
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In this case, it follows that

d? 2 2 1 plx,)p(x,1) /
ﬁ/R}p\x\ —/RSZPM —&—6pabc—E//RSXR3 R F—r— dxdx

1 ~
>2E+2(3———— : 2.11
> 2E+ (3 y_1>.R3p 2.1D)

In particular, if £ > 0 and 4/3 < v < 2, then its support radius must go to 4o as ¢ T o,
see, 195,197,286
2.1.2. Equilibrium

The classical equilibrium of (2.3) is defined by putting v = 0 and d;- = 0. This formulation
means

A
y%v,ﬂ*‘ YVO=0 in{p>0l,
and, therefore,
Ay 4 .
vl p¥~" —TI'xp = constant in each component of {p > 0}
p>0 inR3, p=M 2.12)
R
Putting
1
q= y—1
. y—1 <7*1>/<772>p771
Ay
Q={u>0}
thus we obtain
—Au=u, u>0 in Q;
u=0, I'xu? = constant on dQ;
. Ay \ /2
= — M 2.13
X ( = 1) , 2.13)

where Q; (i =1,2,...) are the connected components of .
Conversely, if (2.13) holds, then u — I" x4 is harmonic in €; and is a constant on dQ;. This
property implies the first equation of (2.13), and in this sense, (2.13) is equivalent to (2.12).

Radially Symmetric Equilibrium
If

—Au=u?, u>0 inB, u=0 ondB (2.14)
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is satisfied for B = B(0,R), then u = u(|x|) follows from the general theory of Gidas-Ni-
Nirenberg,!'* and, therefore, the first two lines of (2.13) are valid to Q = Q; = B. It is
known, on the other hand, that (2.14) has a solution if and only if 1 < g < 5, thatis 6/5 <
Y < 2, and, then, the solution denoted by

u = up(x),
is unique.??
We have the self-similarity in (2.14). If u = u(x) solves

—Au=ul,
then so does uy = uy (x) for y > 0, where
uy (x) = w9 V().
Thus it holds that
ur(x) = R~ Dy(R'y) (2.15)
for the unique solution U = U(y) to (2.14) with B = B(0,1), that is U = u;.

We have
" 24
[ war=r [ Uy
JB(0,R) B(0,1)

and, therefore, if ¢ # 3 and 1 < g < 5, then any M > 0 admits R > 0 such that (2.13)
has a unique solution for Q = B(0,R). Taking zero extension outside Q, we obtain the
equilibrium (p,v) = (p,0) to (2.3) from this u = u(x) > 0 and

1/(2-y)
p—<;ﬂ> . (2.16)

Therefore, if ¥ # 4/3 and 6/5 < y < 2, then (2.3) admits an equilibrium (p,v) = (p,0)
for each prescribed total mass M > 0. This p = p(x) > 0 is radially symmetric and has a
compact support. Also, its total energy is defined by

. =Y (VA (+
g [ AP _Lﬂ" pPPW) 1
JrRy—1 8m//rxr® |x—x|

U)oy
— aR~ 1“/ U7 'dy — bR T 1*1// Mdydy
RxR [y =]

for
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However,

W = D D/2 12

does not belong to H'(R3) because this u extended 0 outside B = B(0,R) has a derivative
gap on dB by the Hopf lemma.

In the case of ¥ = 4/3, on the other hand, there is A, > 0 such that if A = A* then the
problem (2.13) admits a unique solution for Q = B(0,R) with R > 0 arbitrary, and in the
other case of A # A*, there is no radially symmetric solution to (2.13), where

1/(y-2)
A= (—AY ) M
y—1

Again, the equilibrium defined by this solution is not consistent to the function space de-
scribed in the previous paragraph for the well-posedness of the Cauchy problem, H*(R?),
s >5/2 for (p¥="1/2v). In fact, there is a derivative gap of W = ﬁwfwz on the interface.
If g > 5, then

—Av=V1_ v>0 inQ, v=0 ondQ (2.17)

admits no solution if Q is star-shaped.?>® Radially symmetric solution, on the other hand,
exists for any ¢ > 1 if Q = {c¢ < |x| < d} (7). This solution, however, does not satisfy
(2.13) because the values of T+ u? on |x| = ¢ and |x| = d are different.
While

—Au=ul, u>0 in R (2.18)
admits no solution if 1 < ¢ < 5, see,!!® it has a unique radially symmetric solution u = u(|x|)
if g > 5. In the case of ¢ > 5 = 2 it holds that

2 2 2 a1
T u(l) - L= |—— (n-2—-—— v e (2.19)
q q

/ uq = Ho0
R3

and, therefore, (2.3) admits no radially symmetric finite total mass equilibrium in the case
of l <y<6/5.
If ¢ = 5, finally, the solution to (2.18) is classified,>” and it holds that

oy (3 )"
2+ [x|?

with ¢ > 0 up to the translation. Total mass defined by this solution is thus not finite.
Consequently, given M > 0, we obtain no radially symmetric equilibrium of (2.3) with the
total mass M in the case of y = 6/5. In this way, the radially symmetric equilibrium of
the Euler-Poisson equation (2.3) has different profiles according to y € (1,6/5), y=4/3,

Yy=6/5v€(6/52)\{4/3},and y=4/3.

see.!?® This relation implies
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The general entire solution to
—Av=v v>0 in R” (2.20)

associated with the critical Sobolev exponent g = ”*2 with n > 3 was studied earlier by,'
and it is proven that the solution v = v(x) has the form of

n(n = 2?24

Vxo,u (x) = 5 n-2)2 (221)
(H2 + x —xof )
for some xg € R” and pu > 0, provided that
vx) =0 (|x|2*") as x| — oo. (2.22)

In the context of differential geometry, this property means that any metric conformal to
the standard metric dsg on S” with the same mean curvature is a pull-back of dsg by the
conformal transformation on S”, see.22°

Similarly to the case n = 3 described above, the assumption (2.22) is not necessary to derive
(2.21) from (2.20) for g = ”*2 , see.’” Furthermore, it is proven also that the solution to
(2.20) does not exist in the case of I1<g< ”*2 , see.' 16 The latter result guarantees a priori
bounds of the solution to the elliptic and parabolic problems with sub-critical nonlinearity
defined on the bounded domain, see!!”-!'° and §§2.3.3 and 2.4.1. This property is actually
proven by the blowup analysis, and §2.3.3 describes the details of the elliptic case.
Although radial symmetry of the general solution to (2.20) does not follow in the super-
critical case g > ”*2 , see, 12733 the total set of entire radial solutions has remarkable struc-
tures, and relatlon (2 19) is just an example of this significance. See*?? and the references
therein.

Variational Equilibrium

We re-formulate the equilibrium using the calculus of variation. More precisely, the total
energy is reduced to
p 1
7o) = [ A3
P)= foy—1 2 T*P:P)
in the case of v = 0, and this (variational) equ111brium is defined by v=0and § % (p) =0,
under the constraint of

JR?
We obtain the semi-unfolding

E(v,p) = Z(p)

by the definitition, and, therefore, the linearized stability of the variational equilibrium
implies its dynamical stability naturally, see §2.1.4. The above functional, furthermore,
has the form

Ay

F=—"F" -G
y—1
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for

F (p)=; WP P20

. p)p() . / _
G(p)—gn//R}Xm et [ p =M.

and hence we can develop the theory of Toland duality.
To realize these functionals, F'* and G*, as the Legendre transformation of proper, convex,
lower semi-continuous functionals, first, we take X = H' (R?) © R and define

G() = 5 V&3 +Me
for u =€ &c € X, where
H'(RY) = {u e LS(R%) | Vi eL2(R3)}.
This functional is proper, convex, lower semi-continuous, and it holds that
p €9G(u) & —Au=p inR3, /1;3p:M
for (u,p) € X x X* and furthermore,

G*(p) = sup {(u,p) — G(u)}
uex

— s L) -5 IVER+elp) -

EcHI(R3), ccR

] .
= 5((=8)7"p.p) + Xi(p.-)

for p € X*, under the agreement that A : /' (R*) — H'(R*)* is an isomorphism and X* —
H'(R®)* by H'(R3) — X,
Next, we define

y—1 7
Py =1 [&r
Y
for u = &€ ® ¢ € X, which is also proper, convex, lower semi-continuous. Then we obtain

pedF(u) &  &=p"!

for (u,p) € X x X* with u = &€ @ ¢, and, in particular, 0 < p € LY(R?) follows in this case.
These results are summarized by

F*(p) = sup {{u,p) —F(u)}
uex

_ ) yJep’p =0
o0, otherwise

for p € X*.
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Variational equilibrium is now formulated by
A’)/ * *
ﬁaF (P)NIG™(p) #0
with p € X*, and thus it holds that

_ 1/(y=1)
—Ap=p inR, p—[y—l }
+

3p =M
for
A'}/ * *
This relation implies
_ q
_AE = [715} in R3

/R3 [—g} dx = (2.23)

with ¢ = 1/(y— 1), and, therefore, the variational equilibrium is defined by

—1.1¢9
vols
using the solution & = £ (x) to (2.23).
.
Putting & = o and o = (%) 7 we obtain (2.13) for

Q= {x6R3\u )>0},

and thus, a variational equilibrium is a classical equilibrium. This & = £ (x) is defined on
the whole space, has the C*f-regularity, and can be negative somewhere. Therefore, the
construction of the solution & = & (x) to (2.23) from that of p = p(x) of (2.12) or u = u(x)
of (2.13) will be difficult, and, therefore, (2.23) is regarded as a different description of the
equilibrium to (2.3).

Problem (2.23) arises also in the plasma confinement as we are describing, and furthermore,
uniform boundedness and radial symmetry of the solution & = &£ (x) to (2.23) with bounded

Morse indices are known for 1 < ¢ < (n+2)/(n—2)ifn >4 andfor2 <g<5ifn=3,
135,136
ee. >
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2.1.3. Plasma Confinement

Given a bounded domain Q C R? with smooth boundary 9, we consider

pi+V-(pv)=0

pvi+(-V)v)+Vp+pVd =0

AD=p, p=Ap? inQx(0,7)

viv=0, ®=0 on dQ x (0,7), (2.24)

and obtain the non-negativity, total mass conservation, and total energy conservation indi-
cated by

p=0.  [p=m
JQ

(P2, P 1,
E_./Qz‘v‘ AT 5 ((=40)"'p,p) (2.25)

similarly. In this case, the variational equilibrium is formulated by v =0 and 6.% (p) =0,
where
p 1 -1
o= [ LCantn
(P)= J =12 {40 o)
defined for

p=0, /p:M-
Q

This functional is nothing but the Berestycki-Brezis functional®! concerning the plasma
confinement. Damlamian’! observed the Toland duality in this free boundary problem
between the above described formulation and that of Temam,3?® where the Nehari principle
is involved in the latter case.?!??%0

First, the problem

—Av=1v1 in Q
v = constant onI'=0Q

vi=2 2.26
Lt (2.26)

arises in plasma confinement, see,>'® where Q C R”, n = 2.3, is a bounded domain with
smooth boundary dQ, ¢ > 1, and A > 0 is a constant. We note that the above v =v(x) is a
scalar function and is different from v = v(x,¢) in (2.24). Then, the associated variational

functions®'*2? are defined by
1 2 1 +1 1 :
J(v):§||Vv||2—ﬁ/Qvi +Avr, veH (Q),'/Qvi:/l
grl ] _
T () = ﬁ/gu 7= ) ), w0, ull, = 4, 2.27)
where

HY Q) = {v € H'(Q) | v = constant on r}.
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Henceforth, we describe only the sub-critical case of 1 < g <

n+2
(n=2)+

. Then, the solution

v=1v(x) to (2.26) is C*% on Q from the elliptic regularity, and the Toland duality is exam-
ined similarly to the the whole space case described in §2.1.2. As is confirmed there, the
stationary problem (2.38) with ¢ = 4/3 is scaling invariant and actually is provided with

the mass quantization, see §2.4.3.

Field Variation

First, putting

1
G¥) =, [V9]3+Aor

1
F — q+1
0=t |t

forv € X = H!(Q), we obtain
u € dG(v) & (Vv,Vw) + Awr = (wu),

= (l,u) =A, v—vyr= (—AD)7

and
uedF(v) & u=vi
for (u,v) € X x X*. Thus, the problem (2.26) is equivalent to
u€ dF(v)NIG(v),

or
8J(v) =0, u=Hv1,
because
u=vi, veX
implies

¢+l
0<ueld —X*
It holds that D(J) = X and
Jv) =GWv)—-F(©)

weX

Lu

1 2 1 +1
= IV + 2w - [

(2.28)

(2.29)

and, therefore, the constraint [ vi = A is superfluous to derive (2.26). This property means

that the Nehari principle, see,>*?

Particle Variation

is involved in the original formulation (2.27).
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Given u € X*, we obtain

G"(u) = sup{(v,u) = G(v)}
veX

1
= Sup{(v—vr,u>+vr<l,u>— 3 ||V(v—vr)||§—lvr}
veX

1
~ za-n+ sup { o) - 319013}
VEH(} ()

1 _
= A=y T 5 ((=Ap)u,u)

and
F*(u) = sup{(v,u) = F(v)}
veX
+1 +1
_ ﬁfgu%7 OSMELHT(Q)
oo, otherwise
because

UuEIF(v) & veEIF (u) & u=vi
for (u,v) € X x X*. Thus the ”free energy” is defined by

D(J*) = D(G*) N D(F*)
= {uexj0<uctT (@), Jul, =2}

and

gt
Ty =t law s =3 {(=8p) wu), ue D)
oo, otherwise,

and this structure of variation is nothing but Berestycki-Brezis’ formulation to (2.26).

Duality

If the critical point v = ¥(x) of the Temam functional J = J(v) defined on X = H!(Q) is not
positive-definite on Q, then the mapping v — u defined by u € dF (v) around v = , that is
(2.29) is not faithful. The relation u € dG(v), on the other hand, induces an isomorphism
between u € X* with (1,u) = A and v—vr € H} (Q) for v € X = H!(Q). Even in this case,
the Nehari constraint [;v? = A is not efficient to assign vr from v — vr if supp v C Q.
Thus, the argument in §1.2.5 does not work, but still we have ”semi-spectral equivalence*
using the above isomorphism, as is described in the following paragraph.
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2.1.4. Stable Equilibrium

This paragraph is devoted to the stability of the variational equilibrium defined for (2.24).
Although the Euler-Poisson equation (2.3) is not formulated by the gradient system, its
equilibrium is associated with the duality between the Plasma confinement problem, and
the structure of semi-duality controls its dynamical stability.

To begin with, again, we confirm the abstract theory of Toland duality described in §1.2.6;
X denotes a Banach space over R, F,G : X — (—oo, 40| are proper, convex, lower semi-
continuous, and

L(u,v) =F"(u) + G(v) — (v,u)
is the Lagrangian. It holds that
JH(u) = Vig)f(L(u,v) =F*(u)— G*(u) = L(u,v)
J(v) = ML%L(u7v) =G(v)—F(v)=L(au,v)

D(J*) = D(F*)ND(G*) C X*
D(J)=D(G)ND(F) C X

for v € dG*(u) and u € JF (v), that §J(v) = 0 and 6J*(u) = 0 mean dG(V) NIF (V) # 0
and dG(u) NIF*(u) # 0, respectively, and that

uedGW)NIF(WV) < vedG (m)NIF (V). (2.30)
If one of the conditions of (2.30) is satisfied, then
J(m) =L(u,v)=Jv)
follows, and, furthermore, if u € dG(v), or equivalently v € dG*(u), it holds that
J*(u) = L(u,v) <J(v).
Thus, we obtain
uedGv) = Jw-J®@w<JWv)-J), (2.31)
and similarly,

uedfF(v) = Jw)—JO) <J'(u)-J"(u). (2.32)

Temam Functional

Turning to the plasma confinement (2.26), we note that Temam’s functional J(v) of (2.27)
is twice-differentiable by ¢ > 1. If the constraint [, v = A is taken into account, then the
linearized stability of a critical point v € X = H] (Q) of J = J(v) is defined by the positivity
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of the self-adjoint operator in L?(Q) associated with the quadratic form on Xy x Xp defined
by

0(0.0) = L s +59)
0,0 = 245 VSO

s=0
2

Vol ~ [ c)o?,
Q

1

where ¢(x) = ¢v{ " and

Xo = {(p 54 ./g;c(x)(p—O}.

This condition means

iﬁ{awwﬂweHﬂQL 'dwwzmn¢m=1}>o (2.33)

Jo
and, then, there is & > 0 such that each € € (0, & /4] admits 6 > 0 such that
lv=vlly <&
Qvi:l = lv—7|y < €.
Jv) —J() < 8

Using (2.32), we see that if v € X is a linearly stable critical point of J and u = Vi, then
there is & > 0 such that each € € (0, /4] admits 6 > 0 such that

)
veX=H Q)
/Qvi ) = iy <e (2.34)
=l <o

J*(u) —J (u) < 6
A different linearized stability is obtained by the positivity of the self-adjoint operator in
L*(Q) associated with the quadratic form on H} (Q) x H} (Q) defined by

0(p.9) = VoI5~ [ c)e”

This condition means

inf{QO(¢,9) | ¢ € Hy(Q), [lpll,=1}>0 (2.35)
and then it follows that

u=r"

veX=H Q)

Vr =vr = ||V—V||X<£. (2.36)

[v=vlly <&

JH(u) —J*(@) < &
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Berestycki-Brezis Functional

The variational equilibrium, on the other hand, is defined by the functional

p 1 -1
o= [ Mmoo
0= [, 715 (=801 0.p)
in the Euler-Poisson equation (2.24) with n = 3. For later convenience, we formulate this
functional in a slightly different manner from the whole space case, that is J* = F* — G*,
where

% L
p(F) ={peL’ >0}
g1 *
F(p) = %Tﬁ~ fap'? P € D)
+oo, otherwise
and
D( *)—{P GX*Hl p)=M}
= < Ap)”'p.p)
for
peX CcH Y (Q)=H(Q)
1
= ——¢c(1
9= € (L,5)
Since
A g+1 ot g+l
.= p 9 = (B q
—1 4 " (Bp)
1/y
B:(—AY :
—1
it holds that

and, therefore, the dual functional is defined by

J(u) = G(u) = F(p)
= 5 IRIB + M=~ [t (2.37)



158 Chapter 2. Scaling - Revealing Hierarchy

for u € X = H!(Q), where a = (B! = (%) 1/()/71). Using this functional, the vari-
ational equilibrium of (2.24) is now defined by v= 0 and p = au?, where

—Au=ap?  inQ

U = constant on 0Q

/Q ap! = M. (2.38)

Let u = ft(x) be a solution to (2.38), and (v, p) = (0, p) be the equilibrium of (2.24) defined
by p = afi? . Then, the total energy (2.24) is described by

E(mp)= [ BPax+r(p),
Q
and hence it holds that
E(vo,po) —E(0,p) = E(v,p) —E(0,p)
= J(p)=J(P) (2.39)
for (vo,p0) = (v,p)|,_o. Therefore, applying (2.34) and (2.36), we obtain the following

theorems concerning the cases that the plasma region occupies Q and is enclosed in Q,
respectively.

Theorem 2.1. Let 6/5 < y < 2 and @ = [i(x) be a solution to (2.38), positive on Q, and
linearly stable in the sense of (2.33) for ¢(x) = aqi?~'. Then, each € > 0 admits § > 0
such that

<0

H!

Ivollo + |03~ =77|

po = 0, / po=M
JQ

=

sup {|v(0)lla+ o0 =" |0} <e,
t€[0,T)

where (v,p) = (v(-,1),p(-,t)) is a solution to (2.24) satisfying (2.25) and
p(.t)tec(o,7),H(Q), (2.40)

p =apt?, and T > 0 is arbitrary.

Theorem 2.2. Let 5/6 <y < 2 and I = [(x) be a solution to (2.38), supp U C Q, and

linearly stable in the sense of (2.35) for c(x) = aqﬂfl. Then, each € > 0 admits 6 > 0
such that

<0
1

y-1_ <y-1
Ivollo + |jpd~' =27

po>0, supppl ' CQ
=

sup {Iv( o)l +[lp (o) ="} <e
t€[0,T)

supp p (1)1 C Q,
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where (v,p) = (v(+,1),p(-,1)) is a solution to (2.24) satisfying (2.25) and (2.40), p = au?,
and T > 0 is arbitrary.

2.1.5. Related Problems

This paragraph is devoted to several remarks on the Euler-Poisson equation and the plasma
confinement. Let Q C R? be a bounded domain with smooth boundary 9.

Neumann Case

In the case that X = H'(Q), 1 < ¢ < 5, and
1 A
GO) = 2 |V + 2
(V) 2 || V||2+ |Q‘ ./QV

1 1
F :—/vw7
v) q+1Ja +

it holds that
A
uE&G(v)@(VV,VW)—k@/w:(w,u), wexX
Q
s (Lu)y=2, v— El‘/s;v: (=Asr) tu

Introducing the anti-free energy by

with D(J) = X, we obtain 6J(v) = 0, or equivalently u € dG(v) NIF (v) with u € X*, if
and only if

— 4
u=vy

veEX=H'(Q)

1

—— [ v=(-An)""u
’ \Q|/gv (=) u

Thus 6J(v) = 0 means

in Q, Y0 onoQ
av

/Qv:O. (2.41)
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Given u € X*, we obtain

G*(u) = sup{(v,u) — G(v)}

veX
1 1 A
_ L e A
c AT AT ARUCES e YA
= sup {<Vvu>_§||VV||%}+1{(1,M):}»}("‘)
veX, [qv=0
1

= 1{<1,u>:,1}(u) + 5 <(_AJL)71M,M>,
and, therefore, the dual variation to (2.41) is defined by
anl
DY) = {u ex |0<uel’s (Q), ||, :z}
T (u) = q+1f9“ . —*< —As) 'u,u), ue DY)
oo, otherwise
The associated Euler-Poisson equation is described by
pi+V-(vp)=0
pvi+(-V)v)+Vp+pVd =0
A(D:p—i/mp:Ap” inQx(0,7)
Q[ Jo

0P
v-yv=0, W_O on dQ x (0,7)

/cpzo, 0<i<T (2.42)
Q

for 6/5 < y < 2. We obtain
p=0,  [p-m
Ja

Y N N AN W
and the variational equilibrium is derived from
P 1 -1
—=((-A
J(p)= /Qy_1 5 ((=Am) " 'p.p),
that is, p = au? for

—Au:aui—% in Q, 3—5:0 on 9Q

/ pn=0, (2.44)

1/(y-1)
where a = (%) )

<
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The linearized stability of this equilibrium is defined by

wt{Olp.p) loe (@, [o=0 lol,=1f>0. @)
where
0(9.9) = [Voll; - [ e’
c(x) = aqu?™,
and in this case we obtain the following theorem.

Theorem 2.3. Let 6/5 < 'y < 2 and [t = [L(x) be a solution to (2.44), linearly stable in the
sense of (2.45) for c(x) = aqﬁflA Then, each € > 0 admits 6 > 0 such that

<é

H!

—1 o
Ivolly +||pd " = 7|

po > 0, /POZM
Q
=

sup {||v('7t)||2+ Hp(ﬁt)jFI _E)FI HHI} <§,
t€[0,T)

where (v,p) = (v(+,1),p(-,1)) is a solution to (2.42) satisfying (2.43) and (2.40), p = afi’.,
and T > 0 is arbitrary.

Navier-Stokes-Poisson Equation

There are several technical difficulties in mathematical study of the Euler equation for both
compressible and incompressible cases.'¥¢187 Theorems 2.1-2.3 also are not satisfactory
because well-posedness of the problem is only established in H*(R*)* with s > 5/2 for
(p*~1)/2 y). Obviously, this function space has a serious discrepancy in the function space
describing stability, H' (R?) x L?(R3)? for (p?~!,v). We can construct, on the other hand,
weak solutions to the Navier-Stokes-Poisson equation in more moderate function spaces
by the method of compensated compactness.’*

This system is associated with the Lamé constants A > 0 and ¢ in o + %l >0 and is
described by

pi+V-(pv)=0
pvi+(v-V)v)+pVO+Vp=2AAv+ (6 +A)V(V-v)
A(I):p—i/p, p=Ap? inQx(0,7)
Q| Ja
poki]

=0, W:o on dQ x (0,7)

A%
/q>:0, 0<i<T. (2.46)
Q
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In this case, if 3 < y < 2, then there is a solution,3"17? denoted by (v,p) = (v(-,1),p(:,1)),
satisfying
0<p €Ci([0,4),L7(Q))
ve leoc (07 +°°;HO( ))
2y
7T

pveC, <[0 +oo), L7+ (Q))
such that

£= [ (B0 ) -3 e emiton

dE
7 T IVV[3+(e+1)[V-v]3 <0

Lptn=

and the additional properties which comprise of the renormalized solution.'
We formulate the variational equilibrium, using

J*(;))z/g%—% (—Ax)'p.p)

72

defined for
0<pel(Q), / p=M. (2.47)
JQ

Although this functional is not twice-differentiable, we define the linearlized stability of its
critical function p = p(x) by the existence of & > 0 such that each € € (0, &) /4] admits
0 > 0 such that

lp—pll, <e
[p=[7 = lp-pl,<e (2.48)
Q Q

J(p) < 6

for p = p(x) satisfying (2.47).
If

limlsupllp(-,s)lly <lpC0ll, (2.49)
slt

for any ¢ > 0, then ¢ € [0,+o0) — p(-,7) € LY(Q) is right-continuous. In this case, such p
is dynamically stable and each € > admits § > 0 such that

po=>0
om=fp = sup {0l + (0 =Pl } <
Ivoll,+ lloo — B, < 3

Inequality (2.49) has not been established in the framework of the renormalized solution
to (2.46), and furthermore, (2.48) is not able to reduce to a similar problem concerning the
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twice-differentiable anti-free energy functional” although the above argument provides a
guidline to the classification of the stable stationary state.

Self-Similar Blowup

The Euler-Poisson equation (2.3) with y = 4/3 is involved by the quantized blowup mech-
anism defined by §1.1, and here we describe the situation briefly. First, the "free energy
functional” determing the equilibrium to (2.3),

p 1 /
= _— = > =
Z(p) /R3 = 2<F>«<p,p>, p=>0, .RSp M,

has the scaling homogeneity in this case of Y =4 /3. More precisely, it holds that

F(pu) =uF(p),  Ppu=0, /R3pu: P

for py (x) = u?p(ux) with u > 0, and this property leads to the quantized blowup mech-
anism at the equilibrium level.331:332340 See308 and §2.4.3 for the connection to the two-
dimensional mass quantization. There is another non-equilibrium associated with this free
energy. It is formulated by the degenerate parabolic equation derived from the kinetic the-
ory, see §2.2.6.

Next, radially symmetric solution to (2.3) is described by

p=p(nt), v=owrt), r=lx, a):)—c7
r
and then it holds that
2
pt+wpr+pwr+;pw:0

T
p(wr + ow) + p,+ }{)—2 /O p(s,1)s’ds =0
p=Ap?, y=4/3 inR? x (0, 7).
Using this formulation, we can detect the self-similar solution in the form of

p(rt) = oy(r/a(t))*/a(r)’

a(t)
where

d’a B

ﬁ a77 a = a(t) >0

d’y  2dy 3

a rax U TH
dy

Veeo=1, — =0 (2.50)



164 Chapter 2. Scaling - Revealing Hierarchy

fora = ‘%/2, B>0,and u = 8/31? 72 see.?”? The first equation of (2.50) is provided with the
invariant

a B
E=" -5
2 a’

and if a(0) = ag > 0, a(0) = ay, and a; < y/2A4/ay, then this a = a(¢) has the extinction
time 7 > 0, that is (7T — 0) = 0. We can show, on the other hand, that the solution y = y(x)
to (2.50) has a compact support if |u| < 1 (%), and, therefore, p = p(r,¢) develops the
delta function singularity in finite time in this case. We note that this self-similar solution
is not a stationary solution to the backward self-similar transformaion, and, therefore, its
blowup rate is of type (II).

Quantized Blowup Mechanism

The e-regularity of (2.3) with ¥ = 4/3 also holds,”® and if the total mass is sufficiently
small then it holds that

VeVl +lleGoll, <€ 0<i<T. (2.51)
In fact, Sobolev’s inequality guarantees
IVvl3 > So [Ivls
forv e H'(R®) — LS(R?) with Sy > 0, which implies

1 1 2 1 2/3 114/3
EKF*APHfEE%HPMﬁfSZ%HPM 1Pll4)3

by the duality L8/°(R3) — H'(R?)* and the interpolation

1-6 06 5
1-6 0 B
lPlls/s < liplly = llplly, 276
thatis 6 = % Using total energy, now we obtain
P, 2, Ap” MmB
= —— dx<E+—
Jio B+ e BTl

and hence (2.51) in the case of

3
M< (&) M.
y—1

If (2.51) holds, then it follows that

d2
W/WP(P‘SC‘P’ 0<t<T

from (2.10) for ¢ € Ci (R?) because
(W) — Y- VI —)| < CyT(x—)
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holds for y € C3(R3)>. This inequality guarantees the existence of a Radon measure
denoted by p(dx, T) such that u(R3, T) < M and

p(x,t)dx — u(dx,T).

in.Z(R3)ast ] T < +oo.
Localizing the above profile, first, we modify the proof of (2.4) and deduce

d
Sl onee 2o

8”//R3><R3 |x x/|X)P(x7t)p(x’,t)dxdx’}
_/ (P v + p+pq)> v-V)o 2.52)

for ¢ € C3'(R?). In fact, it holds that

[ [pv)+ V- (pvev)] wpfm/up(p | PP ve

/ (
Lot s
e VPVO= g ey 1 ® p'v-Veo

' prb-vw=—/ <1><ppz—/ ®pv-Vo
R3

e (') / ) /
- //RW - x,‘ P p(w)p (. )drdy' — [ @p(v-V)o

similarly.
Then, we obtain

x’) , ,
87‘[//1§3sz |x x P(X,l)p(x,t)dxdx —<F*(PP7P>

= (Cop,op) + / /R M} o)) e plxt)p (X 1) dxdx!

\x x’\
and
=0, IX'| <R/2 or |x| >R
0< PX(1=0&)) ) <4/R, I¥[>R/2, x| <R/4
[x — x| < x,‘,R/2<|x’\<2R R/4<|x|<R
<1/R, |¥'| >2R, R/4<|x| <R,

which results in

0<('xopp,p)
1 2 x t)p( ) /
< PRAODPY D
> ||(Pp||6/5 7'CR 471. //AR (xo) x AR (x0) ‘x x/‘
2/3 a3 M* 1 plt)p(yt)
5 lop I lop I3+ 7 - [/ s R
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fOI‘AR(x()) = B(XO,zR) \B(x(),R/4).
Now we take

0 S (P = (Pxo,R(x) S 17
supported on B(xg,R), equal to 1 on B(xo,R/2), and satisfying

Vol < Co'/?
asin §1.1. If
pec.((0.7),L}(R)
lir?s_up”v('?[)”L“(AR(xo)) < e, (2.53)
then it holds that
lirg;up||p('vt)||L4/3(/1R(x0)) < e (2.54)

by the first equation of (2.46), where Ag (xo) = B(xo, R) \ B(x0,R/2). Under the assumptions
of (2.53) and

/
limsup // Mp(f’t)dxdxl < oo, (2.55)
T AR(x0) xAR(x0) bx — x|
thus we obtain
(Ceop.p) <c{1+]e® " lo%0 ]33} (2.56)

It holds also that

/R3( M +>(P_//R3><R3 |x x’|X/)p(x7’)P(x/,f)dxdx'

S s M T Rt

3/4
5 S llopll

LR

and

‘/ <p| ? + p+p<D)(v-V)<p’SC{1+<F*¢1/2p,p>}

{1 +lloplli” H<p3/4pH4/3}

by (2.56). From these relations, it follows that
2
|02 v[ + )

with C > 0 and 0 < & < 1 independent of # € [0, 7).

Similarly, we obtain
& 3/4
dtz/mp(p’ SC(1+II<pp||1+H<p / pH4/3)

4/3

+(&" = leool”) H<p3/4pH4/3 2.57)
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by (2.10) under the same assumptions, and, therefore,

("~ llopli”) <c(1+lopll)-
Thus, there is 6 > 0 such that
[(9p)(,20)ll; <& /4
= su SOl < &/2,
el 5T s lop)o)l </

which results in
lirtITl}anI(fpp)(-,t)||1<eo/4 = listTup||(<PP)(-,t)||1<So/2
t
and

imso (o230 o] < -

In other words,

S =()<x€ R? | limsup Eg(xo,¢) = 4o, limsup Hg(x,t) < +oo
R>0 nr 10T

is finite, and
ligr%}nf||p('ﬂt)||L1(B(x0,r)) > &/4
holds for any xy € . and 0 < r < 1, where
Er(x0,1) = 1(V/Pv) (5Ol 28 (xg.2)) T 1PC 21 (B0xg.))

plxp,e)
X0,t) = (4n(x +// — " dxdx'.
Halwo,) = V- Oll (“r(x0)) AR(x0)xAR(x0) e — x|

In spite of several restrictions to ., this result may be a first step to clarify the non-
stationary quantized blowup mechanism in higher-dimensions.

Murakami-Nishihara-Hanawa System

System (2.3) with the heat radiation taken into account arises as a hydrodynamical approx-
imation in the theory of star formation. It is described by

p:+V-(pv) =

p(vi+(v V)v)—i—Vp—i—pV(D 0
ple+(v-V)e)+pV-v=V-(vVI)
AD=p, v=wT"/p", p=Ap"’

(”%T =L _(y—1)e in R? x (0,7), (2.58)

he)



168 Chapter 2. Scaling - Revealing Hierarchy

where n, m, vy are physical constants and €, T, kg, U, ¥, and Z are the specific internal
energy, the temperature, the Boltzmann constant, the mean atomic mas, the specific heat
ratio, and the ionization state, respectively. Similar to (2.3), there is a type (II) self-similar
blowup, see.”’® To take the first mathematical approach, we assume the case of vy = 0.
Then, system (2.58) is reduced to

pi+V-(pv)=
e+V-(ev)=0
(pv);+V-(pv@v)+Vp+pVd=0
AD=p, p=(y—1)e" p in R3 x (0,7), (2.59)
using € = e’ !, and, therefore,
aM _dE _diT _
dt —dt dt
holds for
M= - p
E = ,€

/ Sl 2o Cdv (T p.p).

We define the variational equilibrium by the critical state of the variational functional

H(p,e) = /pe“ S(Txp,p)

e>0, / e=FE
R3

p >0, / p=M.
R3

First, H, = 0 with [g3 e = E implies

constrained by

pe’ 2 =constant  inR3

/ e=F
JR3

and hence
1

Ep2-
Jeep?7

e =

ol <

Next, H, = 0 with [p3 p = M implies
Isxp=e’! +constant  inR>

3p:M.
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Thus, it holds that

Y

EY1
Tsp= ﬁ +constant  in R? (2.60)
Jrs P
p >0, / p—M. 2.61)
Jr3

To define the equilibrium on the bounded domain, we replace I'x by (—Ap)~'. Problem

2-y
(2.61) has a similar form to (2.12) except for the non-local term, and we obtain p = vfl
similarly. It follows that

oL N\YL 2oy
—Ay=E ! </ v > v inQ, v = constant on dQ
Jo

[vt
Q

Putting y=1+ é and v = cw with a constant ¢ > 0, we see that (2.62) has the dimensionless
form comparable to (2.26),

N

—v

=M (2.62)

—Aw = w?[l inQ,  w=constant on 9Q

/ wl = (2.63)

-1
unless ¢ =2, thatis y=3/2, where L = M E ~9+2_Then, the variational functionals are
defined by

1 1
J(w) = §||Vw||§+5/gw’i+/lwr7 we H\(Q)

1 r 1 "
:7./91/!)/—§<(—AD)71M,M>, uZO,/Qu:),

where Y = l + % Then, we can detect the critical exponent for mass quantization to
(2.63), g = -2, see.’%6 A close result is known for

4 .
—Av:\v\mv in Q, v=0 ondQ

2n
[ wi#

by.294

2.1.6. Summary

We have observed semi-duality and the quantized blowup mechanism in the fundamental
equations of fluid dynamics.

(1) There is a duality between self-gravitating fluid and plasma confinement.
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(2) The Nehari principle is involed by Temam’s variational formulation of the plasma con-
finement, while there is a semi-correspondence of Morse indices between Berestycki-
Brezis’ formulation. Then, several stabilities of the linearized stable equilibrium of the
Euler-Poisson equation are obtained by this semi-duality.

(3) A quantized blowup mechanism is observed in the non-stationary Euler-Poisson equa-
tion of the excellent radial pressure case. There are, however, several other possibilities
of the blowup mechanism due to the lack of well-posedness of the problem or that of
blowup criteria.

2.2. Particle Kinetics

The equilibrium statistical mechanics provides the derivation of the mean field limit of
many self-interacting particles in the equilibrium state. In this section, first, we describe the
theory of statistical mechanics in accordance with the vortex system and then the method of
Kramers-Moyal and the kinetic theory. The Smoluchowski-Poisson equation (1.8) is then
formulated again with its relatives in higher-dimension.

2.2.1. Vortex

If the vector field
%
v= [ v*(x) € R, x= (x1,x2,x3) € R3
%

denotes the velocity of the fluid, its rotation,

M _ ?

ox dx

Vave | 2f _2}
- ax% axl ’

V- _ v

6x1 axz

stands for the rigid-like movement of this fluid, and is called the vorticity.

To understand this formula, let & C R? be a rigid body moving with a fixed point, denoted
by the origin. We take an ortho-normal basis moving with &, and let {i(¢), j(¢),k(¢)} be its
position at the time z. Since & is rigid, it holds that

J(2) k(1)
() je)

~
—~
~
~—
<
—~
~
~—
I

=k(¢) -k(t) =

~
—~
~
~—
~.
—~
~
~—

and, therefore,

lj+i-j=j k+jK=K-itki=0
ii=jj=K -k=0. (2.64)
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Describing {7'(¢), //(¢),K'(¢)} by {i(¢), j(¢),k(t)},
i = clii+crj+ceizk
J =cnitenj+enk
K= c31i+c3nj + 33k, (2.65)
we obtain
ctenp=cyteiz=cpp+tc=0
cri=cn=c33=0

by (2.64). Thus (2.65) is reduced to

i = c3j —crk
= —c3i +c1k 2.66
J
K = coi —c1j
using ¢ = ¢p3 = —¢33, €2 = €31 = —C13, €3 = C|2 = —C21, and the vector
C1
= )
c3

is called the angular velocity.
If x(¢) denotes the position vector at the time # moving with ¢, then it follows that

x(t) = x1(0)i(t) +x2(0)j(r) +x3(0)k(1),
where

x1(0)
x(0) = | x2(0)

This formula implies

and, therefore,
V=—=mXX (2.67)

atr=0.

Relation (2.67) is valid to each ¢, and, therefore, this rigid body is infinitesimally rotat-
ing along @ with the speed |w| in the direction where w, x, and v form a right-handed
coordinate system. It implies also

Vxv=20,
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and thus, the rotation V x v of the velocity v is twice of the angular momentum if the fluid
moves like a rigid body. This relation is what we have described at the begining of this
paragraph.

Euler Equation

The velocity v = v(x,¢) of non-viscous incompressible fluid is subject to the Euler equation
of motion and the equation of continuity described by (2.1) and (2.2), respectively, where
p is a constant. This equation comprises of

vi+(v-V)v=-Vp
Vov=0 inR®x (0,7) (2.68)

when the outer force F' is zero, where p denotes the pressure. If the vorticity of v is denoted
by @ =V x v, then (2.74) implies

o+ (v-Vo=(0-V)v
Vov=0 inR> x (0,7). (2.69)

Here, we consider the two-dimensional case, described by

V=0, v =vl(x;,x,0), vV =v(x1,x0,1).

Then it holds that
0
0o=Vxv= 0 ,
v _ ot
Bxl sz
. . . 2 1 .

and, therefore, using the two-dimensional scalar field g—:l — %, still denoted by w, we
obtain

o+(v-Vio=0, V-v=0 inR>x(0,7),

or, equivalently,

o +V-(vw)=0, V-v=0  inR>x(0,7). (2.70)
Regarding
vl oV
V . = — _— =
v axl + 8)62 07

we define the scalar field w = y(x|,x;), called the stream function, by

dy ay
1_ 97 2__ 77
v _aX27 v 8x1'

This relation means v = V4 for
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and then it holds that
o ol
=——=—=—-Ay. 2.71
@ 8x1 8x2 i ( 7 )
Thus (2.70) is reduced to
o +V-(0Viy)=0, —Ay=w  inR>x(0,7). (2.72)

If Q C R”, n=2,3, is a bounded domain with smooth boundary d€, the Euler equation
(2.68) is taken place of

vi+(v-V)v=-Vp
Vov=0 inQx (0,7)
v.v=0 on dQ x (0,7). (2.73)

In the case that Q C R? is simply-connected, we can define the stream function y = y/(x, )
by

v=Vty

using the solenoidal condition V - v = 0. Then the boundary condition v -v = 0 of (2.73) is
recovered by

Y = constant ondQ x (0,7).
Thus (2.73) is reduced to
o+ V- wVLy/) =0
/ G(- NdY  inQx(0,T) (2.74)

similarly to (2.70), where G = G(x,x") denotes the Green’s function for —Ap.

Vortex Equation

The problem (2.74) has a similar structure to the simplified system of chemotaxis, that is
(1.125) and takes the weak form

dt/(p 2// Pp OO (2.75)

for ¢ € C'(Q) with ¢|,o = 0, where

OR0=(00)xx,t)=o0(1t)ol, )
Po = Po(x,x') = Vi G(x,x') - Vo (x) + Vi G(x.x) - Vo (x').
Using
I'x) = ilogﬁ,
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we obtain
G(x,x') =T(x—x") + K(x,x")
KeCHQxQuaxQ),

and, therefore,

o opeoeo=[[  VITE—) Vo -Vow)] oo n
+//ng {VXLK(X’X/) Vo (x) + VK (x,2') - V<P(x/)} 0RO

i [/ VAT (=) [Vo(x) — Vo
&}E} QxO\{|x—x'|<e} <x X) [ (p<X) (P<x )](1)@0)

/7 [VEK(X) Vo) + Vi (2) - Vo) 0o o, (2.76)

provided that (-,¢) € L' (Q) and supp ¢ C Q, see.”6192:272.304

Now, we apply (2.75)-(2.76) to

o(dx,t) 20{,

with o; € Rand x;(¢) € Q (i = 1,...,N), and obtain the vortex equation
N

dx; 1
i *O(,‘VLR(X,‘) + 2 O(iOl,'Vi'G(xi,x]') 2.77)
d 2 DR
J=1j#i
fori=1,...,N, where R(x) = K(x,x). This equation is formulated by the Hamilton system
o i _ oM
“dt axiz
dx,g 8H
O—— = —=—, 2.78
dt x| ( )
where x; = (x;1,xp) and
H=H(xy,...,xy Z(sz (ox; —|—20€,OC/ (xi,xj)
i<j
1NN
=52 X ooyGlax)+ Za%x, (2.79)

i=1j=1,j#i

2.2.2. Boltzmann Relation

If the Hamiltonian is given, then we can define the probability densities describing macro-
scopic state of large number of particles. This formulation is based on the principle of
equal a priori probabilities, and in this paragraph we derive Boltzmann’s relation by this
principle.

First, Boyle-Charles’ law holds in the ideal gas, and hence it follows that

pV =RT,
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where p, V, T, and R are the pressure, the volume, the temperature, and the gas constant,
respectively. We have also

U=qT,

where c, is the specific heat and U is the inner energy. If the process is reversible, it holds
that

dQ dU+pdV dT dv
= = =Cy +R—.
9S="7 T “T Ty
‘We obtain, therefore,
S(T,V)=cylogT +RlogV,
up to the additive constant. This formula implies
1Z
AS=Rlog-2 >0
4
under the dilation of the gas with AT = 0, where
AV =V,—V; > 0.

Let us consider the boxrooms of which volumes are equally vy. Then, their numbers are
M, =V1/vy and M, = V5 /vy before and after the dilation, respectively. The numbers of
divisions of moleculars into these boxrooms are

g MY 1Y
=L (h
N! N! Yo

RN AN
TN TN ’

Vo
where N = N is the Avogadro constant. Thus we obtain
R W
AS = —log—
N o8 W,
which results in
S=klogh, (2.80)

where k = R/N, is the Boltzmann constant. This W is called the thermal weight factor.
It thus indicates the number of microscopic states admitted by the prescribed macroscopic
state.

This macroscopic state is divided, furthermore, into many mezoscopic states, labeled by
i=1,2,---, and then we obtain

nj
g,
W= L
U I’l,’! ’
where g; and n; denote the numbers of microscopic states and of particles, respectively,

taking the mezoscopic state i. Here, each microscopic state takes f; = n;/g; particles from
the principle of equal a priori probabilities. Using Stirling’s formula

logn! ~ n(logn—1), n— oo,
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we obtain
S = kY (nilogg;—logn;!)
~ kY (nilogg; — ni(logn; — 1))
= kY (figilogg: — figi(log fi +loggi — 1))

= kY gifillogfi—1).

If = f(x,p) indicates the mean density of particles with the phase variable (x, p), then
we replace g; by Ax;Ap;/h using microcanonical statistics and uncertainty principle, where
h denotes the Planck constant. This formulation implies

k
for dxdp =dpdx; ...dpndxy.

2.2.3. Ensemble

Ensemble is a fundamental concept of statistical mechanics, indicating the equivalent class
of the microscopic states that have the same macroscopic profile. Then, the mission of
the equilibrium statistical mechanics is to define their probability measure in the equilib-
rium using the principle of equal a priori probabilities. There are micro-canonical, canon-
ical, and grand-canonical ensembles, associated with the materially and kinetically closed,
materially closed, and open systems, respectively. The micro-canonicial ensemble is pre-
scribed by N, V, and E, the canoical ensemble is prescribed by N, V, and T, and the
grand-canonical ensemble is prescribed by V', T, u, respectively, where N, V, E, T, and u
stand for the number of particles, the volume, the energy, the temperature, and the chemical
potential, respectively.

Micro-Canonical Statistical Mechanics

First, micro-canonical statistical mechanics is concerned with the kinetically and materially
closed system. Such a system is described by the Hamilton system

@78H

dt _8]9,‘

dpi JoH )

—_— = 1<i<N 2.81
P So. 1<izN @8

where (q1,...,qy) € RN and (p1,...,py) € R denote the general position and the gen-
eral momentum of self-interacting particles, respectively, and

H:H(ql7"'anapl7"'?pN)
is the Hamiltonian (§2.3.1).
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We obtain

H(g(0),p() =0

dt ’ ’
and, therefore, the total energy H is a constant, denoted by £, while each point in the
phase space (p1,...,pn,q1, - .,qy) € T =R is regarded as a microscopic state. Thus the
micro-canninical ensemble is the equivalent class of " with the equivalent relation defined
by this total energy. Here, the co-area formula guarantees

dx=dE - dé—(j)7
where dx = dgq; ...dgndp: ...dpn, and dZ(E) is the surface element on
{xeT|H(x)=E},
and, therefore, the probability measure of the micro-canonical ensemble is defined by

N1 dX(E)
W) = 5 va

_ dx(E)
Q(E) = /{ s T (2.82)

for each £ € R, from the principle of equal a priori probabilities.
Thus
N =Pew= [, @)
{H=E}

indicates the phase mean of the physical quantity f over {H =E}. From the ergodic
hypothesis, this value (f) is assumed to be equal to the time mean along the orbit,

. T
7w = fim - [ f()ar,

for dX(E)-a.e. inx € {H = E}, where {T; } denotes the semi-group associated with (2.81).
This value f(x) is regarded as an observable macroscopic datum, and the ergodic hypothe-
sis asserts the practical efficiency of the equilibrium statistical mechanics.

Canonical Statistical Mechanics

Canonical statistical mechanics is concerned with the materially closed system with pre-
scribed temperature. To assign the probabilities of such ensembles, first, we take a kineti-
cally and materially closed system of n-particles provided with the Hamiltonian 4. We use
the coordinate

(xl,...,xz,,) GFZR6n

instead of (p1,...,Pn,q1,---qgs) for simplicity, and decompose this phase space into T' =
[ @, by (x1,...,x28) € RN and (xani1,...,X%2,) € R”V, Prescribing the total energy
by H = E, we obtain the sets of microscopic states constrained by H = E in '} and I,
denoted by G| and G, respectively.
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Let u;(E;) be the probability of the microscopic states of G| of which energies are E|.
Then, from the principle of equal a priori probabilities it follows that

Q(E1)(E - E)
E) = 2.83

i (E1) O(E) : (2.83)
where Q(E), Q1 (F), and £, (E>) denote the numbers of the microscopic states of T, 'y,
and I'; with the total energies E, E, and E;, respectively.
We assume N < n, and regard G and G, as a materially closed equilibrium system and a
heat bath, respectively, where the temperature T is prescribed. In this case, £ = E7 attains
the maximum of y, (E), and it holds that
0— dQ(Ey) . Q(E-E))  Qi(E) ' 0Q,(E—E))

JE| Q(F) Q(F) JE|

by (2.83), and hence
d d
——1logQ(E;) = = log&h(E
O, 0gQ(E) OE, 0g(E),
where £, = E — Ey. Here, we confirm that £ = E7 is prescribed and that the temperatures
of G| and G, are equal because they are in the equilibrium. Thus

d
——logQ, (E
OE, 0g€2 (£2)
is a constant determined by 7.
Regarding (2.80) and (1.234), now we infer

SszlOgQQ
9%\ _1
oE ), T’

d
TElegQZ(EZ) =p

Q,(E;) = constant x ePF2,

and conclude

where B = 1/(kT) is called the inverse temperature. Still E; = E7 is prescribed, and this
guarantees that u; (E)) is proportional to e PEi by (2.83). Writing uPN (dx), H, and T for
w (Er), E1, and Ty, respectively, thus we obtain the probability measure of the canonical
ensemble, called the Gibbs mesure,

,ﬁHd
WP = 205 3
Z(B,N) = /F e PHx. (2.84)

If we define the entropy, the inner energy, and the free energy of the macrostate by
S —k/u(logu ~1)dx
r

£~ [ Hu(d)
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and F = —T'S+ E, respectively, then the above particle density y = uf-N (dx) is the min-
imizer of F = F (i) defined for the probability measure yt = pt(dx) on I'. In fact, Euler-
Lagrange equation for this variational problem is described by

logu + BH = constant,

and then the minimizer u = uPN (dx) is defined by (2.84), using u(I') = 1.

We note that in the case of model (B) equation derived from Helmholtz’ free energy, the
Hamiltonian describing inner energy is associated with the particle density through the
self-interaction potential, and then (2.84) induces an elliptic eigenvalue problem involving
exponential nonlinearity and non-local term, see §1.1.4.

Grand-Canonical Statistical Mechanics

Grand-canonical statistical mechanics is concerned with the open system with prescribed
temperature and pressure. To assign the probabilities of such ensembles, we follow
the argument of canoncial statistical mechanics. Thus we take a kinetically and ma-
terially closed system of n-particles provided with the Hamiltonian H, use the coordi-
nate (x1,...,x2,) € I' = R% to indicate these particles, decompose the phase space into
=T, ®T, by (x1,...,0n5) € R% and (xoy1,...,%2,) € R”V prescribe the total en-
ergy by H = E, and obtain the microscopic states in I'; and I'», denoted by G| and G,
respectively.

Then, we take the probability p; (E,n;) of the microscopic states of G of which energies
and particle numbers are E; and n;, respectively. From the principle of equal a priori
probabilities, now it follows that

Qi (E1,n1)Q(E—E1,n—n)
Q(E,n) ’

Ui (Er,m) = (2.85)
where Q(FE,n), Qi(Ey,n;), and £, (E>, ny) denote the total quantities of microscopic states
of I, T'y, and I', with the total energies E, E, and E5, and the particle numbers n, n, and
ny, respectively.

We assume N < n, and regard G| and G, as an open equilibrium system and a particle
bath, respectively, where the temperature 7 and the pressure p are prescribed. In this case,
(Ey,n1) = (Ef,n7) attains the maximum of u; (Ey,n;), and, therefore, (2.85) implies

aLElQI(EhnI) 3%292(1*727712)

Q(E,m)  Q(Exm)
72-Qi(E1,m) _ 2= (E2,m) (2.86)
Qi (Ey,ny) Q) (Ea,np) .

where £y = E — Ey and np = n—n;.
The first relation of (2.86) implies

d
ElogQZ(EZaHZ) =B
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similarly. The chemical potential, on the other hand, is defined by

_ (99 _ _ (98
H= on T,p_ on EV

from G =H — TS and H = E + pV, and, therefore, it holds that

0
871210%92(527"2) =-C

for { = B u by the second relation of (2.86). This property implies
el property 1imp
11 (Ey,ny) = constant x ¢ ~BE1

and, consequently, the probability measure of the grand-canonical ensemble is defined by

eSn—BH gy
ﬁg n,ax) = —-———
HE () = 215y

=(B,8) = /reC"*ﬁHdr.

If there are a variety of particles, then it holds that

En—PH g

B¢ _e T ax _

urPs (ng,dx) = — , k=1,2,...
) ="5(5.¢)

=(,0)= 3. | b Par,
k7T
where I'; = R% and dT, indicates the volume element.

2.2.4. Turbulence

One aspect of turbulence is illsustrated as a status of the fluid provided with a large number
of vortex points. Two-dimensional vortices macroscopically stable for a log time period
are observed often. This phenomenon is mentioned in the context of ordered structure, and
motivated by this observation, Onsager?*! initiated the equilibrium statistical mechanics of
many vortex points. More precisely, two-dimensional vortex points of the perfect fluid are
described by the Hamilton system (2.78), whereby the above mentioned theory of equilib-
rium statistical mechanics is applied. Its physical validity, on the other hand, is examined
in connection with the ergodic hypothesis.?*

In this case, the phase space I' is replaced by Q7 and the probability measure of the ensem-
ble is denoted by

p' = u"(dxy, ... dxy),
where n > 1 is the number of vortex points and

X" = (x1,...,%,) €Q".
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We can define p{,(x;) by

p{’,[(x,')dx,» = /Qn—l /.L”(dxl .. .dx,;ldledxn),

which is independent of i = 1,...,n from the principle equal a priori probabilities. This
pi;(xi) is denoted by pJ(x), and is called the one-point reduced probability density func-
tion, or (reduced) “pdf” in short. Similarly, the k-point reduced probability density function
is defined by

LG, )y - = /QH W, .. dx). 2.87)

The stationary n-vortex points @ = ®,(x) with the intensities equal to the same value o > 0
is described by

Wy (x)dx = 2"‘{ 0.0y, (dx)

=

and, therefore, its phase mean is defined by

(on(x)) = ;/Q a8 (x; — )" (dx1 ... dx»)

= napy (x),

using the one-point pdf pj = pJ(x).

In the high-energy limit, we assume n — oo with an = 1, a2n?E = E, and a*nf3 = 3, where
E and B are the energy and the inverse temperature of the n-vortex system, respectively,
and E and B are constants. In this case, the mean field p = p(x) is defined by

lim (@, (x)) = p(x) = lim pi'(x), (2.88)
which is expected to satisfy the mean field equation,
e Bv
p= W
w— /Q G )p()dyY  inQ. (2.89)

Thus two-dimensional stationary turbulence is provided with the dual variation between
the “particle density” p and the "field” y.

If equation (2.89) admits a unique solution, conversely, then the limiting process (2.88)
is justified in the sense of measure.>® This property is actually the case of B > —8.
Furthermore, there is propagation of chaos indicated by

pi = p*
in the sense of measure, where p/(xi,...,x;) is defined by (2.87) and
k

,D®k()cl7 ... ,xk) = Hp(x,)
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In the general case, it holds that
pi /p®ké (dp)

passing to a subsequence with a probability measure & (dp), and if p is in the support of &,
then it is a minimizer of a free energy functional 3%143

Actually, these results are obtained in the context of equilibrium statistical mechanics using
the Hamiltonian (2.79). Although the above f3 is called the inverse temperature, it is not
associated with the physical temperature, and there is a possibility of negative 8. In fact,
using the micro-canonical probability mesure Q(F) defined by (2.82), we obtain

d
p= JF logQ(E)
by (2.80) and (1.234). We have, on the other hand,
E
O(E) = / dxy ...dx, = / Q(E')IE'
{H<E} —oo

by the co-area formula and (2.82), and therefore,

@//(E)
O'(E)

B

Since ©(E) is a monotone increasing bounded function of £ € R, it has a point of inflec-
tion, and B < 0 occurs for £ > 1, see.”?*! The other argument uses canonical statistical
mechanics to confirm the case 8 < 0, see.3*

Deterministic Intensity

The above described mean field equation is concerned with a uniform intensity, but vortices
with non-uniform intensities can also arise. These intensities may be either deterministic
or stochastic.

First, there are several physical and mathematical arguments to derive the stationary tur-
bulence mean field equation for deterministic intensities.3%#0:15%170258  Here, we apply
the method of'*° concerning the signed vortices, and show the general form. In more de-
tail, we use the micro-canonical statistical mechanics, assuming n'n, ... n!
vortices with the intensities o't ..., ol o, respectively, where 0 < n’ < 1, —1 < o/ < 1
(i=1,....0),and Y1 n' = 1.

First, we divide Q into small cells {A; } with the same volume A = |Ay| (k= 1,2,...). If N,i
denotes the number of vortices of the intensity oo contained in Ay, then the weight factor
indicating the number of microscopic states is defined by

n-numbers of

I AN
gt

i=1
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and the equilibrium of {{N},N],...} ,{N},N3,...},...,{NI,N},...} } is described by the
condition that /¥ attains the maximum under the constraint of

ZN,& =n'n, ... 7z‘N,{:nIn
k k
H(xi,...,x,) =E. (2.90)

Here, x;, is the center of Ay, k=1,2,..., and

o2
H(xpy...,xy) = 72
k

)i )i
z 2 OCIN;(> (Z (XINZI> G(xk,xi)
4k \i=1 i=1
o r\?
+— z 2 o'N; | R(xg)
27 \4
denotes the Hamiltonian defined by (2.79) and

aY o'Ny = o.
i

Thus it holds that (2.90) and

J ! J 1 _ 2 J 2

N log 7 caN;(;Nk, aNllf%N,ﬂ aN,g%N"’
2 [ Sy (zw‘ ) (zaw;;) oy re)
N; KUK \i=1 i=1

2
+— Z(Za’N’) (xp)| =0 (2.91)

fork=1,2,...andi=1,...I, wherec!,...,c! andﬁ are the Lagrangian multiplier.
Since
AV

I AN L [
log = log — = ) log -
UJZI & Ly

i=1

| S

AM\

Y [NilogA — NilogN; + Nj]
k

i=1

it holds that

dJ .
a—N]l\; logW =log A —logN,

and, therefore, the last term of the left-hand side of (2.91) is equal to
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a L
- o Za’Né, G(xk,xg/)
2 /’ k i=1

I I
a— N &N | o' Glxyxi) + o | Y o NL | o R(xy.)
2 KZk

i=1 i=1

1 1
=Baold [2 (2 a"N;j) G (xp,x¢) + (2 al‘N;;) R(xy)
i=1 i=1

ik

Thus it holds that

logA —logNi — ¢ — Bo?ar!
I )i
. lz (2 a’Né) G(xp,x¢) + (2 a’N,@) R(xk)] =0, (2.92)
0k \i=1 i=1
and, therefore, we obtain

logh (NilogA — NilogNj +Ny)

I
=

[
M»\
=M

= ZZNIIC ci—&-/}aza’ [Z (Z OCINZI> G(xk,xi)
=1k #k \i=1
1 . .
+ 2a’N,§> R(xg)| | +n
i=1
1 1 o
= n+ZZC’Nk+ﬁa > Y a'N;
=1k =1k

<i ’Né> (x5, x0) + (i oc"N,ﬁ) R(xk)H
i=1 j—

(i) (£

k (£k

o~
*
iy

¢'Ni + Bo?

I
3
M\.

*M

Il
_

2
G (xp,x¢ +2 <z a’N’) (xx)

I
=n+ Zc’nin—FZﬁE.
i=1

This formula implies

1dS

s 0
2B = = logh = — ==
P=3F koE’

and, therefore, ZB describes the inverse temperature of this system.
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Next, we obtain

[ ~ . 1 . .
N, = Ae ¢ exp (—[30{206’ [Z (2 (x’Né) G(xg,x¢)
=1

£k

+ (é{ aiN,i> R(xk)] )

by (2.92), and assume the high-energy limit,
Nt
z o 7" ~  p(x)A.
i

More precisely, we deduce

nn' = ZN,i
k

(2.93)

(2.94)

' 5 A I L
=e Y Aexp (—ﬁaza’ [Z <20‘1Né> G(x,x¢) + (2 lei) R(x")D
T t#k \i=1 =1

~e ZA exp <—a [Zp x0)G(xg,xe) + p(xi)R (xk)] A)

£k

from (2.93) and 202 = B /n, and introduce the “stream function”

y(x) = ./g.zp(x’)G(x’,x)dx’ = /Q G(x,x")p(x)dx'.

Using the principal value, then we obtain

[ZPW (xk,x0) + p (xi)R (xk)]A ~ oY),
7k

and hence

i~ e Y Aexp (—g(x"w(xk)>
k

~e /Q exp (—g(xiw(x)> dx

This relation implies
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and hence it holds that

plu) ~ Yo

i

- Zaini% exp (—ﬁaza’ [2 <2 a’Né) G(xp,x¢)

£k \i=1
1
+ <2 OliNli> R(xk)] )
i=1

an'
" Jaexp (—Baiy)
-exp <—123ai lz P (x0)G(xg,xe) + p(xk)R(xk)] A)

£k

iNi
nA

~
~

. (~Beivn)

i Jaexp (—%a[w)

by (2.94) and (2.93).
Thus using
1 .
P(do) = n'6,(dar),
i=1
we obtain
B
oe 2%V
p=[ HPda)
[-1.1] jgeffaw
w— / G- x)p (). (2.95)
Q
This formula implies
logpa + g(—AD)*Ip = constant (2.96)
for
e’g"“”
Pa =
Joebev
satisfying

p=[ apaPlda). 2.97)
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Equation (2.96) has the variational function
epa) = [ | [ [ patiospa— 1| laco + B (-a0)1p.p)
~ [, | patiogpe =1 plac)

[71’1]

+E// ao ((—AD)*l/zpa,(—AD)’l/zpa/)P®P(dadoc’)
4 JJ—1,1)x[-1,1]

constrained by (2.97). Its boundedness is studied when P(da) is discrete, see.5284
We obtain, on the other hand,
e b v .
—Ay = —5 —P(da) inQ, y=0 ondQ (2.98)
[7171] fQ effaw

by (2.95), which has the variational function

I =5 IVvli+ 5 [ o (./g'ze’iw) e+ 2

defined for v € H(} (Q). For the duality of these variations to confirm, we define the La-
grangian

B

Then, it follows that

vopew) == [ | [ peliozpa—1)| Plde) + S 19w~ (v} 299

Joe 2%V
2
Lly=-ap)y1p = _El'

Putting v = —%1// and A = —% in (2.95), we obtain

' oe™
—Av=12 / ¢ _pda) inQ, v=0 onoQ (2.100)
Jiey Joe®
with the variational functional
1 o
Jv)== ||Vv||§ -1 / log (/ e‘”) P(da) (2.101)
2 J-1,1) Q

defined for v € H}(Q). The Moser-Onofri-Hong inequality!47-296-240 implies

1
ov) 2
log (/ge ) < Tom |Vv];+K

for e € [—1,1],v € H} (Q), where K is a constant determined by Q. The inequality

inf  Jgz(v) > —oo
veH] (Q)
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derived from the Moser-Onofri-Hong inequality is improved as follows and then we obtain

the existence of the solution to (2.95) for f > —2A..

Theorem 2.4. For J, =J) (v) defined by (2.101), it holds that

inf Jy (v) > —eo
vEH)(Q)

for
8

A= —F5——.
Ji-iy o?dP(a)

Proof> From the Pohozaev-Trudinger-Moser inequaliy,?%2>7-323 it holds that
/e“”w2 <C  for  |Vwl,<1.
Q

Using this property with

(av)? 2 V713
IV (a3 l6m

for v € H} (Q) \ {0}, we obtain

Vv||2
1 /‘”)Pd <”—2/ ’p(da)+K
/Hl] Og( 0° (da) < lom Hl]a (dax)

with a constant K determined by € which implies that

1A 2 2
>~ _
O (2 - /Hl]a P(a)) IVv]3 - 2K

and hence (2.102).

In the neutral case defined by

Plda) = %{é,l(da) +8(da)),

T (v) = % V2 - % {log (/Q ev> +log (/Qe>] .

We have A, = 87 for A, defined by (2.103), but actually it holds that

it follows that

inf J16n(v) > —oo,
VEH(} (Q)

(2.102)

(2.103)

(2.104)

(2.105)

see.230285 The mean field equation (2.100) to (2.105), on the other hand, is formulated by

Vv —V
—Av = & e ¢ in Q, v=0 ondQ.
2\ Joe™

(2.106)
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This equation was derived by the above described method!® and also by the other method

of direct calculation?>® using the micro-canonical ensemble. From the latter method, we
obtain (2.95) with % replaced by B, see.?®® There will be a sharper form of inequality
(2.102) regarding the dual inequality, see.®2232284.285

Stochastic Intensity

It is shown by the method of minimal free energy using the canonical ensemble??! that if
the intensities of the vortices are independent random variables o € [—1, 1] subject to the
the same distribution P(d ), then the mean field equation is defined by

Jioi ae “BYP(do)

p= -
.f[71,1] (fQ € aﬁ"’) P(da)
v =(-Ap) 'p. (2.107)
Thus in the neutral case of (2.105), slightly different from (2.106), it holds that
V_ ,—V
—AV:l (”) in Q, v=0 on 8(2,
I

and the associated variational functional is

1
J(v) = 5 Vo5~ Alog </QeV+/QeV)

defined for v € H}(Q). This case is also obtained by the method of maximal entropy.3*
In fact, in this case we put

Fi=(x,0)eQx[-1,1]=Q

because the intensity o = oo is also a random variable besides the position x; at each
vortex point. The Hamiltonian is described by

N 1 n n o 1 n ]
H"(X™) = 50‘22 S a’a/G(xi,xj)+§a22(a’)2R(x,~),
i=1j=1,j#i i=1

and, therefore, dividing
into

we obtain

k n
H'X") =H @)+ H X0+ Y dao/aGx,x;).
=12kt
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The canonical measure, on the other hand, is described by
e BH' (X" g 3m
Z(n,p)
Z(n,ﬁ) :/~ e*ﬁHn(m)dXvn7
Qﬂ
and, therefore, the k-point reduced pdf is defined by

W'(dx") =

B
= X” - .
Pr = / u"( )= Z0n)
) / e BH'* (X, k), PPy, ¥ k+1°‘i°‘jG(xi=xi>d)~(n7
Sk
Using
) R P R )
we deduce
n__ Z(n_k) *BHkO?k)
Pr = Z(I’l) e

k rmm—kiv _Rey2 vk n . ~
Qn—k
and, in particular,

pr(F1) = exp{ Bla )]
/Q" k 2n n—l i _zzn“ o OC’Gx,,x])
B

n
mlg&(a’)zR(x, - €Xp [ z o G x,, ] l(anil).
Thus assuming p{' — p; and the propagation of chaos, we obtain
exp |: // 2G X17X2)p1 (xl)pl (XQ)dxldX2:|
AxQ
- eXp |: ﬁOC / o G(X1,xz)p1(xz)dxzj|

0L which guarantees

p1(¥1) =

for Z =1lim, . Z(Z( ")

%) = exp [—Ba! 5 07 G(x1,x2)p1 (F2)d]
P = e exp[—Bal fo 062G (a1, x)p1 (B2)]d%1

This equality means

. ep[Baty()
P = Bty d
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for the mean field stream function
y(xi) = /Q 0 G(-,x2)p1(%2)dx, (2.108)
and hence

Ay = / o' pi(i1)P(da) (2.109)
[7171]

because o (i = 1,2,...) has the same distribution functions. Then, (2.107) holds by (2.108)
and (2.109).
The mean field equation (2.107) implies

logpa + B(—Ap) ' p = constant
e~ 0BV

Po = — — , (2.110)
’ Jo (Joe @PV) P(dar)
and then it holds that
Pa >0, : ]paP(da) =1
~1,1
p= /[ | opP(do). (2.111)
~1,1
Then, (2.110) is the Euler-Lagrange equation for
twpa) = [, [, patiosp =~ VPtae) + 5 ((-a0) 'p.p)
constrained by (2.111).
The relation (2.107) also implies
' ae “BYP(do
Jeny @) o v=0 ondQ 2.112)

Y= f[fl,l] (fgefaﬁ"')P(da) 7

which is provided with the variational function

1 s 1 s _ 1
J(y)==||Vyl|;+=1lo /[/ “ﬁ“’PdaD—s——
)= 519w+ gloe ([ [ e ovptaa) )+ 5

defined for y € H(} (Q). Then, introducing the Lagrangian

Lopaw) == | [ | petiogpa— 1P| + 5 19IE - (vep).

we obtain the unfolding

L|p By =J
¢ J[,U](fgfaﬁ"/)P(da)
1
Lly=(-ap)y1p = _El'
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Using v= By and A = —f3, we can write (2.112) as

aye Jmn@etPEl) oy enda 2.113)
Jio1 Uge™) Plda) 7 ’ '

with the variational function

1
B = 5 IV~ Alog (/Q V[M] eaVP(da)D 2.114)

defined for v € H(} (Q). The following theorem, obtained similarly to (2.102), guaran-
tees the existence of the solution to (2.113) for A < 8x. Similar to the deterministic case
(2.98), this value A = 87 may not be optimal for J; (v), v € H} (Q) defined by (2.114) to
be bounded from below.

Theorem 2.5 (*2V). It holds that

inf  Jgp(v) > —oo (2.115)
veH& ()

Jor Jy, = J; (v) defined by (2.114).

Proof: Givenv e H}(Q)\ {0}, we apply the Pohozaev-Trudinger-Moser inequality (2.104)
to

1 2

14
oav< —||Vy 2—|—47t0(2-7,

where o € [—1, 1] and C > 0 is a constant determined by Q. This inequality implies

1
av < 1 2
tog (/Q [/[1,1]e P(doc)}) = Tor [Vvll3 +K

for v € H} (Q), with the constant K determined by Q. Then (2.115) follows. O

2.2.5. Kramers-Moyal Expansion

The last two paragraphs of this section are concerned with the macroscopic descrip-
tion of the non-stationary mean field equation based on the microscopic and mezoscopic
overviews, respectively.

The first equation of (1.8) is called the Smoluchowski equation. First, master equation
describes the particle transport using the conditional probability. Then, the Kramers equa-
tion is obtained by the Kramers-Moyal expansion. The adiabatic limit of this equation is
called the Smoluchowski equation, whereby the conditional probability limit casts the par-
ticle distribution. Such a kinetic theory that derives from the drift-diffusion equation is
adapted by several authors in the context of chemotaxis in biology,>!44-246.248.290.293 \hj|e
the other argument applies the method of renormalization directly to the master equation.?*’
This paragraph describes the former classical approach. The space is assumed to be one-
dimensional, to make the description simple. See?*” for the latter approach.
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Master Equation

Let P(x3,% | x1,1) be the conditional existence probability of a particle at the position
x = xp and the time ¢ = #, that was at x = x; for = #;. Then it holds that

P(x2,ll + At \xl,tl) :F5(XZ —xl) + At- W(x1 —>x2) (2.116)

for 0 < Ar < 1, where the first and the second terms of the right-hand side describe the
state variation and the transient probability, respectively. Using

/dsz(xzjz | x1,4) =1,
we obtain
F+ At /dx'W(xl —x)=1
and, therefore, .
P(xy,t1 + At | x1,t1) = 6(x2 —x1) {1 —At/dx’W(xl —x’)}
+At-W(x1 — x2). (2.117)
Now, we apply Chapman-Kolmogorov’s equation
P(x3,t3 | x1,81) = /P(X3,l3 | x2,82)P(x2,82 | x1,81)dx dtn
to (2.117), and then it follows that
P(x3,t+ At | x1,11)
= /dxz [5(x3 —x3) {1 —At/dx/W(xz —>x’)} +At-W(xy — x3)
-P(x2,t | x1,81)
— {1 —At/dx’W(xg,—x')}P(xg,,tz I x1,1)
+/dsz(x2 — x3)P(x2,1; | x1,8 )At.
This equality implies
é{P(xle AL [ x1,0) = Plxs, o | x1,0)}
= —/dx/W(xz, — X )P(x3,t2 | x1,11)
+/dx2W(x2 — x3)P(x2, 0 | x1,11),
and, therefore,

%P(x,t | x1,6) = —/dx/W(x — X P(x,t | x1,4)

—|—/dx'W(x/ — X)P(X,t | x1,t1). (2.118)
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This formula is called the master equation, and describes the time variation of the existence
probability P controlled by the transient probability 7, see.?®?

Kramers Equation
The right-hand side of (2.118) is described by
- /dyW(x —x+y)P(x,t | x1,0)+ /dyW(x—y —x)P(x—y,t|x1,11),
and we apply the formal Taylor’s expansion,
ot a) = 3 94 00) = exp(adn) o),
to the second term. Thus it holds that
/dyW(x—y—>x)P(x—y,t | x1,81)

= /dy [exp(—y )| W (x — x+y)P(x,t | x1,11),

and hence
%P(x,z | x1,t1)
= —/dy[l —exp(—yde)| W (x — x+y)P(x,t | x1,11)
= /dyi kl(_yax)kW(X—’x+y)P(X,l | x1,41)
ikl k() P(xt | x1,0) (2.119)
for

Celx) = / W(x — x+y)ydy.
Equality (2.119) is called the Kramers-Moyal expansion. Here, we apply (2.117) and obtain
/P(x +y,t+ At | x,0)yrdy
= / {5(}/) {1 —At/dx'W(x — x’)} + AW (x — x+y) | Yrdy
=Nt / W(x — x+y)kdy
because k > 1. Thus it holds that
Ci(x) = Al;LnoA—/P x4yt + At | x,t)yrdy

. 1
= lim —/[P(x+y,t+At | x,2) — P(x+ y,t |x,t)]ykdy,
Ar—0 At
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and henceforth,
J PG4 3wt +8 | x,0) = P-4t | x,0)]
is denoted by
(It -+ a0) = x(0))
x(t)=x
because it indicates the mean value of the k-th moment constrained by x(¢) = x. Thus we
obtain

Colx) = lim <[x(t+At) —x(t)]k>

A—0 At x(t)=x

Fluctuation-Friction

The Langevin equation describes the motion of a particle subject to the fluctuation-friction
and is formulated by
dx
Sy
dt

m% = —myv+R(t) +mF(x)

see,®0 where m, 7, R(t), and F(x) denote the mass, the friction coefficient, the fluctuation,
and the outer force, respectively. Then we can derive the Kramers-Moyal expansion of the
master equation concering the conditional probability P(x, vt | x1,v1,4 ).

In fact, replacing this relation by

o) = visge ™)+ [ 1= {
x(t) = x(s) + /St v(1)dT

for t > s, we obtain

R(7)

m

+F(x(r))] dr

1
Altlg() E <x(l +At) _x([)>v(t):v, x(t)=x — v

1 ) B
Altlg() E <[x([ + A[) _x(t)] >v(t):v, x(t)=x =0 (2 120)

from the second equation. Next, it holds that

t+At
v(t+ A1) ~ (1= yA)v(e) + e VA=) I%dr + F(x(t))At,
t

or
v(t+At) —v(t) = (—yv(t) + F(x(2))) At

t+At
+ / o rira-n RO 4 (2.121)
t m

by the first equation.
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Since (R(7)) = 0, it holds that

.1

Altlino E <V(I + Al) — V(ZL)>V<[>:V’ x(t):x = _YV +F(X) (2 122)

Similarly, we obtain

R(7)
m

V(e a0) v = 2(te) + Fs ) [ et R g

2
/I+At efy(t+At7‘L')R(T) dr
t m

_|_

and hence

lim é (e +-80) —v(o))

At—0 v(t)=v, x(t)=x
) 1 1 t+At AL _ o
= Altlglo AN . "3 /; /; o V22N -1 1) <R(t1 )R(t2)> dtdt,.

If the fluctuation is a white noise, then its correlation is defined by
<R(t1)R(lz)> = 2D5(t1 — tz)

with D > 0, and then it follows that

1 1 t+At pt+At 2D
s —Y(2t+2At—t) 1) _ =~
imawl | (RERE) s =

We obtain
im 2 2D
hmOA_t<|v(t+At) _V(I)| >V(t):v,x(t):x = ﬁ7 (2123)

At—

and, therefore,

Ci(x,v) = (v,—y+F(x))
Gy (x,v) = (0,2D/m2)

by (2.120), (2.122), and (2.123). Hence (2.119) is reduced to the Kramers equation,

J d_ 9 D 32
EP(X,V,Z‘ ‘xlvvhtl) = [_%cv+8\;(_F(x)+W)+n1za\,2]
P(x, vt | x1,v1,1) (2.124)

by neglecting the higher terms of £ > 3. This equation is called the Fokker-Planck equation
if it is uniform in x:

JoP 0 D 0

Smoluchowski Equation
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If K and T denotes the force field and the temperature, then we obtain ' = % and D = mkT.

In this case, the Kramers equation (2.124) is described by
oP K oP oP d kT oP
o Tmav Vox oy (V”;m)
kT oP K _ kT 9P\ kT 9°P  JP

=75 ( T T m W—ma) T mavox Vox

— i_li vP—i—Ii@_EP_A'_k_T%
~ "\ o Y 0x m dv  ym ym dx

d <KP kT&P)i

“ox\ym'  ymox
Using
et
q=x y
p=v
we obtain
Jd 10 d
v ydg dp
Jd _d
ox  dq’

and, therefore,
o0P__ oA 3 (K, o
ot y&p dq \ ym ym dq

A:vP+kl£—£P+k—T£.
m dv  ym ym dx

Thus if

/P (q - %p,t> dp ~ fx0)|—g-
[x (q— ‘;) P (q— ’;,p,r> dp ~ K@)/ (1), gz (2.126)

then the Smoluchowski equation

af 1 d af
2o L (—kf+hTE
dt  ymox ( I 8x>
can take place of (2.124), where
flx,t) = /P(x, v,t)dv.
From the Kramers equation, the existence probability P(x,v,#) is almost supported in |v| =

1/2
0] ((Vk—T> ), and, therefore, the approximation (2.126) is valid if the variaions of P =

m

1/2
_ ; : _ kT
P(x,v,t) and K = K(x) in x are uniformly small for |Ax| = O ((Y_M) > .
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2.2.6. Kinetic Theory

The Smoluchowski-Poisson equation (1.8) arises also in the kinetic theory in accordance
with the Boltzmann entropy.3! A relative is the degenerate parabolic equation of which
stationary state is provided with the quantized blowup mechanism.3%

First, the parabolic-elliptic system

t=V[D.-(Vp+uVe)]

Ap=u inQx(0,7) (2.127)
is derived as the hydrodynamical limit of self-gravitating particles. Here, u = u(x,¢) >0
is the function describing particle density at (x,7) € Q x (0,7), Q C R”, n > 2, a domain,
© = ¢(x,t) the gravitational potential generated by i, and p > 0 the pressure determined
by the density-pressure relation

p=p(l.6). (2.128)
If Q has the boundary dQ, the null-flux boundary condition
(Vp+uVe)-v=0

is imposed with v denoting the outer unit normal vector so that the total mass

A= /Q 1 (x,1)dx

is conserved during the evolution.
Details of the derivation are as follows. First, the density of particles at (x,7) € Q x (0,T)
moving at the velocity v is denoted by 0 < f'= f(x,v,1). It is subject to the kinetic equation

fi+v-Vif=Vo -V, f=-V,.j

with the general dissipation flux term —V,,- j. This flux term is determined by the maximum
entropy production principle, so that /" maximize the local entropy S = [gas(f(x,v,))dv
under the constraint

U(x,1) :/Rnf(xm,t)dv

plx,t) = %./1.1” V2 £ (x,v,0)dv.

Averaging f over the velocities v € R”, and then the passage to the limit of large friction
or large times lead to the first equation of (2.127) in the (x,7) space, see.>! We have, thus,
several mean field equations according to the entropy function s(f) subject to the law of
partition of macroscopic states of particles into mezoscopic states, that is the entropies of
Boltzmann, Fermi-Dirac, Bose-Einstein, and so forth.

System (2.127) with (2.128) is still under-determined, and there are several theories to
prescribe the temperature 6. In the canonical statistics one takes the iso-thermal setting,
and hence the temperature 6 > 0 is a constant. In the micro-canonical statistics, on the
other hand, 6 = 6(¢) > 0 is the function of ¢, where

n 1
E—E/dex+§/gu(pdx
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is the prescribed total energy independent of ¢.

If Rényi-Tsallis’ entropy
-1 r
S= =1 (f?=fdv

1 Jre
is adopted, then (2.128) becomes
p=x6" Ty,
where kK > 0 is a constant and %, = qfll + 5, see’®? for details. By normalizing constants
and assuming Q = R”, then we can reduce (2.127) to the degenerate parabolic equation

m—1

uy = ——Au" = V- (uVIl'xu)
m

u>0 inR" x (0,7) (2.129)
in the iso-thermal setting, where the new unknown u is a positive constant times UL, ﬁ =
L+ 2 and
q—1 2°

1
= n—2
@y—1(n—2) x|

I'(x)

with @, denoting the (n — 1) dimensional volume of the boundary of the unit ball in R”
ifn >3 and

— logm (2.130)

ifn=2.

Whenn =3 andg = %, the case m =2 — % = % actually arises to (2.129). As we shall show
by the scaling argument, equation (2.129) of this exponent m is, mathematically, a higher-
dimensional version of the Smoluchowski-Poisson equation associated with the Boltzmann
entropy in two-space dimensions. This two-dimensional equation is given by

u =Au—V-(uVlxu)
u>0 inR? x (0,7) (2.131)
with ' = T'(x) defined by (2.130). It is thus a relative to (1.8), the simplified system of

chemotaxis, associated with the total mass conservation ||u(¢)||; = |luo||; and the decrease
of the free energy,

1
F(u) = /Qu(logu —-1)- 3 /QXQ G(x,x")u ® udxdx',

where Q C R? is a bounded domain with smooth boundary, v the outer unit normal vector,
u®u=u(x,t)u(x',t), and G = G(x,x’) the Green’s function to (1.15).

Similarly to (1.8), there is a collapse formation with the quantized mass of the blowup
solution in finite time to (2.129), provided that

up = ul,_y €X = L'(R?, (1 + |x|*)dx) NL™(R*) N H' (R?).
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In fact, (2.131) is well-posed in this function space X locally in time, and it follows that

dI A?
o2
dt 2
for
I= / x|
JR2
A= u.
JR2

We have T = Thax < +o0 and T = +oo if A > 87 and A < 87, respectively. In the case of
T = Thax < oo, it holds that
limsup/(t) < 4-oo

ar
and this property guarantees the boundedness of the blowup set in R? from the e-regularity
and a Chebyshev type inequality. Then, we obtain an analogous result of (1.11)-(1.13),
similarly, so that if 7 < 4o then

u(x,r)dx — Y, 8mdy,(dx)+ f(x)dx

xX0€S
in.#(R>U{}) ast | T, where .7 is the blowup set of u, which is finite, 0 < f = f(x) €
L'(R?)NC(R?\ .¥¥), and R? U {eo} is the one-point compactification of R,
Equation (2.129) is also a model (B) equation associated with the fiee energy

m
1
ﬂ(u):/n%—EW*u,u). (2.132)

It is actually the free energy formulating the equilibrium of the Euler-Poisson equation, see
§2.1.2. In fact, we have

= <\4u’”71 —I“ﬂ|<u>7

0F (u)v) = %f(u—l—sv) L

where (, ) denotes the L?-inner product. Identifying .% (1) with " ~' — T % u, we can write
(2.129) as

—1
u;—V-(m Vum—uVF*u>
m
=V-uVeZF(u) inR"x (0,7). (2.133)
From this form of (2.133), it is easy to infer, at least formally, the total mass conservation
l[u(®) ]Iy = lluoll1 = 24 (2.134)

and the decrease of the free energy

d
ST ) = —/Rnu\vay(u)\z

= —/ u’V(u’”_l—F*u)’z
Rn
<. (2.135)
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See??8:300311 for the rigorous proof and the notion of the weak solution.
Regarding (2.134)-(2.135), we formulate the stationary state by

u™ ! —Txu = constant in {u >0}
/nu:/l. (2.136)
If the above constant is denoted by ¢, then v =T x u + ¢ satisfies
—Av=v1 in R”
/nvi:L (2.137)

where m =1+ é. This constant ¢ may depend on the connected component of {u > 0} at
this moment. We obtain, thus, a relative to (2.26) for the bounded domain case, see also
§2.4.3.

Problem (2.137) is invariant under the scaling transformation

v(x) = vy (x) = uv(ux) (2.138)

ifandonlyif y=n—2and g = ﬁ = A5, thatism =2 — %, where 1 > 0 is a constant.

If this exponent is the case, conversely, problem (2.138) admits a family of solutions, each
of which is necessarily radially symmetric and has compact support, see.3*! Then, we
recall the three dimensional case described in §2.1.2, and define the normalized solution
Vi = Vi (x) to (2.137) and the quantized mass A, > 0 by

—Av, =v{ v, <v.(0)=1 inR"
A = /R v, (2.139)
Then, we obtain the threshold for the existence of the solution global in time, see also.29%-3%0
Theorem 2.6 1), Ifug = ug(x) is the initial value satisfying
0<upcL'(R")NL>(R")
uf € H'(R")
/Rn [P ug < +oo (2.140)

and |Jug||1 < As, then T = +oo holds in (2.129) for m =2 — 2. Each A > A, on the other
hand, takes uy = ug(x) such that (2.140), |luo||1 = A, and T < H-oo.

The non-stationary problem (2.129) with m =2 — % is provided with the L'-preserving
self-similar transformation
u (x,0) = p"u(px, p"t),
see §2.3.1. This transformation induces the backward self-similar transformation
v(y,8) = (T — t)u(x,t)
y=(x=x0)/(T=1)"/"
s=—log(T —1)
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and the rescaled equation

-1 2
Vg = R YL — VWV (T« v—|—M)
m 2n
v>0 inR" x (—logT,+o0).

The constant A, = A,.(n) > 0 defined by (2.139) is the best constant of Wang-Ye’s dual

form of the Trudinger-Moser inequality, see,

311,331

inf{y(u) 10 <ue "R, /u - z*} > —oo

with the left-hand side equal to 0, where m =2 — %

2.2.7. Summary

We have studied the particle kinetics, particularly, stationary mean field turbulence and the
molecular kinetics using equilibrium statistical mechanics, Kramers-Moyal expansion, and
kinetic theory.

(1)
(@)

(€))

4)

)

(6)

Two-dimensional vortex point system is described by a Hamilton system.

The equilibrium statistical mechanics formulates the probability measure of ensembles,
which are equivalent classes of the microscopic states that have the same macroscopic
profiles using the principle of equal a priori probabilities. Then, the ergodic hypothesis
asserts its practical validity.

Micro-canonical, canonical, and grand-canonical ensembles are defined for materially
and kinetically closed, materially closed, and open systems, respectively. In connection
with the non-equilibrium thermodynamics, the micro-canonical setting is concerned
with the total energy conservation and the entropy increasing, the canonical setting is
concerned with the temperature conservation and Helmholtz’ free energy decreasing,
and finally, the grand-canonical setting is concerned with the pressure conservation and
Gibbs’ free energy decreasing.

We obtain the mean field equation of high-energy limit of two- dimensional vortex sys-
tems by several arguments. This equation is provided with the dual variation between
the vortex point distribution and the stream function. Using the latter, it is described
by the elliptic eigenvalue problem with the exponential nonlinearity competing two-
dimensional diffusion, whereby the quantized blowup mechanism is observed.

The particle equation of the system of chemotaxis is associated with the molecular
transport, and non-equilibrium mean field equations are derived from the master equa-
tion.

There is an equivalent mezoscopic approach using several entropies to describe the
motion of the mean field, called the kinetic theory. Mass quantization is observed for
the equation derived from the canonical setting and Rényi-Tsallis’ entropy.
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2.3. Gauge Field

The first quantization in quantum mechanics is an operation for describing the movement of
the particle density from that of classical particles. If we take this process, using the gauge
of the Maxwell equation, then the Bogmol’nyi structure and the self-duality induce again
the exponential nonlinearity competing to the two-dimensional diffusion. This section is
devoted to the quantized blowup mechanism for solutions to the mean field equation in
two-space dimension. We develop the blowup analysis based on the scaling invariance
of the problem and reveals the quantized blowup mechanism through several hierarchical
arguments, and, consequently, support the motivation of §1.1 from the theory of nonlinear
spectral mechanics.

2.3.1. Field Theory

In this paragraph, we describe fundamental notions of gauge theory, particularly, covari-

ant derivative and self-duality, and derive the gauged Schrodinger Chern-Simons equa-
tion.317:318

Classical Mechanics

First, if g1, ..., gy are particles in R3 with the masses my, ... ,my, then the Newton equation
is described by

) J mim; .
=32 (- , =1,...,N. 2.141

This equation is equivalent to
S/L:Q (2.142)

using the Lagrangian

L= Z %mlq,z — z i
1

j<i |qi —4qj | 7
that is (2.141) is equivalent to the Euler-Lagrange equation associated with this L and de-
scribed by
d (JL oL
— =) == i=1,...,N. 2.143
G Ge) =5 =t (.143)

Then, Hamilton’s canonical equation (2.81) is obtained by using the general momentum
pi= g—q.L_ and the Hamiltonian

H= Zpiq'i —L,

regarded as H = H(q1,...,gN;P1,---,PN)-
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Gauge

Motion of the electron put in the electro-magnetic field is described by
mi=—Q(E+xxB)—VV,

using the position x = x(¢) € R3, mass m > 0, electric charge Q, electric field £, magnetic
field B, and kinetic potential V. Actually, QF and Qx x B denote the electric field action
force and the Lorentz force, respectively. These electric and magetic fields are subject to
Maxwell’s equation

dB
VXE——g

V-B=0,
and, therefore,

B=-Vx4
A
E= vy
dt
using the vector and the scalar potentials 4 and W, respectively.
Writing A = (4;);=123 and y = m¥ = (yi)i=1.2.3, it holds that

))i:—Q(E+XXB)i—%
¥ 94; (04, 04; v
_ bl 4 -/ J L
"Q<aﬂ at)+‘k <aﬂ aﬂ> oxi
dA; ¥ dA; IV
—_ _0nX*2 Z o i’ R
o th +Q8xi+Qx oxi  oxi’

and hence we obtain
i(y—&-QA») = i Q‘I’+QZXJA i—V
dt-' Y ox ; / '
This equation means (2.143) for

1
L:Emﬁ+QW+QhA—V

and N = 3. Thus the general momentum and the Hamiltonian are described by

oL
pi= 5 =i+ 04,
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and

H=Ypx—L

1 1 1
= —(vi+04)yi— {y,z +O¥+ —Oyid - V}
m 2m m

1
= - 0¥+V
2m
1
= E(pi_QAi)z_Q\P“F v,

respectively. Regarding ¢ = x as the general coordinate and putting W = 4y, we re-
formulate the Hamiltonian of this system by

!
H=H(g,p.t) =5 (pi— 04,)* — QAo + V.

First Quantization

The particle mass is quantized by the Schrodinger equation. In the first quantization, the
electro-magnetic field remains classical, coupled with the vector potential A4y, 4 =0,1,2,3.
Thus we replace E = H(q, p,t) by

t — t
h o0
E A
'_) l2n8!
1 h
o -
i 121

Using the normalization of % =1, we obtain

oy 1
= ——(0;—104,)*v — 04 14 2.144
15 = =5 (0 —104)7y = Qdoy + V', (2.144)
and then the gauge covariant derivatives

Dy =0y — 104y, u=0,1,2,3

replace (2.144) by
1
Doy = —%Dflﬁ— Vy, (2.145)

where dy = 0.
The energy operator is thus described by

R 1
E=——D’4+(V-04
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and, therefore, we obtain the energy expectation,

E=/ VEy
R3

. 1
—/R}w{—sz?wHV—QAo)w}

1 2 2
= R3%|Dillf\ + (V= QAo) |y|” dx

by

9 (YDiy) = YDy + oDy
= DiyD;y +yD:Dy

= |Diy >+ WD}y
This E is regarded as a Hamiltonian again, denoted by H, and then (2.144) is equivalent to
v _oi
ot oy
The equivalent formulation (2.145) is obtained by replacing H and o; by
H= | i IDiy|* +V |y|* dx

and the covariant derivative Dy, respectively, that is

O0H
lD()l// = H_Il

Chern-Simons Relation

The pre-gauged Schrodinger equation is defined by

y 1
—=——A 14
Co1 2m VY,
and then there arises the nonlinear Schrodinger equation
dy 1 2
2 Ay— 2.146
vas = A =gy, (2.146)

if the potential V = —g|y |2 is adopted to describe the mean field self-interaction, where g
denotes the gravitational constant. Henceforth, we consider the case of two space dimen-
sion. The particle density p = |l//\2 = YV is subject to

1 _ __
= _Eak(‘/’ak‘//_ Vory)
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or, equivalently,
pi+V-j=0
for
J = i(ww—wwy k=1,2
J= 0"z
which results in the Maxwell equation
duJ* =0, (2.147)
where
J=(M) =,/ =p.)), p=012

denotes the current density.
Equation (2.146) is described by (2.142) for

_ 1
L=1yopy — - ey + % yl*,

and we obtain the gauged nonlinear Schrédinger equation

1
Doy =~ Diy —glyl*y, (2.148)

using the gauge covariant derivative Dy, = d, —1QAy. The current density, on the other
hand, is equal to

= (") = (p.J)
p=ly
S = S (WD~ WD), k=12
by
du(¥1¥2) = ViDu¥o + (Dpyn1)¥a,  p=0,1,2.
Since this J is subject to (2.147), we take the gauge potential 4, satisfying
OWFyy=—J*  u=0,1,2,

where ), = 8HAV —ovA u denotes the rate of change of electromagnetic field. In the
Chern-Simons theory, however, this relation is replaced by

1
va: EgyVOCJa7 ,u7v7a:071727 (2149)

using the coupling constant k¥ > 0 and the skew-symmetric tensor €,y normalized by
g2 = 1.
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Thus (2.148) with (2.149) comprises of the gauged Schrédinger-Chern-Simons equation,
where

J =M

S =yl

T = YDy~ WD), k=1,
2m

Fuy = dudy — Ay,
and this equation is described by (2.142) for

K — 1 2, 8, 4
L= —EgyvaAu&vAa+“I’DO‘I/— m Dy +5 ly

K _ 1
= — 7€ WvadyFoo +1WDoy — 5 Dy + § lyl*.

Once the Lagrangian action density is defined, then the Bogomol’nyi structure and self-
duality induce a system of first order equations and a single second order equation, respec-
tively, see below.

Bogomol’nyi Equation

In two-space dimension, the Lagrangian action density concerning super-conductivity is
associated with the carrier (4g,4;,4,) and the Higgs field ¢, where 4y and 4; (i = 1,2)
are the electric and magnetic gauge fields, respectively, and \(p\z describes the Cooper pair
density. In the law temperature of 49 = 0, non-relativistic Ginzburg-Landau density and
the retivistic Abelian-Higgs density share the same stationary state involved by the Higgs
term and the double-well potential,'?4%23 that is

1 2 1 A 2
L(A’w):Az§|(aj_lA‘j)¢| +Zijij+§(|<P|2_l) dx.

Here, the Higgs field ¢ : R — C is regarded as a cross-section of a C-line bundle on R?,
A = (4;) =1, is the connection, and

Fi = 9,4k — 94,

is its curvature tensor. From these topological requirements, it holds that

1
= — Fi, eZ
n 2775/112 12

under the assumption of

lo| — 1

Dyo=0;¢9—14;¢0 — 0 as |x| — oo, (2.150)

and this n is called the vortex number. It is actually the first Chern class of the C-line
bundle. If 4 = 0, then the above L(4, @) describes the Landau-Ginzburg vortices.??
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Putting @ = @) + 1¢,, we have
1

5 1(9; =)

‘ 2
2

1
=5 {211 +410:)* + (0102 —Al(pl)z}
1
+5 {(82(P1 +A2(p2)2 + (az(pz —Az(pl)z}
1
=5 (D191 +4192) — (0292 — A2 )]

1
+§ (D201 + A202) + (D192 — A1)

[

+ (4102 — 4201) (97 + 03)

\S)

and
1 1
E/ (4102 — 4201) (97 + 93) = —/ Fia(@f + 03).
R2 2 Jr2
In the case of A = 1, therefore, it holds that

L,0) = [ 310101 +4102) ~ (22~ 2o

1

+- [(201 + A22) + (D192 — A1)

— N

1, 5, 2 1
+§ [F12+2(‘P1 +(p2—l)] dx—|—§/RzF12

1 1 2
2 [F12+ 5((P12+‘P22— 1)]
1

1 2 1]
_ 1t 1 2 1 2, 2
—2F12+8(\(P\ 1) +2F12(‘P1+‘P2 1).

Thus we obtain L > nm with the equality if and only if
(11 +4192) — (22 —A21) =0
(0201 +4292) + (12 —A191) =0
1
F12+§(‘P12+‘P22_1):0~ @.151)

Self-Duality

The above described Bogomol’nyi equation®’ is reduced to a single second order nonlinear
equation, similarly to the axially symmetric four dimensional self-dual SU(2) Yang-Mills
equation 317318337

More precisely, the first two relations of (2.151) are regarded as the real and the imaginary
parts of

200 —14p =0,
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where

A=A, +14>

d= % (d) —10n)

d= %(81 +10,).
This formulation implies A = —2:9 log @, and in particular,

p=2¢
for some /= f] +1f; with
£(0,r) = f2(0+2m,r)  modulo 27Z.

Then, we obtain

Ay = dhfi+dfi
Ay = = fi + o f2,

and, therefore,
Fip = 014y — A1 = —Af.
It holds that
—Afi +% (1—1)=0
and
fi=0, =P ash|—eo

by (2.150)-(2.151).
If /> has a finite number of singular points denoted by

{ai,...,am} CR?

(2.152)

then ¢(a;) = 0 because ¢(x) is continuous. If n; denotes the order of zero, more precisely,

then
Silx) ~ %log x—aif* as x — ay.
Thus writing

v=2f — Y mloglx —al,
3

we obtain

Av=e"— 1441y nib(x— ay) in R2.
k

Several elliptic equations involving exponential nonlinearity are obtained in stationary
self-dual gauge theories in the two-space dimension by similar arguments,>*® that is non-
relativistic and relativistic super-conductivities in high temperature are described by the
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gauged Schrodinger and the Chern-Simons densities with the self-dual equations defined
by

Av=e"+4mY nid(x — ay) in R?
k
and

Av=e"(e"—1)+4nY mb(x—a;)  inR? (2.153)
k

respectively. The effect of vortex term 47 Y, §(x — ;) is particularly studied in detail 31
Finally, the doubly periodic second solution to (2.153) without vortices is reduced to the

mean field equation
e’ 1
Aav=2 ( - _) inQ
Jae' 1€

/ y=0, (2.154)
JQ

where Q = R?/aZ x bZ,a,b >0 and A = 4r, see.>!>

2.3.2. Exponential Nonlinearity Revisited

As we have seen, the elliptic eigenvalue problem

Ae”
—Av=— inQ, v=0 ondQ (2.155)

relative to (2.154) describes stationary mean field of many vortices in the perfect fluid,
stationary self-dual gauge field associated with super-conductivity, and stationary state of
the chemotaxis system, where Q C R? is a bounded domain with smooth boundary 9€,
A > 01is a constant, and v = v(x) € C?(Q) NC(Q) is a classical solution. For this problem,
several results have been obtained such as the classification of the singular limit, uniqueness
of the solution, singular perturbation, and the topological degree calculation.

Theorem 2.7 (313). If (A, vi) is a solution to (2.155) for
(A,v) = (A, Vi), k=1,2,...
and
A — Ao € [0700)
[Vil[w = o0 (2.156)
as k — oo, then Ay = 87m for some m € N, and there is {v,,} C {vi} such that
m
Vv = 8w Y G(-,x}) (2.157)
k=1
locally uniformly in Q\ ., where . is the blowup set of{v;‘f} defined by

I = {xo € Q | there is xj, — X such that vi(x}) — —|—oo} )
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This blowup set is composed of m-distict interior points denoted by
S ={x],...,x} CQ,

satisfying

lVR()C";)—&-z‘VxG(x}k-,x,’é) =0, j=1,...,m, (2.158)

2 i
where G = G(x,x") denotes the Green’s function of —Ap defined by
~AG(X)=8(-—%) inQ, G(-,X)=0 onodQ

Jforx' € Q and

1
R(x) = G(x,x/)—kﬁlog x—x| ) xeQ

x'=x

is the Robin function.

We have

V’

m
~dx — 87w ) O (dx

in . (Q), and furthermore, (2.158) is equivalent for
(X1, x) EQX ... xQ

to be a critical point of the Hamiltonian
1 1 N m
H(xy,. . xm) = 52R(xj)+§ Z G(xj,x;).
=1 i=1j=1;j#i

This fact means a recursive profile of the vortex mean field hierarchy, see (2.79). Besides
the stationary state of chemotaxis (1.25), the above described quantized blowup mechanism
is actually observed in several problems. The quantized mechanism, conversely, clarifies
the structure of the total set of solutions mathematically, and we obtain the following theo-
rems.

Theorem 2.8 (313%8), [£0 < A < 87, then there is a unique solution to (2.155).

Theorem 2.9 (). If (X7,..5xp) € QX ... x Q is a non-degenerate critical point of
H(x1,...,Xm), then there is a family of solutions {(A,vk)}, to (2.155) satisfying (2.156)
for Ay = 8mm and (2.157) to v, = vy locally uniformly in Q\ ..

Theorem 2.10 (**3). Total topological degree of (2.155), denoted by d(L), is determined
by the genus g of Q if L &€ 8TN. More precisely, it holds that

d(h) = <m+1—g>

m

Jor 8tm < A < 8n(m+1). In particular, if g > 1 and A & 8nN, then (2.155) admits a
solution
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Collapse Collision

The above described quantized blowup mechanism is still vaild without the boundary con-
dition or even to variable coefficients,

—Av=T(x)e" in Q, (2.159)

where Q C R? is a bounded domain. If v = v(x) is a solution to (2.155), then w = v+
logA —log |, e” solves

—Aw=¢" in Q

/ewzl.
Q

The following theorem and its proof are, therefore, quite useful in the study of the self-
dual gauge field equation with vortex terms. There may arise, however, the collision of
collapses, that is multiple bubbles. Thus in Theorem 2.7, we exclude the collision of the
blowup points and also prescribe the location of blowup points, provided with the boundary
condition.

Theorem 2.11 (8). Let v, = vi(x), k= 1,2, ... satisfy

—Av = Vi (x)e*
0<Vi(x) <Cy in Q

/ e’ < C27
Q

where Cy,Cy > 0 are constants, Vi, = Vi(x) is continuous, and Vi, — V uniformly on Q.
Then, passing to a sub-sequence, we have the following alternatives:

(i) {wvk} is locally uniformly bounded in €.

(ii) vy — —oo locally uniformly in Q.

(iii) We have a finite set . = {a;} C Q and m; € N such that v — —oo locally uniformly
in Q\ . and

Vi(x)e dx — Z 87m; 0y, (dx)

in M (Q). Here, . is the blowup set of {v} in Q.
For the proof, we use the preliminary version sometimes called the rough estimate. It is

stated as follows.

Theorem 2.12 (32). Let Q C R? be a bounded domain, and vy = vi(x), k= 1,2, ... satisfy

—Avk = Vk(x)ev" in Q
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Sfor Vi, = Vi(x) > 0, and assume the existence cy,c; > 0 such that

Vil < c1

lle™l; <ea
ork=1,2,.... Then, passing to a sub-sequence, we have the following alternatives:
p g q g

(i) {wk} is locally uniformly bounded in €.

(i) vy — —oo locally uniformly in Q.

(iii) There is a finite set ¥ = {a;} C Q and o > 47 such that v — —eo locally uniformly
in Q\ . and

Vi(x)e"dx — Y 084, (dx)

in A (Q). Furthermore, . is the blowup set of {vy} in Q.

Thanks to Theorem 2.12, the proof of Theorem 2.11 is reduced to the following case, where
B=B(0,R) C R?> and B, = B(0,r).

Theorem 2.13. If

—Avg = Vi(x)e™®, Vi(x) >0 in B
Ve—=V in C(B)
max vy — +oo

B

max vy — —oo, 0<r<R
B\B,

lim / Vet = o
k—eo JB

/evk < C07
B

then it holds that o = 8mm for some m € N.

We can use this quantization to construct the solution for the disquantized A, see.!3%-2%7
The origin of this property is the self-similarity of (2.159) described below. If the boundary
condition is provided, then the mutiple blowup, indicated by m; > 2, cannot occur,180-216.235
while there is acutal collision in the general case.’” The proof of Theorem 2.11 says that the
non-compact solution sequence is approximated by a finite sum of rescaled entire solutions.
The required estimate of mass from below is standard, using the self-similarity and the
classification of the entire solution. The estimate from above or the residual vanishing is,
thus, essential. It is obtained by the sup + inf inequality formulated by Theorem 2.22 below,
combined with the scaling argument.

If the boundary condition is provided, this process can be replaced by the profile of the

asymptotic symmetry of the solution!®" or the method of the second moment?!6233 | In
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more precise, we obtain m; = 1 in Theorem 2.11, provided that
maxv; —minvy < C
0Q 0Q
[VVill.. <C (2.160)

for k=1,2,.... Similarly, if (2.160) holds for 2 = B, then it follows that oo = 87 and

er(O)
vi(x) — log <C

(1+ 5000 1)

forxe Band k=1,2,... in Theorem 2.13.

Theorem 2.11, however, has a variety of implications because it is free from any boundary
condition. For instance, even if the original problem is provided with the boundary con-
dition, the rescaled problem loses it. It often happens that this fact causes a trouble in the
blowup analysis.

2.3.3. Scaling Invariance

Equation (2.271) or its general form (2.159) is scaling invariant, that is it is invariant under
the transformation

W (x) = v(ux) +2logu
VE(x) =V (ux) (2.161)

for u > 0. Such a property, called scaling invariance or self-similarity, is observed in
several nonlinear partial differential equations and is used essentially for their mathematical
analysis as we have seen in §1.1.

A typical example is

—Av=vV"  v>0

for 1 < p < eo. Thus if v = v(x) is a solution to this equation, then so is vy (x) =
w?/P=Dy(ux) for u > 0. Similarly, if v = v(x,) is a solution to

vi—Av=v’  v>0, (2.162)
then so is
vu(x,t) = TR N TR TR (2.163)

This structure causes obstruction to construct (weak) solution, while there are applications
of renormalization group and blowup analysis. In the blowup analysis, we classify non-
compact (approximate) solutions and obtain actual solution by excluding these possibilities.
Applications of such argument to the calculus of variation are described in Bahri,'? and for
example,

S

—Av=v’, v>0 inQ, v=0 ondQ
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has a solution if the bounded domain Q C R? is not contractible, see §2.1.2. Another
application is the proof of the a priori bound of the solution to the sub-critical elliptic
equation, which guarantees the topological degree approach to this problem.”3-117

Theorem 2.14. Let Q C R” is a bounded domain with smooth boundary 0Q and 1 < p <

%. Then, there is C > 0 such that any solution v = v(x) to
—Av=V’ v>0 inQ, v=0 ondQ (2.164)
satisfies
vll. <C. (2.165)

Here, we describe the outline of the proof to illustrate the fundamental concept of the
blowup analysis. In fact, first, we assume the contrary, the existence of the sequence of the
solutions to (2.164), denoted by {v}, satisfying

Vi) = [[velleo — e
for x; € Q. Then, we take

Pex) = g v (e + i)

for pty = vi(xx)~?~1/2 — 0 and obtain
—AV =7, % >0 in€y, V=0 ondQ
Vk(0) = max ¥ (x) =1,
X
where Q; = - '(Q— {x}). From the boundary condition and the elliptic estimate, we

obtain a subsequence, denoted by the same symbol such that ¥y — v locally uniformly in
R” for a smooth v = v(x), and it follows that either

—Av=v", 1=v(0)>v>0 inR” (2.166)
or
—Av=vV" 1=v(0)>v>0 in R",.
v=20 on dR”, (2.167)
where R, = {x € R" | x,, > 0} denotes the half space.
Problem (2.166), however, admits no solution in the case of | < p < % The same is true

for 2.167)if l < p < %, and hence we end up with (2.165).
Ingredients of the blowup analysis are thus summarized as follows:

(1) scaling invariance.

(2) classification of the entire solution.

(3) control at infinity of the rescaled solution.
(4) hierarchical argument.
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In the case of (2.155), first, we use complex-geometric structure and linear theory associ-
ated with the real analysis. This study comprises of the pre-scaled analysis for the proof of
Theorem 2.12, see §§2.3.4,2.3.5, and 2.3.6. Next, method of the moving plane is applied
to classify the entire solution, see §2.3.7. Finally, control at infinity of the rescaled solution
is done by the Harnack type inequality. We thus complete the proof of Theorem 2.13 in
§2.3.8 by the hierarchical argument using (2.161).

The self-similarity (2.163) induces forward and the backward self-similar transformations
to (2.162), see §2.163. The underlying structure of these transformations takes a funda-
mental role in the study of the system of chemotaxis, see §1.1.

2.3.4. Liouville-Bandle Theory

The problem (2.155) is associated with the complex function theory and the theory of
surfaces. In this paragraph, we describe them briefly.

Complex Structure

If we identify x = (x1,x;) € Qtoz=x| +x; € C, then
—Au=e" (2.168)

means

for z = x; — wxp. This implies

Sz = Uzzz — UzUzz
1
= —Ze“uz—i— Zuze“ =0
for
1
s:uzz—iug, (2.169)

and, therefore, s = s5(z) is a holomorphic function of z € Q C C.
Regarding (2.169) as a Riccati equation of u, we obtain

1
Pz + 550 = 0 (2.170)
for ¢ = e7"/2. Here, we take x* = (x},x}) € Q, and define the fundamental system of the
linear equation (2.170), denoted by

{@1(2): :2(2)},

such that
I
(Pl‘z:z* = 0z =1
90 _ o o, 2.171)
0z |, .«
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where z* = x} +1x5. This {¢ (z), ¢2(z) } forms a system of analytic functions of z € Q, and
it holds that

p=¢"?=[E0(E)+AER0E) (2.172)
with some functions £ and f> of Z.
These functions are prescribed by the Wronskian. It holds that

W1, ¢2) = 0192 — Q102 = 1,
and hence
fi@) =W (9,92) = 02 — ¢
[@) =W(1,0) = 010:— 9120
Here, the left-hand side is independent of z. Taking z = z* in the right-hand side, we obtain
fi®) =o(z".2)
() =e:(",2).
Since ¢ is real-valued, there holds that
0=+ %E(p =0

for § = 5(2) defined by 5(z) = s(z). Thus this equality is valid to f1(z) and £ (Z), while
{01, 2} forms a fundamental system such that

Pl = % B =1
Lo - B
oz = =@:_==0

In particular, f; (Z) and f3(Z) are linear combinations of @; (Z) and @, (Z).
If x* = (x7,x3) € Q is a critical point of u, then it holds that

filF) = (" 7) = e

x=x*

8j71 — £ TR d —u/2 _
FE e e =0

S— . d —u/2

h(@) = @:(",2%) = e -0

z x=x*
8/71—*7 (o R\ 1 —u/2 = liu/z
E(z )= 9=(227) = _ZAe X=x* —ge A x=x*
1
_ _eu/2 ,

and, therefore,
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forc = e /2 |x:x*. This relation means

f1=c@

-1
c

fa= ?(Pz

and, therefore, we obtain
-1
e*"/zzc\@\%%\(pz\z (2.173)

by (2.172).
For the proof of Theorem 2.7, let (1,v) be the solution to (2.155). We apply the above
argument replacing u by v and taking x, as the maximum point of v. Then, we obtain

e =l + \fpz\
similarly, where
o A
Jae
c=e IMl=/2

and {@;(z), p2(z)} is a system of fundamental solutions of (2.170) defined for
1

$(z) = vz — Evgz. (2.174)
Given the solution sequence {(A,v)}, we exclude the boundary blowup points of {v;},
using the reflection argument!!'* and the L' boundedness of the right-hand side.”? Thanks to
the maximum principle and the classical Montel’s theorem for holomorphic functions, this
boundary estimate implies the compactness of the family of holomorphic functions {s;(z)}
defined (2.174) for v = v; and that of the analytic functions {@x(z), 2(2)} defined by
(2.170)-(2.171). Passing to a subsequence, we obtain

Q1 — Pro
P2k — P20
locally uniformly in Q. Here, we have
cp=e M= — 0,
with the relation

kck

e = e i + L ol

Since {v;} is uniformly bounded near dQ and zero points of the analytic function ¢, are
discrete, there arise

ch,:1 ~1

and the finiteness of the blowup points of {v;}.
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Each blowup point is thus isolated, and the classification of the singular limit of the solution
(2.157)-(2.158) is obtained by the residue analysis. More precisely, since the limit function
so(z) of {sk(z)} is holomorphic, the singular point of s¢(z) arising as a blowup point of
{vi} is removable. This removable singular point is formally a pole of the second order,
and then, (2.157)-(2.158) follow, see.?!3 The other proof uses the Pohozaev identity to
detect (2.158), see.!”!

Geometric Structure
Writing

yi =c'28!4g,
v = 1287 1/4g,

in (2.168), we have

Wy, v2) =W(p1,¢) =1

1 1/2 1 —1/2 1 1/2 -
- u/2 _ - 2 -1 2
(5) ¢ {(8> ol (g) o

= 2 27
ly1l” + [y

and, therefore,

|F/‘ _ W(W17W2) :(l>1/2eu/2 (2175)
LHIFP (wlP+lye \8

for F = y» /. Thus we can transform (2.155) to

1 l 1/2
pP(F)lpq= (gp) (2.176)

using
u=v+logh— log/ e’
Q

with v|;q = 0, where

|F'|
F)= .
p(F) s [P

This p (F) describes spherical derivative of the meromorphic function F = F(z). More pre-
cisely, if C and do? denote the Riemann sphere with the south and north poles (0,0,0) and
(0,0,1) and its standard metric, respectively, and if 7 : C — CU {eo} is the stereographic
projection, then, the conformal transformation F = 7~! o F induces the relation

do

o =p(F), 2.177)
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where ds® = dx? +dx3 stands for the Euclidean metric in C. In particular, p (F) is invariant
under the O(3) transformation on C.
If ® CC Q is a sub-domain, then the immersed length of F(d®) and the immersed area of

F (o) are defined by

0 (dw) = / p(F)ds
Jow
m(@) = [ p(F)dx,
Jw
respectively, and, therefore, it follows that

01 (d0)* > 4m (0) (T —m (o)) (2.178)

from the isoperimetric inequality on C. Putting

L(w) = . p'/2ds
Jow
m(w) = / pdx
JO
with p = €, we thus obtain
1
((Qw)* > (@) (87 —m(w)) (2.179)

by (2.175) and (2.178).

Spectral Analysis

The above (2.179) is a special case of Bol’s inequality valid on the surface with the Gaus-
sian curvature less than or equal to 1/2. Taking the non-parametric case, in particular, we
obtain (2.179) if p = p(x) > 0 is a C? function defined on the domain Q C R? of which
boundary is composed of a finite number of Jordan curves,

—Alogp <p in Q, (2.180)

and @ CC Q is a sub-domain.
Then, Schwarz’ symmetrization using the metric do = p(x)'/2ds guarantees Bandle’s
isoperimetric inequality.'#

Theorem 2.15. IfQ C R? is a domain with the boundary dQ composed of a finite number
of Jordan curves and p = p(x) > 0 is a C? function satisfying (2.180), then it holds that

2= [ p<st = mp@)= v Q), (2.181)
Q

where

vi(p,Q) _inf{ / V2 v e HL(Q), / Vp = 1}
JQ Q
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and (p*, Q%) is determined by
Q' ={xeR*||x] <1}

5

. Aé
v (2.182)
Q*
and
Aet”
—Au* = I eeu* in QF, u* =0 ondQ* (2.183)
Q*

Here, each A € (0,87) admits a unique solution u* = u; (x) to (2.183), which guarantees
the well-definednes of v; (p*, Q") in (2.181). This u} (x) is radially symmetric, described
explicitly, and satisfies

1}3{% u(x)=0 uniformly in x € Q*

1 —
lim u*(x) = 4log— locally uniformly in x € Q*\ {0}.
1187 |x|

Furthermore, the value v; (p*,Q*) is associated with the Laplace-Beltrami operator on C,
and, therefore, using the separation of variables and the stereographic projection, we obtain

0<A<dr = vi(p",Q") > 1. (2.184)

More precisely, v (p*,Q*) is realized as the first eigenvalue of the eigenvalue problem

—Ap=v{p inQ*, o=0 ondQ* (2.185)
where
8p
G=bW=——"—
(Ik*+p)
and p > 0 is a constant determined by
A= / &.
Jor
Then, putting
P(x) = D(&)e™?
2
_ .10 _ p—r
x=re'?, §_p+ﬂ
A=1/v, (2.186)

we obtain the associated Legendre equation
[(1=ENPe] + [2/A-m*/(1=EN)] @ =0, & <E<1
(1) =1
D) =0 (2.187)
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for & = (p —1)/(p + 1), see.!* This formulation is natural because the Laplace-Beltrami
operator on two-dimensional round sphere is immersed into the three dimensional Lapla-
cian in the Cartesian coordinate, which is involved by the associated Legendre equation
through the separation of variables using polar coordinates.3?> Thus if ® = ®(&) denotes a
solution to the first equation of (2.187) for A=1,m =0, and (1) = 1, then v; (p*,Q*) > 1
is equivalent to

D(E) >0, & <&<1.

Since such @ is given by Py(§) = &, this relation means &, > 0, and, therefore, (2.184)
follows from

A<4n & p>1 & §E>0.

Theorem 2.8, on the other hand, is proven by the bifurcation analysis and an a priori esti-
mate. More precisely, we show that the linearized operator is non-degenerate if 0 < A < 87
because the solution set is compact in this range by Theorem 2.7. Actually, the linearized
operator concerning (2.155) around the solution v = v is defined by

v vy
o€ (Joe)
with the domain . = H?(Q) N H} (Q) in L*(Q), and the transformation

1
P=v- @ /Q v
used in §1.2.8 induces the eigenvalue problem (1.174). Using p = p(x) defined by
- Le¥
p=e= Jae”

see (1.174), this problem is written as

—AQ=upep inQ, @ = constanton JQ
/a 29 _y (2.188)

Q dv
and this p = p(x) > 0 is provided with the property (2.180). Thus we have only to show
that 4 = 1 is not an eigenvalue of (2.188) provided that 0 < A = [ p < 8.
Since the first eigenvalue of this eigenvalue problem is y = 0, we show that the second
eigenvalue is greater than 1 in this case.’®! This property means

0<A <8 = W(p,Q)>1, (2.189)

where
/.Lz(p,Q):inf{/ \Vv|2|veHg(Q),/vp:o, / vzp:l}
JQ Q JQ
for

HN Q) = {veHl(Q) | v = constant on 9Q},
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which comprises of the key lemma for the proof of Theorem 2.8.
For simplicity, we assume that Q C R? is simply-connected. To derive (2.189), first, we
show that the associated eigenfunction to i, (p, Q) has exactly two nodal domains. Next,
if any of them is not enclosed inside €, then we can apply (2.181) with (2.184) to either
and obtain (2.189). The same argument is valid if one of them, denoted by w, is enclosed
inside Q and it holds that

/ p <A4rm.

JO

/p24m
(0]

we take the doubly-connected domain @ = Q\ @, and obtain the eigenvalue problem

For the rest case of

—Ap=up(x)p, ¢>0 ind

0=0 ondd\JQ, ¢ = constant on JQ.
Thus u = Uy (p, Q) is the first eigenvalue of this eigenvalue problem, with p = p(x) > 0
satisfying (2.180) and

/ p <. (2.190)
J

Here, we modify the Schwarz symmetrization on C, using the above described nodal do-
main property. In this case, (2.189) is reduced to examine an eigenvalue problem of the
Laplace-Beltrami operator provided with a modified Dirichlet boundary condition defined
on an annular domain of C, which is contained in the chemi-sphere by (2.190). Through the
transformation (2.186), this problem is realized as the associated Legendre equation, and,
then, (2.189) is shown.>*!393 This proof of (2.189) is valid even to the multiply-connected
Q C R?, and also to the case of A = 87, (if the solution exists), see?’308 for details.

2.3.5. Alexandroff-Bol’s Inequality

Using Bol’s inequality and its refinement of Alexandrov’s inequality, we obtain the (bub-
bled) Harnack principle®?® and the sup + inf inequality.?®3 For the moment, we specify the
volume and the line elements by dx and ds, respectively.

Bol’s Inequality

First, we recall the analytic form of Bol’s inequality described in §2.3.4.

Theorem 2.16. If Q C R? is a simply-connected domain, p = p(x) > 0 is a C* function
satisfying

—Alogp <p in Q, (2.191)
and ® CC Q is a sub-domain, then it holds that

(dw) > %m(w)(Sn—m(w)), (2.192)
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where

Inequality (2.192) holds also if Q is multiply-connected, by decomposing it into simply-
connected domains.'# Nehari’s isoperimetric inequality?'® described below is the limiting
case of (2.191)-(2.192) to the zero Gaussian curvature.

Theorem 2.17. If Q C R? is a simply-connected domain, h = h(x) is harmonic in Q, and
o C Q is a su-domain, then it holds that

2
{ / eh/zds} > 4z / Jdx. (2.193)
o (0]

For the proof of the aobve theorem, we define the univalent function g(z) in Q by |¢’ \2 =

Then,
/ eh/zds:/ ‘g"ds
Jow o

/ehdx:/ |g’|2dx
(0] (0]

indicate the immersed length of g(d ) and the immersed area of g(®), and (2.193) follows
from the isoperimetric inequality on the plane. We now describe the analytic proof'® of
Theorem 2.16.
Proof of (2.193)=(2.192): We may suppose that d is C'. Define & = &(x) by
Ah=0 in o, h=logp ondw

and put ¢ = pe~". This formulation implies

—Alogg<ge" inw, g¢g=1 ondw (2.194)
by (2.191).

Using the right-continuous non-increasing functions

K@) = / ge'dx
Ha>t}

u(t) = / dx
{g>1}

defined by {g >t} = {x € ® | g(x) > t}, we obtain

h
—K'(¢ :/ ﬂds
() (=1} | V4|

eh
= z/ ds=—tu'(t (2.195)
{g=1} V4| o
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a.e. t by the co-area formula.®” We have, on the other hand,

/ (—Alogq)dx:/ Mds

{g>1} {e=1} ¢

=1 / [Vqlds
r Jig=1}

a.e. t > 1, using Green’s formula and Sard’s lemma. Thus we obtain

l/ |Vq|ds S/ gedx =K (1)
r J{g=1} {g>1}

by (2.194), and, therefore,
h

1 / " e
— Vg ds-t/ ——ds
r. {q:r}‘ | Jg=1} V4

2
{/ eh/zds}
{g=t}

> 4x / ddx = dnp (1)
{g>t}

—K'()K(¢)

Y

Y

(2.196)

a.e. t > 1 by Schwarz’ and Nehari’s inequalities. Thus from (2.195)-(2.196) it follows that

d

dt 87 4

forae.t > 1.
We obtain, on the other hand,

K(t+0)=K(t) <K(t—0),
while

J(t) = K(t) — ()t = /{ g et

is continuous: j(t 4+ 0) = j(¢) = j(¢t — 0). Thus (2.197) guarantees

27 2
i+ S| —in-Sk <o
Using
(1) = —1)etdx —Dedx=m —
= la=0dax= [ (g-netar=m(w) - |
K(1)? <m(w)?,
we deduce

m(w)*

m((l))—v §/wehdx

{ur-x0+ K(”z} = 1)+ 1 KOK @) <0

dx

(2.197)

(2.198)
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This inequality means (2.192). 0
Similarly to (2.198), we obtain
K(1)?
(1) < 2.199
J0) < =g~ (2.199)

for any ¢ > 1. This inequality implies the mean value theorem.3> We note that the converse

is also true in the following theorem.

Theorem 2.18. IfQ C R? is an open set, p = p(x) > 0 is a C* function satisfying (2.191),

and B = B(xg,r) CC Q, then it holds that
1 1
togp() < 1 [ logpds—2log (1- [ dx> .
gp( 0)—\aB| 1087 g< sn Js"")

Proof: Using (2.199) for @ = B, we obtain

K@)? [ 1 1
u(t) = ; (m‘g)

for any ¢ > 1. Furthermore,

Using

and j(¢) > 0, we obtain

S0 =0 <~ ie-0)-u0) (g5 - 20 ) <o

(2.200)

(2.201)
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by (2.199). On the other hand, we have

fora.e. t > 1 by (2.199) and (2.195).
These relations imply

. ue) 1
limJ () = 1 _1
/0 =m0 " b

> J(t) = u(t) <K1t) - 817r>

for 1 <t <1y by (2.195), where ty = maxzq. Here, the right-hand side is estimated from

below by
K@/ 1 1\
t K(t) 8m).

using (2.201). Then, putting ¢ = 1, we obtain

1 K(1)\? 2
Lo (kM 2(1_ﬁ) 7
to 8 8w/ +

+

m:/pdx.
B

2
(1 - ﬂ) > o = max pe " > p(xq)e "¥0)
81/ + B

where

This inequality means

or, equivalently,

1
log p(¥0) < h(xo) —2log (1 ~or /. pdx)
87 JB X

Here, using the mean value theorem to the harmonic function, we obtain

1
h(xo) = w thdS

1
— [ togpds.
\aB|/aB gpas

and the proof of (2.200) is complete. 0

Similarly to the harmonic case, the mean value theorem (2.200) implies the following Har-
nack inequality.
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Theorem 2.19. Ifv =v(x) € C*>(B) NC(B) satisfies
v

A
0<-Av<Z: v>0 inB

Jae
for B=B(0,R) C R?, then it holds that

R+ x|
0) <
OS R

v(x) —2log (1 — 8);7:> (2.202)
+
forx €B.

Proof: We obtain
—Alogp <p inB
for p = Ae”/ | e, and, therefore, (2.200) is applicable. It holds that

1 A
logp(0) < — [ logpds—2log(1— =
ogp(0) < B /63 ogpds og( 8n>+,

or, equivalently,

1 A
v(0 <—/ vds—2log(1- 2= . 2203
0% g1 [, s —2ioe (1- 52 (209
Since v(x) > 0 is super-harmonic, on the other hand, it holds that
1 2 R?—r?
10 1
— Re'?)d
Wret) 2 3y R 2Rrcos(e —g) 12" ReTIA®
R—r 1
— d
= R+r|0B| Jas™"
for 0 <r < R. This formula implies (2.202). O

From the standard argument, Harnack’s inequality (2.202) implies the Harnack principle
stated as follows.

Theorem 2.20. If Q C R? is an open set and vy = vi(x), k= 1,2,..., are C* functions
satisfying
Ae’k

0< A< ——, >0 in
- = Joe

Jfor Ay > 0, then passing to a sub-sequence, we obtain the following alternatives, where

= {xo € Q| there exists x;, — xo such that vi(x;) — +eo}.

@ {vi}; is locally uniformly bounded in Q.
(ii) vy — oo locally uniformly in Q.
(iii) . # 0 and .7 < liminf; [A;/(87)].
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Alexandrov’s Inequality

Alexandrov’s inequality, see'* for the proof, is a sharp form of Bol’s inequality. First, we
introduce the metric d6? = p(x)ds? on B = B(0,1) C R?, using p = p(x) > 0 such that
C*(B)NC(B). This formulation implies that its Gaussian curvature, total volume m, the

boundary length ¢ are defined by

_Alogp
==,
m= /pdx
B
(= pl/zds.
JdB
Then, if
o0 =21 —my(B)>0
for
my(B)= [ (K(x)=w)pdx,
HHK>p}
it holds that
2> (20— um)m,
where it € R.

In the case of K < 1/2, it follows that

1
for 4 < 1/2. Then, (2.204) reads;

C>m-(dn+(u—1)m).

Letting u T 1/2, we obtain

—_—

2> Em(877:— m).

This formula means Bol’s inequality on B.
In the actual application,'* we take . satisfying

/ pdx <m/2
{K>p.}

/ pdx <m/2.
{K<u.}

£ (B)= (;—u)/dex— <;—u>m

(2.204)
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In this case, it is obvious that

{K>pu.}#B

{K <} #B,
and, therefore,

{K<p}#0

{K>p.}#0.
This relation implies

“op<?

2 2
provided that

S <K@ < g

where a,b > 0 are constants.
There are C, D > 0 such that

m
dxr="—_¢
/{K>#*}p * 2

/ pdx = b
{K<p} 2
and, then, it holds that

20— pum = 4w —2my; (B) — pam

=4n-2 (K — W) pdx — fum
{K>pe}

=4n-2 (K — W) pdx — fum
{K>p}

=4 -2 Kpdx+2u.D.
{KZIl*}

On the other hand, we obtain

a a /m
Kpdx > — dx=—-(—=——-D
/{K<u*} Pa =13 {K<u*}p 2(2 )

a
> 2 [ kpax— D
—Zb/g pdx =1

and, therefore,

a a
K <|(1—= K =D.
/{KZ#*} pdx < ( 2b)/B pdx + >

Thus it follows that
200— pum > 4w —2 (l - /Kpdx—|—(2[,t*—a)

>4r l—— /Kpdx
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and, consequently,

/ Kpdx < 092 = 20— ttum > 70, (2.205)
B

where
4r

a
1=

y0:4n:—<1—2a—b>060>0.

The inclusion (2.205) implies the following lemma.

It < o <

Lemma 2.1. Let B = B(0,1) C R? and a,b > 0 be constants. Then, there is Co > 0 such

that
—Av=V(x)e", a<V(x)<b in B
/ Vi(x)e" < o
B
implies
v(0) <y, (2.206)
where v € C*(B)NC(B).
Proof: We can apply (2.205) to
p=¢"
K=V)2.
In fact, the function
f(r)=4n—-2 {K>u*}<K_ W) pdx — Ly /dex

is strictly decreasing in » € [0, 1), and, therefore,

1) = £(1) = 20— pm = .
Putting

A(r) :// pdsdr’
0 JaB(0.)

= / pdx,
B(0,r)

on the other hand, we obtain

A(r) = / d
(r) st

> ds
~ 2mr {-/(93<07r>p }

1
Z—Wf(r)A (r) (2.207)

Y
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for 0 <7 < 1 by (2.204). This inequality implies
1l L)

2280 = ) A
1 ,
= o m{lOgA(V)} dr
logA(1) logA(ry) ogA(r) ,
= - d
D )y g SO
for ry € (0,1). Since
A(ro) ~ mrgp(0)
f(ro) ~4m—0(r5)
as g | 0, it holds that
. IOgA(Vo) 1 T 1 A(}"())
lﬁ%{ flro) mlog”’} = lm 4z o 2

1
= - (logp(0) +logm),

and, therefore,

_ 4n A1 ogA(r) ,
u(0) =logp(0) < mlog (T) +47m e £ (r)ar.

We have, on the other hand,

, L o
A(r) <A(1) = '/deXS %/BKpdxg =
logA(r) , 108ty +logg;

()2 ()= iGL (=1'()
<% log s (<)),
and
0<—/(r)
-2 {K>u*}maB,(K_“*)PdS—|—lJ* /(?B,.pds

a b b
<2. @_b d+7/ d
- {K>u*}ﬂz?B,.(2 2)1) ) aB,.p y
< <3b—a> . pds
2 Jas,

(3t

A(r)

Using the transformation ¢ = > We thus obtain

'L logA(r)
Joo f(r)?

1 /! 1
'f/<r)dVSY(;2 <;b—a> %/0 10g;d[<+°°7
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and, therefore, (2.206). O

If V' (x) is restricted to a compact family of C(B), then the blowup analysis based on the
classification of the entire solution, see §2.3.7, provides with an alternative proof of the
above lemma. The conclusion 0 > 47, on the other hand, is regarded as an improvement
of Brezis-Merle’s rough estimate described in the next paragraph under the cost of ¥ (x) >
a>0.

Sup + Inf Inequality

283 S

Lemma 2.1 implies the sup + inf inequality, ee’13 for the other version.

Theorem 2.21. If Q C R? is a bounded domain, K C Q is a compact set, and a,b > 0 are
constants, then there are ¢c; = c1(a,b) > 1 and ¢, = ¢3 (a,b,dist(K,0Q)) > 0 such that

—Av=V(x)e", a<V(x)<bh in Q (2.208)
implies

supv+ cpinfv < cp. (2.209)
K Q

Proof: From the standard covering argument, the assertion is reduced to the case Q =
B(xo,7), K ={x0}, co = c»(r). Assuming xo = 0, we take

v(x) = v(rx) +2logr,

which satisfies (2.208) for Q = B(0, 1) and ¥ (x) = V(rx). Thus we have only to consider
the case Q = B = B(0,1) and K = {0}. Actually, we show, more strongly,

1
— < 2.21
v(0) + o /aB vds < ¢ (2.210)

in this case.
For oy > 4m in Lemma 2.1, we define ¢; > 1 by

4n(ci+1)/c1 = ap.
In the case of
/BVeV>4n:(cl+l)/cl, (2.211)
we define r € (0,1) by
/B(o,ro) Ve =4n(ci+1)/c

and 9 = 1 otherwise. In any case, we obtain

/ Ve’ < dm(cr+1)/er.
B(O,ro)
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Putting i(x) = u(rox) + 2logrg and ¥ (x) = ¥ (rox), we obtain (2.208) for Q = B = B(0, 1)

and also
/Bf/eﬁ <4m(ci+1)/er = o,
This inequality implies
$(0) = v(0) + 2logro < ¢
by Lemma 2.1.
Now, we define

Cl
2nr

G(r) =v(0)+ / vds+2(c1+ 1)logr
dB(0.r)

2r

= u(0) +cl/ v(r,0)dO+2(c; +1)logr.
0

Since v is super-harmonic, we obtain

1
— ds <v(0
2mr /(93<o,r>v s<v(0)

and, therefore,
G(ro) < (e1+ 1)v(0)+2(c1+ 1) logro < (c1 4+ 1)co
by (2.212). Thus it holds that (2.210) if o = 1, by

G(1) :v(0)+§—;./;gvds.

In the other case of ry < 1, we obtain (2.211), and, therefore, it holds that

/ Ve' > 4m(ci+1) /i,  ro<r<l.
B(0.,r)

Using
21
G(r) =c / v (r,0)d0 + Hatl
Jo r
1 C1
=—-9— ds+2 1
{58 oy s+ 21
and
/ vds = / Av = —/ Ve",
dB(0,r) JB(0,r) B(0,r)
we obtain

G(r)<0, rn<r<i
by (2.214). This inequality implies
1
u(0)+ —/ vds = G(1) < G(rg) < (c1+1)co
27 JoB

by (2.213), and the proofis complete.

(2.212)

(2.213)

(2.214)
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2.3.6. Pre-Scaled Analysis

32

This paragraph is devoted to Brezis-Merle’s theorem” concerning

—Av=V(x)e", 0<V(x)<co in Q

/evSC'l,
Q

where Q C R? is a bounded domain.
First, we show Brezis-Merle’s inequality.

Theorem 2.22. If Q C R? is a bounded domain, f € L'(Q), and
—Av=f(x) inQ, v=0 ondQ,

then it holds that

/Qexp <4|’|%15 V(x )|) dx < % z " diam Q).

(2.215)

Proof: We take B = B(xo,R) containing Q for R = 1 diam Q, 0-extension of f(x) outside

Q, and

_ 1 2R
v(x) = E/Blogm . ’f(x’)‘dx’.

—AV = |f] in R?

Then, it holds that

andv > 0in B by 2R/ |x —x'| > 1 for x,x’ € B, and, therefore,
[v| <v

from the maximum principle. This inequality implies

/Qexp <‘Wv(x)|) dx < /exp< |7|tf||16 ()) dx.

Next, applying Jensen’s inequality, we obtain

""“’(4|7|Tf||1(S ) </ = e

2R\ )
dx',
= /B (|x—x’|> 114

and the right-hand side of (2.216) is estimated from above by

)

W), ( 2R )“n
dx’ - dx.
s I/ / — | gy

(2.216)
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Since B = B(xo,R) C B(x',2R) for any x’ € B, it holds that

Juoo (7 o)

/)] <2R>2ﬁ
dx’ d
Hﬂh /ww =] g

4m? )
2R) = ?(dlam Q)7

and the proof'is complete. O

We show the following theorem as an application.

Theorem 2.23. If
v eLl(RY), VeIP(RY), & cl”(Q)
and
—Av="V(x)e" in R?,

then it follows that v € L*(R?), where 1 < p < oo, % + 1% =1, and v* = max(£v,0).

Proof: Given e € (0,1/p'), we divide Ve’ € L' (R?) by
ve' = fi+f2
||f1||L1(R2) <&
fr e L”(R?).

Fix xo € R?, and put B, = B(xo,r) for simplicity. We apply Theorem 2.22 to § = 47 — 1
and

—Av;=f; inBy, vi=0 ondBj,
and then obtain
[ exp(mil/e)<c.
By
and in particular,
villpis,) <C-

Here and henceforth, C > 0 denotes a constant independent of x¢, possibly changing from
line to line.
We have, on the other hand,

1vall =) <C

from the elliptic regularity, and furthermore, v3 = v —v; — v, is a harmonic function in B;.
Using the mean value theorem, therefore, we obtain

<Clpvs

|V3+HL°°(31/2) HLI(B )
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Now, we use

vi <V 4]+ v

p'/ v < / (epler—l) :/ ep/vgf e’ <C.
R? JR2 J{v>0} R2

and

We conclude
+
[v3 ||L1(Bl) =C
and, therefore,
+

[ HL”"(BI/Z) =C

Finally, in
—Av="Ve" =Ve" . =g,

we have

€v2+v3 ELM(Bl/z)
V elL?(B)
e e LY¢(B))

with 1/ > p/, and, therefore,

gl +s¢s,,,) < € (2.217)

with 6 > 0. Then, the elliptic regularity guarantees the decomposition v = w+ h with
18, < Cllglyie(s, (2.218)
where /4 is harmonic in B; /25 and, therefore, it holds that

1 i,y < €l

By )

< (I gy + Wl )
<cC (2.219)

B4

by the mean value theorem. We obtain

Hv+||L°°(Bl/4) =C

with C > 0 independent of xg by (2.217)-(2.219), and the proof is complete. 0

Similarly, we obtain the following theorem called the rough estimate in the previous para-
graph.
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Theorem 2.24. Let 1 < p <es, ¢1,62>0,0 < & < 4n/p’ with ,,+ ; = 1 be given, Q CR?
a bounded domain, and K C Q a compact set. Then, there exists C > 0 such that

—Av="V(x)e" inQ
Wly<en W l<e [rwle<ea
implies

||V+HL“(K) <C

Proof: From the covering argument, we may assume Q = Bg and K = By, where Bg =
B(0,R). We decompose v = v| + v,, where

—Av; =V (x)e" inQ, vi=0 ondQ

and v, is harmonic in Q. First, we apply the mean value theorem to v, and obtain

198 1m0 < ol 51y < o (I hr gy +2)-

by Theorem 2.22, where 6 > 0. Similarly to the proof of the previous theorem, this in-
equality implies

On the other hand, we have

el

<C

LP'+6(Bg)

v HL“(B3R/4) =C

and, consequently,

||ev||u,/+5<

B3pya)
Then, it holds that

||Vev||L‘i(B3R/4) <
by the assumption. Using v = wy + w, with

—AWl = V(x)ev in BSR/47 wyp = 0 on (93313/47

and Aw, = 0 in B3g 4, we obtain

HV+HL°°(BR/2) =C,

similarly, from the elliptic estimate and the mean value theorem.!?3 The proof is complete.
O

Now, we show Theorem 2.12 in the following extended form.
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Theorem 2.25 (32). Let Q C R? be a bounded domain, and vy = vi(x), k= 1,2,... satisfy
—Avy = Vi(x)e™ inQ
Jor Vi, =Vi(x) > 0, and assume the existence of 1 < p <o and cy,cy > 0 such that
Wil <er Il <e
fork=1,2,.... Then, passing to a sub-sequence, we have the following alternatives:

(i) {wk} is locally uniformly bounded in €.

(ii) vy — —oo locally uniformly in Q.

(iii) There is a finite set = {a;} C Q and 0; > 4n/p’ such that vy — —eo locally uni-
Sformly in Q\ % and

Vi(x)e"dx — Y 084, (dx)
i
in A (Q). Furthermore, . is the blowup set of {vy} in Q.

Proof: Since {Vie"*}, is bounded in L' (), we obtain
VieYkdx — u(dx)
in . (Q), passing to a sub-sequence. Then, the set
= {xo| 1 ({xo}) > 4n/p'}
is finite by u(Q) <c¢; - .
Ifxg € %, there is y € Ca"(Q) satisfying 0 < v < I, y = 1 around xy, and
/ wdu <4n/p'.
JQ
Then, we obtain Ry > 0 such that
+ _
||Vk HL“(B(XO,RO)) =0(1)
by Theorem 2.24. This conclusion means .’ C X, while the converse is obvious. In fact, if
xo & ., then {V;} is uniformly bounded in B(xg,R) for some Ry > 0, and this property
implies p({xo}) = 0 and hence x¢ ¢ X by the elliptic regularity. Thus u({xo}) < 47/p’
implies xy ¢ .. Now, we distinguish two cases.
Case 1: X = 0 implies (i) or (ii).
Again, we may assume = Bp. In this case, {v,j} is uniformly bounded in @ = Bg/,.
Defining wy, by
—AWkak in , Wk=0 ondw

for f; = Vie", we see that {wy} is uniformly bounded in ® because {f;} is bounded in
LP(w). Thus

Vi = Vg — Wi
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is harmonic in ® and { \7;} is uniformly bounded in ®. From the Harnack principle to
the harmonic function, therefore, {¥;} is locally uniformly bounded in @, or otherwise
v — —oo locally uniformly in @. These cases imply (i) and (ii), respectively.

Case 2: X # 0 implies (iii).

Since X is finite, each xo € X admits R > 0 such that @ = B(xg,R) CC Q and B(xg,R)NX =
{x0}. From the above argument, {v;} is locally uniformly bounded or otherwise diverges
to —eo locally uniformly, in B(xg,R) \ {xo}.

In the former case, it holds that

v > —C on dw.
Defining z; by
—Az;y = fi in o, zz=0 ondw,
we obtain v, > z; in @. We have, on the other hand,
Ji(x)dx = 008y, (dx) + f(x)dx

in ./ (®) with

o>4rn/p

0<feLl(w),
and, therefore, z; — z locally uniformly in @ \ {xo} with

z(x)>4—” ! !

> p/ E ogm—O(l), XEE\{X()}.

This property implies

Yoo = / e”* < liminf / PV
JB(xo,R) k JB(x,R)

< liminf|[e"* ||, < +oo
k p

by Fatou’s lemma, a contradiction.
Thus we obtain vy — —oe locally uniformly in B(xq,R) \ {x¢}, and

Vkevk —0

inL?

1oc (2 \ Z) from the convering argument. This conclusion implies

p(dx) = ZOCi5a,- (dx),

and the proof is complete. O
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2.3.7. Entire Solution

Classification of the entire solution is an important ingredient of the blowup analysis, where
the method of moving plane is useful. The results for

—Av=V v>0 in R”

with 1 < p < eoand n > 3 are described in §2.1.2. A refined approach guarantees also the
two-dimensional version formulated as follows.>®

Theorem 2.26. If

—Av=¢" inR?, /R L€ < oo, (2.220)
then it holds that
8u?

N0 xo € R, 1 >0. (2.221)
(1+M2\x—xo| )

v(x) = log

We begin with several lemmas for the proof.

Lemma 2.2. If(2.220), then it holds that

/ e’ > 8.
R2

Proof: We note that v = v(x) is real-anlaytic. In particular,

/eV:—/ Av:/ |V
Q (o Jag,

d 1
Q| = —
a1 ./ag, V|

for each ¢t € R, and, therefore,
d ' \ 2
“ Y- / ¢ > 0P > 4|9,
dt Jo,
where Q; = {x € R? | v(x) > }. This implies

) e )
dt \Jo, /Y Jag, Vv

d
- 2et-%|§2t\-/g ¢’ < —8nd - |Q|.
't
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Operating [~ -dt, we obtain

2
- = d
—(/ eV> §—8n:/ e’\Q,\dtzsn/ ¢ L\, di
R2 SN —oo dt
- I = d
:—871/ e’dt~/ —:87r/ —/ Y
o 20, |VV| —wo dt Q,e
= —871/ e’
R2

The proof'is complete. O

Lemma 2.3. We have

V) ! /R <4 (2.222)

log|x| o

uniformly as |x| — oo.

Proof: We see that

_ by W)
w(x) = 5 [ (loglx—y|~logly]) **dy
is well-defined by [z €” < +-eo. Furthermore, it holds that

Aw=¢" inR?

1
W) — —/ e’ as |x| — oo
loglx| 27 Jre

uniformly. Writing u = v+ w, we have
Au=0, u(x)<C+Clog(jx|]+1) inR?

because v(x) is bounded from above by Theorem 2.24. Then, Liouville’s theorem assures
that v is a constant, and the proof is complete. 0

Method of the second moment described in §1.1.6 guarantees

/ ¢’ < 8, (2.223)
R2

see §2.4.2. The radial symmetry of v = v(x), particularly the decreasing in » direction,
however, is a key factor in the blowup argument developed in §2.3.8. The classification
(2.221) is thus obtained by the radial symmetry of the solution,

v=v(|x —x¢l) (2.224)

for some xo € R>. This property is obtained if v has the axile symmetry of two Q-
independent directions, and, therefore, is reduced to the symmetry of v in x;-direction
because of the rotation and translation invariance of (2.220). Once radial symmetry (2.224)
is obtained, the proof of Theorem 2.26 is obvious. Thus (2.220) implies (2.221) and the
proof will be complete.
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To show the symmetry of v in x;-dierction, we assume the maximum of v in x; < —3,
regarding Lemma 2.3. Then, we put
Zl = {(xl,XQ) |x1 < )L}
Tk = 82,1 = {(xh)Cz) |X1 = },}
)Cl = (Zl —xl,xz)
x) = v(x") = v(x)
x) = wy (x)/g(x)

for 1 € R, where g(x) = log (|x| — 1). This W (x) is well-defined for x € £; with A < -2,
and it follows that

wa(
W (

Awy, = e¥Vwy (2.225)

2 A
Aw, + éVg- Vwy, + <expl//+ gg) wy =0, (2.226)
where y/(x) is between v(x) and v(x*).

Lemma 2.4. There is Ry > 2 independent of A < —2 such that if xo attains the negative
minimum of Wy, in X, then |xo| < Ro.
Proof: Since

Ag 1

g |x| (x| - 1) log (jx| - 1)

we obtain Ry > 2 such that

A

expv+ -t <0

g

if R\ B(0,R) by Lemma 2.3. From the assumption, it holds that
ylxo) < max {v(xo), () | = vixo),

and, therefore,

A

expy(xo) + Eg(xo) <0

if |xo| > Ro. This is impossible from (2.226) and the maximum principle, and hence |xo| <
Ry follows. The proofis complete. O

To prove
Vo=y (2.227)
for some Ag, we note that

W,>0 in3, (2.228)
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holds for A < —Ry. In fact, we have

lim wy (x) =0

x| —ee
by Lemma 2.3, and if this property is not the case, W, attains a negative minimum in X,
which is impossible by Lemma 2.4.
Since v attains the maximum in x; < —3, we obtain the maximum A/, denoted by A, such
that (2.228) holds for A < Aj. We show that this A satisfies the following.

(a) wy, >0in X, for A < Ay and a‘?TVl >0inXy,.
(b) wy, =0in Xy, .

For this purpose, we use

d
Ps0, x <A (2.229)
8X1
and
d
w,=0 & a—xvl =0 somewhere on T}, (2.230)

for A <A, the latter being obtained by the strong maximum principle and the Hopf lemma.
To prove (a), first, we show wy > 0in X, if A < A¢. In fact, if this property is not the case,
it holds that

Wy~ =0
for 6 > 0 from the strong maximum principle, and, therefore,
V(Ao —206,x3) = v(Ao,x2).

This conclusion implies

d
—VZO, A—20<x1 <A
8x1
by (2.229). In particular, we obtain
v
a—XI =0 on TAO,5
and hence
Wie—26 =0

by (2.230). Repeating the argument, we obtain the independence of v in x1, a contradiction.
Once this property is proven, it holds that

d
AizA <0 on T
8X1
by the Hopf lemma, where A < Ag. This conclusion implies
d
had >0, X1 < l{),

axl
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and hence g—xvl >0in Xy, .
We have proven that v is strictly increasing in x; < Ag, and hence 4y < —3. We can define
W), in Xy for A < A9+ 1. We have also proven w, > 0, and, therefore, in case Wy, # 0, it
holds that

- . BWAO

Wy, >0 inX,, o <0 onT7y (2.231)

by (2.226) from the strong maximum principle and the Hopf lemma. On the other hand,
there is a sequence A | Ao and x € ;, such that

Wkk (x;() <0

from the definition of Ag. This property assures the minimum point of w;, in ¥ , denoted
by x; € Z),, by Lemma 2.3.
We obtain

x| < Ro
by Lemma 2.4, and passing to a subsequence, x; — xo with

X0 € ZAO U TAO
Wi (X()) <0
VWAO (XO) =0,

a contradiction to (2.231). O

2.3.8. Blowup Analysis

This paragraph is devoted to the proof of the quantized blowup mechanism to (2.215),
namely, Theorem 2.13. Henceforth, & is sufficiently large, and the subsequence of {v;} is
denoted by the same symbol. The fundamental idea of the blowup analysis is used in the
proof of the following lemma.

Lemma 2.5. Under the assumption of Theorem 2.13, it holds that

V(0) >0.

Proof: We obtain x;, € B such that
vi(xx) = ml;;}X Vk
xy —0
Vi (oxg) — eo.
This relation implies

& = e /2 ¢



2.3. Gauge Field 247

and
Vi (x) = vie(Opx + xi) + 21og O
is defined in B(0,R/(268;)), which satisfies
— AV = Vi (8px 4 xp) e’
Ve <0 =7(0) in B(0O,R/(26;))

/ eﬁk S C().
B(O,R/(28;))

Given r > 0, we obtain the well-definedness of {¥} in B, = B(0,r), and Theorem 2.25
is applicable to Q = B,. The other cases than (i) are impossible, and, therefore, {7} is
uniformly bounded in B(0,r). The standard diagonal argument and the elliptic estimate
guarantee the convergence

-7 inCuY(RY),
where 0 < o < 1, and it holds that
—Av=V(0)e", 7<0=17(0)  inR?

/ 6‘7 < C().
R2

In case V'(0) = 0, ¥ is a non-negative harmonic function in R?, and hence is a constant by
Liouville’s theorem. This property implies

/ 3‘7 = —|—oo’
R2

a contradiction. O

In the above lemma, we have

/ V(0)e = 8
JR2
by Theorem 2.26. In fact, v(x) = ¥(x) + log V' (0) satisfies
—Av=¢" inR2, / e’ < +oo
JR?

maxv =v(0) =logV (0).
R2

Taking smaller R > 0, we may assume
a <Vi(x) <b, X€EB (2.232)

for a,b > 0. This condition makes it possible to apply sup+ inf inequality, which takes
the role of the Harnack inequality or the monotonicity formula. Then, we can exhaust the
blowup mechanism by counting the particle concentrations.
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Lemma 2.6. Given a,b > 0, we obtain ¢y > 1, ¢; > 0 (independent of R > 0) such that
—Av=TV(x)e", a<V(x)<bh in Bg
implies
v(0)+c iflglrfv+2(cl +1logr<c;
for0<r<R

Proof: The assertion is an immediate consequence of the sup +inf inequality and the
rescaling. In fact, we take

V(x) = v(rx) +2logr
for r € (0, R], and obtain
—AV=V(rx)e"  inB.
Theorem 2.21 applied to Q = B} and K = {0}, thus implies
$(0) + ¢ iBnlfﬁ )
or, equivalently,
v(0)+2(ci +1)logr+c; ifyl,fv <o.

Here, we have

infv = infv
B, 0B,
because v is super-harmonic, and the proof is complete. 0

We use the following lemma also, obtained by the Harnack inequality for harmonic func-
tions.

Lemma 2.7. There is § € (0, 1) such that given C,,C, > 0, we have c3 > 0 (independent
of R,Ry > 0in0 < Ry < R/4) such that

—Av="V(x)e"

V)l <G

v(x)+2log|x| < G in Br \ B,
implies

supv < ¢34 Binfv+2(B —1)logr
9B, By

Jor2Ry <r<R/2.



2.3. Gauge Field 249

Proof: Taking r € [2Ro,R /2], we put
V(x) = v(rx) + 2logr

and obtain

—AV =V (rx)e"

V(x) = v(rx) +2log(r|x|) — 2log|x| < Cy +2log2

|V (rx)e”| < Crexp(Ca +2log2) in B>\ By ).
Then, we have C4 determined by C;,C; such that

Wl <Ci  inBy\Bip,

where

—Aw=V(rx)e" inB, \Bi)

w=0 on d(B2\ By ).
The Harnack inequality is valid to the non-negative harmonic function
h=w—794+Cs
with Cs = C4 4+ C; + 2log2, we obtain the absolute constant 8 € (0, 1) such that
Bsup < infh.
0B, 9B

The right-hand and the left-hand sides are estimated from above and from below by

Cs+C4 —supv = Cs +C4 —2logr — supv
9B, 9B,

and
Cs — Cy —2logr — inf
/3( s — Cy ogr (191}%\/)7
respectively. Then, we obtain

supv < (1 =B)Cs+ (1 —-B)Cs+2(B - l)logr+ﬁgr}13fv
B, 3

and the proof is complete. O

We are ready to prove the key inequality. '8!

Theorem 2.27. Given a,b > 0, C; > 0, we obtain y > 0, C; > 0 independent of 0 < Ry <
R/4 such that

—Av=V(x)e", a<V(x)<bh in Bg
v(x)+2log|x| < Cy in Br \ Br, (2.233)
implies
&' < e MO |y 20rHD) (2.234)
Jor 2Ry < |x| < R/2.
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Proof: Lemmas 2.6 and 2.7 guarantee

1 1
infy < <2 — —(0) —2(1 + —) logr
c

B, C1l
for 0 <» <R and

supv < <C3 +B-
0B,

C1

2
C1

B w22 1 )or

C1

for 2Ry < r < R/2, respectively, and, therefore, (2.234) holds for
y=PB/c
szexp(03+ﬁ~c—2>~

c1

The proof'is complete.

Here, we give the estimate from below in Theorem 2.13.

Lemma 2.8. Under the assumption of Theorem 2.13, passing to a subsequence, we have
meN, 1<m<V(0) -Cy/(8m)
{x,{} C Bg, ]}imx,ﬁzo, 0<j<m—1

{of}, fimo/ =4, 0<j<m-1

such that

vk(xli) = max v — +oo
Pofsf

B,

Js
0, 0;

0 .
Evk(tx +x7)

t

XEBp

where 51{ = e*vk(x/{)/z.

Proof: We take x; in the proof of Lemma 2.5, denoted by xg. Thus it holds that

0
Xk

<0,

€ Br

(xllc) ﬂBza,iS,i (x;c) =0, i#j

& < | < 2003}

-1
lim / ; Ve’ =lim / ; Vet =8n
k 32#5]{(3‘;{) k 3#5]{@;{)

max{vk(x) +2logmin ’x—x{(’} <C,
J

Vi(x}) = maxvy

0
Xk

—0

Br

Ve(x) — oo

~0
k

— P

in Cjy (R?)

(2.235)

(2.236)
(2.237)

(2.238)

(2.239)
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for0 < a < 1and

() = V(80 +32) + 2log Y
1

(14 7@ p)"

From the diagonal argument, we may assume G,? — oo satisfying

v(x) = log

15— 9] o
cte(5,)

This relation implies

/ Ve — / V(80 a0t — 8
B,6050 () ‘ Bza,?

/ Viek = / V(80 o)t — 8
30250(x2> B0

Ok

d
Evk(nhux,‘g) <0, & <|x|<208.
t=1

Thus we obtain (2.235), (2.237), (2.238) for m = 0.
Now, we assume (2.235), (2.236), (2.237), (2.238) for m = £. If (2.239) holds, then the
proof is complete. Otherwise, we obtain

M) = max {vk(x) +2log min ‘x —x,’(‘} — oo, (2.240)

x€BR 0<j<t-1

passing to a subsequence. Then, this maximum M, is attained by some )_ci € B, and it holds
that vy (¥;) — . Thus

)_ci—>0

and (2.240) reads

— oo, (2.241)

For |x| < my /2, it holds that
. v <t j . ¢ i <t
min |x; + 6 —x" > min ‘x —x"—é X
jmin %+ 8 —xf| > min |5 —x{| 5|
2 0<j<i—1
‘We have also

ve(x) + 210g0<rjr_1<i£171 ’x —x,f;‘ < (X5) + 210g0<r]r.1<i§171 ’)_ci —x,](‘



252 Chapter 2. Scaling - Revealing Hierarchy

and, therefore,
<t <t
Vi (x) = vi(8,x + ;) +2log 5,

. j <t
< we(x) + 2log0<rjn<1§171 ‘)’C,{ —x,’c‘ +2log 6y

~2log mi b J—ﬂ‘
og, min |5 +%, —x;

0 . - P -/ 1 .
< (x) + 210go§r}1§1?71 ‘xk —x,’(‘ +2logd, —2log 3 OSrjnSlé*l
=2log2.

Thus we obtain
7[ —
— AV = Vi(8 x4, )€
Vi(x) <2log2 in B, /2
Vk(()) =0
and, therefore, Theorems 2.26 and 2.25 guarantees @ > 0 and X € R? such that
w—v  inC %R
52

2 2
(1 + u?a? |x — x| )

V(x) = log

v(0)=0
v <2log2 in R?,
where u = (V(0)/ 8)1/ 2. In particular, we obtain
1<a<2
X < 1/(2m),
and now define

L= max v(x)— min v(x).
Pe<1/p Wl<1/u

From the diagonal argument, we may assume G,f — oo satisfying
Vi — V||, —0
9 —leras,

and, therefore,

1

P)
Sy 3| <0, S <y <doy.

ot 1
This condition assures y,’i € B satisfying

Vi (vf +X) = max vi(y+X),
y€B40'£

—{ j
‘xk —X

(2.242)
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and it holds that
=8yl +3) + 3, — 0
by (2.242), and furthermore,
V() < i) < ve(xp) + L.
Thus defining

Ve(x) = vi(Sfx +xp) +2log §f

5If — e*"k(x{?)/z -0,
we obtain

5l <8, <l 8!
l

vi(xp) = max  wvp(x) — +oo
O e | <dofe ’

and, therefore, Theorems 2.26 and 2.25 guarantee

J
J

J
Evk(tx +xb)

=0
, Vie™ :/ V(8 - +xb)e’s — 8n
201! %) Byt
~

Ve :/ Vi(8¢ - +xp)e’s — 8m
ofof el

<0, & <|x| <208,
t=1

similarly. This relation, combined with (2.241), implies (2.235)-(2.238) form = £+ 1, and
we can continue this process as far as (2.239) fails. However, the number of this process is
bounded from above by ¥ (0)Cy/(87), and the proof is complete. O

The proof of Theorem 2.13 is reduced to

lim Vet =0 (2.243)
k BR\UzBG£5£(X£)

by Lemma 2.8, which is proven by Theorem 2.27 and (2.239). It is obvious that (2.243) is
reduced to the following lemma by Lemma 2.8.
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Lemma 2.9. Under the assumption of Theorem 2.18, if we have m > 1, {x,i} C Bg, and
{r,i} C (0,00) satisfying
x}c' — 0, vk(xli) — oo
W

lim 4 = 400 (2.244)
k—so0 6]{

B,}/{'(X;JC)QB,;{'(XZ) =0, i#j

max {vk(x) + 210g()<rjriirrn£1 ’x —x,’(’ | x € Bg\ U;!:OIBr,{ (x,i)}

<C (2.245)
lim Vet =lim / Vie't =f; > 4r, (2.246)
b e Y /
then it holds that
. m—1
lim Vke"k = ,B',
k—oo Br jgo /
where 51‘5 = e’vk(xb/z.

Proof: In the case of m = 1, we may assume that
xg =0

lim Y = 0.

fk—so0

In fact, the lemma is obvious if the latter condition does not hold for any subsequence.
Then, Theorem 2.27 is applicable by (2.245), and it holds that

M) <Gy (8N x| 2D 20 < x| <R)2.

This inequality implies

[ e sbco @am [
BR/2\Bzr2 2ry
80\
=G a0 —0
2ry

lim Vke"k = [30
k—so0 Br

by (2.244). Then, we obtain

by (2.246) and the assumption.
Supposing the lemma for 1,...,m — 1 with m > 2, we show it for m. Here, we may assume
that

x| li# 7}

dp = | — x| = min{
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and x¥ = 0.

Case 1.

xfc—xli‘ <Ad,0<i j<m—1,forsomed > 1.
In this case it holds that

m—1
lim Vie't = lim Viet =Y B (2.247)
j=0

ke JByga, ke JByga,
Then, we apply the lemma for m = 0, putting
(1)) =24d,

m—1
(Bo)' = 2. B
=0

(xg)/ =0,

and obtain

m—1
. _
o e ¥ ZZ) B
To prove (2.247), we take
Pk (x) = vi(dyx) + 2 logdy
defined for |x| < R/d}, and put
Vi(x) = Vi(dix)

. . . o 5.i -
®=xljdy, & = W2k ;sz_/;

= d_k’ A
for 0 < j <m—1. It holds thatfg =0 and d; — 0. From the assumption, we have
o &
By (@) NBy () =0, i#]
~ . ~F P 1 ~j
max {vk(x) + 210g0§‘rir£1£1171 ‘x —x,’c‘ | X € Brya, \UjZy By, (x,’c)}
<C (2.248)

<
lim / Pt = lim / e =B (2.249)
RN € s, @)

for 0 < j <m— 1. We can assume, furthermore,
F-¥,  0<j<m-1

by [#/] < 4.
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First, we obtain
Vp — —oo locally uniformly in R?\ U;n;ol {il]c}

1< [¥—#|<4,  i#)

(2.250)

by (2.248) and Theorem 2.25. If limy_,, F,ﬁ > 0 holds to a subsequence, then it holds that

. f/keﬁk — ﬁ
~/31 () ’
by (2.249)-(2.250). In the other case of
lim 7 = 0,

we apply the lemma with m = 0. Then, (2.251) follows again.
By (2.250)-(2.251), it holds that

. . m—1
lim Vet = lim Vet =Y B;,
k—oo Bay k—oo Byy ‘]':0

which means (2.247).

Case 2. The other case.
We obtain non-void J; C {0,1,...,m— 1}, £=1,... k, such that
JeNJy, =0, E#m
m
Us={0,1,....m—1}
=1
5] x| < ad, ij€Js
l}im‘x;;—x,{‘/dk:w, i€y, j €I, L#m.
Taking x, € Jy, we obtain

lim Vkevk = lim Vke"k = z ﬁj

k—eo J By 4, (x¢) k—eo JB 4, (x¢) jeds

similarly to the case 1. On the other hand, we can apply the lemma for m = k:

m—1

. k
]}11’1’1 Vkevk = z z ﬁj = 2 ,Bj.
0 BR V2 ‘]':0

/=1 j=J;

The proofis complete.

(2.251)
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2.3.9. Summary

We studied two-dimensional stationary mass quantization in detail.

(1) A typical profile of self-assembly, the quantized blowup mechanism, is observed in the
stationary state of self-gravitating particles, the mean field of turbulence, and particu-
larly, in the self-dual gauge field.

(2) This profile is controlled by the exponential nonlinearity competing two-dimensional
diffusion.

(3) This equation is provided with several mathematical structures, complex function the-
ory, theory of surfaces, real analysis, calculus of variation, spectral analysis, and par-
ticularly, blowup analysis.

(4) Blowup analysis is based on the self-similarity of the problem, and uses hierarchical
arguments.

(5) For this purpose, it is necessary to apply the methods of second moment, moving
planes, or the Harnack inequality to envelope the blowup mechanism.

2.4. Higher-Dimensional Blowup

Although the detailed study of non-stationary quantization is a project for the future, mass
and energy quantizations are certainly observed in higher-space dimension. The methods
of scaling and duality still work, in spite of unanswered questions. The last section of this
book describes aspects of these unanswered questions such as the energy quantization in the
semilinear parabolic equation, the method of duality applied to higher-dimensional prob-
lems, the higher-dimensional stationary mass quantization arising in the self-gravitating
fluid, and the general dimension control of the blowup set. We thus end up with new obser-
vations to the fundamental equations of physics from the viewpoints of calculus of variation
and a mean field hierarchy.

2.4.1. Semilinear Parabolic Equation

The semilinear parabolic equation with power nonlinearity
u—Au=uf, u>0 inR"x (0,7) (2.252)
was introduce as a “’toy* model of the incompressible Navier-Stokes equation
vi+(v-V)yv—Av=—-Vp

V.oy=0 inR" x (0,T), (2.253)

see for example,'!%!!! concerning the application of the hierachical argument to (2.253).

Based on a variety of mathematical backgrounds, scaling invariance, variational structure,
comparison principle, ...; however, the solution is provided with fruitful features observed
widely in nonlinear problems; critical exponents, blowup in finite time or blowup in infinite
time, blowup rate, blowup profile, the complete blowup in accordance with the post-blowup
continuation, and so forth.263.268
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The Cauchy problem to (2.252) is well-posed locally in time under the appropriate decay
of u at x = oo, and T = Tax € (0,+o0] denotes the maximum existence time. The case
T < +eo is called the blowup of the solution because then it follows that

Iim [[u(-, 1) ||ee = oo.
i ) = +

In 1966, Fujita'® formulated his exponent in comparison with the ODE part
uy = u?| u>0,
which is summarized as follows, see!3”:1"! for the critical case p = 1+ 2.

(D) fl<p<LIi+ %, then any non-trivial solution blows-up in finite time.
Q) Ifp>1+ %, then there is a non-trivial solution with 7' = 4o,

Thus, the exponent pr =1+ % is critical in (2.252) in accordance with the ODE part, which
is dominant in the sub-critical nonlinearity of 1 < p < py.

Forward Self-Similar Transformation

The scaling invariance (2.163) to
w—Au=uf, u>0 in R” x (0, +eo) (2.254)

induces the forward self-similar transformation

1

v(y,s) = (t+1)PTu(x,t)
y=x/(t+1)'?
s=log(t+1),

and then it follows that

Y.
2
v>0 in R” x (0, +e0). (2.255)

vy —Av = Vvt —2 P
p—1

The stationary solution to the rescaled equation (2.255) is called the self-similar solution. If

1+5<p< %, the solution to (2.254) blows-up in finite time or converges to 0 in infinite

time with the rate either of the Gauss kernerl O(I’g) or that of the self-similar solution
O(tfﬁ ). The latter case of ||u(-,#)||. = Ot~ ﬁ) arises in accordance with the “threshold
modulus® so that this behavior is an exceptional case, see.??> In this threshold modulus
case, the rescaled solution v = v(+,s) converges to the stationary solution to (2.255), that
is the self-similar solution, as s T +co, see.!® What happens to p = 2, n > 3 is studied
by. 150

We have
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for K = K(y) = exp <|y|2 / 4), and this L is realized as a self-adjoint operator in L*(K) =
L?*(R",K(y)dy) with the domain

H*(K)={veL*K)| D" e L*(K), |a| <2}.
Its first eigenvalue is /2. Using this value and Kaplan’s argument of taking the L? inner
product between the rescaled solution v = v(-,s) and the first eigenfunction ¢; = ¢; () >0

of L normalized by ||@;]|; = 1, we can provide an alternative proof of the result'® described

above; any non-trivial solution to (2.254) blows-up in finite time if 1 < p < p/, see.8>163

The exponent py = %, n > 3 is called the Sobolev exponent. The non-trivial stationary

solution to the prescaled equation, that is
—Au=u’, u>0 in R" (2.256)

exists if and only if p > ps, see also (2.19). It py < p < ps, there is a unique positive
self-similar solution, that is the stationary solution to (2.255), with appropriate decay at
x = oo, while there is no positive self-similar solution in the case of p > ps. Several other
critical expontes have been recognized in connection with the blowup profile, blowup rate,
and complete blowup of the solution, see’’ and the references therein.

Backward Self-Similar Transformation

There are vast references concerning the blowup mechanism of the solution to

w—Au=uf, u>0 inQx(0,T)
u=0 on 9Q x (0, 7), (2.257)

where Q C R” is a bounded domain with smooth boundary dQ. The principal difference
between (2.252) is the appearance of the Poincaré inequality,

A lull3 < [|Vull3,
where A; = A (Q) > 0 denotes the first eigenvalue of —Ap:
—A(plz/ll(pl, o >0 in Q, 0 =0 on dQ.

The dominance of the L2-norm in the global in time behavior of the solution, actually, arises
with the variational structure formulated by

d 2
%J(u) = —||ut||2
1d, .,

2d ull; = —1(u),

where

1 1 .
T = 5 1Vl =l

2 +1
(u) = [|Vullz = 3 -
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A remarkable implication of this fact is
T=+4e = sup|u(-t)]a <o
>0

for any p > 1, see. 324

The comparison principle is also useful, which results in the properties of the (strongly)
order preserving and the parabolic Liouville property or the intersection comparison prin-
ciple.!®®
The scaling invariance (2.163) now induces the backward self-similar transformation de-
fined by

v(v,s) = (T — )7 Tu(x, 1)
y=(x—=x0)/(T=1)"?
s=—log(T —1),
where 7 > 0 is the blowup time, that is
tim (1) . =+
and xo € Q is a blowup point. This relation implies
AL ovep =V v>0
2 p—1
in Ugs—10g7 €% (Q = {x0}) x {s}
v=0 on Uy _1og7€"/? (9Q — {xo}) x {s}

and the limiting equations are

Av—|— -Vv+ j =W
v>0 in R x (—oco, +o0) (2.258)
and
Av+ -Vv+4 71 =
v>0 in R X (—oo, +o0)
v=0 on JR’. x (—oo,-e0)

1
if xo € Q and xy € dQ, respectively. Only the constant v = (p%) 71 is admitted as a

I
bounded stationary solution to (2.258) if 1 < p < 2, see.!?0

fl<p< T%’ furthermore, then the global blowup rate is of type (I), that is

1
limsup(7 —2)7=" [fu(-,7)||., < +e°,
‘T

1
and v(-,s) converges to (ﬁ) = , the constant solution to (2.258), locally uniformly in

R” as s T +oo, see.?07122 In particular, any blowup point is of type (I), and the aggregation
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dominates the concentration in the parabolic envelope, where aggregation and concentra-
tion indicate the growth of local L' norm and that of local L* norm, respectively.
IfQ CR" n>3isconvex, p= %, T = Thax < +eo, and

HmJ(u(-,t)) > —oo, (2.259)
T
then the blowup rate is of type (II),
1
(T —¢) 77T |Ju(:, )]0 = Foo.
Him(T = )7 lu(, )l =+

The leading blowup profile, furthermore, is the normalized entire stationary solution
(2.256), u. = u«(x) > 0, u(0) = 1 involved by a scaling transfomatioin, and the forma-
tion of the second collapse arises at the wedge of the principal parabolic envelope.’?” We
obtain, thus, the collision of collapses in this case; compare such profiles to those of the
two-dimensional Smoluchowski-Poisson equation (1.61). We emphasize that actual exis-
tence of the solution satisfying (2.259) with 7 = Thax < +o has not been confirmed yet,
and in this connection, it should be noted that in the sub-critical case 1 < p < Z—f%, it holds
always that 7 < +oo if and only if
limJ(u(-,2)) = =<,
see 119,151

IfQCR" n>3isconvex and p = Z—f%, furthermore, then there is no stationary solution,

and there arises the energy quantization

T=+co = limJ(u(-t))=md

T
with m = 1,2,---, where d = J(u,) and u, = u,(x) > 0 is the above described normalized
entire stationary solution to (2.256), see.'4%152 We remind again that although (2.256) has

a family of solutions in the critical case p = %, the energy value d = J(u,) is the same

because of the scaling invariance of the problem. This property is actually the origin of the
energy quantization to (2.257) with p = 2.

2.4.2. Method of Duality

The following two paragraphs are concerned with the higher-dimensional concentration to
the stationary state. Here, we provide preliminary considerations on the method of duality.
This method has played a fundamental role in the study of the chemotaxis system, see §1.1,
based on the symmetry of the Green’s function (1.17) resulting in the weak formulation
(1.33).

Pohozaev Identity

Let Q C R” be a bounded domain with smooth boundary dQ, and v = v(x) be a smooth
solution to

—Av=f(v) inQ, v=0 onodQ, (2.260)



262 Chapter 2. Scaling - Revealing Hierarchy

where /= f(s) is a continuous function of s € R. In this case it holds that

v\ 2
/Q}’lF(V)+ vvdx = %/89 <8:> (x-v), (2.261)

Fs) = [ f)as

Equality (2.261) is called the Pohozaev identity>>® and has a variety of applications.
Regarding v and u = f(v) as the field density and the particle distribution, respectively, we

where

303

obtain
/ 6. 7)
uVv=VF(v
and hence
V- (VF(v)—uVv) =0, (2.262)

where G = G(x,x’) denotes the Green’s function:
—AG(,X) =8y inQ, G(-,X')=0 ondQ.
Given a C?-function y = y(x) of x € Q, we have
0— /Q V- (VE(W) —uVv)y
— [ (3o =uge v [ P 5"
+/QF(V)AIII+ uVv-Vy dx.

Here, the boundary integrals of the right-hand side vanish by

F(0)=0
F'(v)=f(v)=u
so that
/ FO)Av 4+ / Py u@u=0 (2.263)
Ja 2 JJaxa

by the method of symmetrization, where
py(x,x") = Vy(x) - VoG(x,x') + Vy (') - Vo Gx,x').
Since

/Q Vy(x) - Vo Glx,x' ) (—Av())dx = Vyr- Vn(x),
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it holds that

= Py (x,x")Av(x) Av(x)dxdx'
2 JJaxa

B /ngszx)'VxG(x’x/)(_AV(XI))(—AV(x))dxdx’
= (Vy Vv, —Av)

av '
—/aQVl//-VvW—&-/QV(Vy/-Vvva

av 281//
B _/an <8v> v +§4/Q "’UV"VJ“L%/Q Yivijvjs

where w; = %, Wij = ai I and so forth.
1

Using
1ij :/ iVijVj
j Q‘V Vi
:/ l[IiVivz»—/Vj(l[/iVj)i
—/ yiviv; /1;/,, L,
we have

1
Z/ﬂ%vm:g <8v> ——f/A Vv
l‘r.}

and, therefore,

2// y (0, x") Av(x) Av(x" ) dxdx’

:_1 <§:> 7_7/ Aw|vv\2+2/ Wijviv). (2.264)

‘We obtain
1 [ov\ioy 1
F(v)A ViV = = — | ==+= [ Ay|Vv]? 2.265
/Q ) w+;j/9wjvvj 2_89(8v) av+2/Q vVl (2.265)
by (2.263)-(2.264), and hence (2.261), putting y = |x|2. O

Concentration Mass Estimate

We can show that (2.220) implies (2.223) by the method of symmetrization. For this pur-
pose, we apply (2.222) and confirm the well-definedness of

_ 1 1 V(x’) ’
W) = 5 /R Jog o ¢ (2.266)
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with the estimate

lw(x)| < C(1+1log(1 + |x])). (2.267)
Then, Liouville’s theorem guarantees, see,?>’
v = w+ constant

by A(v—w) =0, (2.222), and (2.267). Writing

u=-e’, (2.268)
we have
Vu=uVv=uVw
and hence
V- (Vu—uVw)=0 in R%. (2.269)

Equations (2.266), (2.268), and (2.269) comprise of the stationary system of chemotaxis,
and therefore, we obtain

/R2 A@(x) - u(x)dx+ % //R?xRZ pg(x,x')u(x)u(xl)dxdx/ =0 (2.270)

for ¢ € C3(R?), where

, I (Vokx)—Voi)) (x—x
Pg(’@x):_ﬁ'( o) |xf(x’|)2) ( )

Using ¢ = ¢(s) of (1.46), we have 0 > 0 determined by M such that
/(dM%+UM@w25
JRr2

in case

/ eV:/ u=M>8rm
JR? JR2

similarly to'” or §1.1.6. This time, [y|? /4 factor of the right-hand side of (1.42) does not
appear, and we obtain the scaling

up(6) = pPu(pn), () = v(px) + 2logp.
Then it follows that

M.: R? ‘e /RZ “
./R2 (c(|x[*) + 1) uy (x)dx = /RZ (c(u ' x*) + 1) u(x)dx

and therefore, we can find u > 1 satisfying

/R2 (c(\x\z) + 1) uy (x)dx < 8,

a contradiction. O
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Two-Dimensional Mass Quantization Revisited
Putting
w=v+logA —log /g.zev
in (2.155), we obtain |
—Aw=¢e" inQ, w = constant on I' = 0Q
/ewzx. .271)
Q

If w = w(x) solves (2.271), conversely, then v = w — wr is a solution to (2.155). Theorem
2.7 then implies the quantized blowup mechanism to (2.271).

Theorem 2.28 (%), Assume that Q C R? is a bounded domain with smooth boundary dQ
and {(lk,wk)} is a solution sequence to (2.271) satisfying Ay — Ay. Then passing to a
subsequence the following alternatives hold:

1) ||w]|.. =o().
(2) supgwh — —oo,
(3) Ao = 87l for some £ € N, and there exist x; €Q, j=1,....0 satisfying (2.158) and

x,{ — X}, such that x = xli is a local maximum point of w* = wk(x), wk(x]) — +eo,

wh — —oo locally uniformly in Q\ {x’f7 ... ,x}f}, and

wh o X . o)
e dx ;SE&C/ (dx) in M (Q).
Thus . = {x’f, .. ,x}f} is the blowup set of{wk}.

If we take u = €' in (2.271), then it follows that
Vu=uVw
w—wr = / G(-,x Yu(x')dx,
JQ

where G = G(x,x’) denotes the Green’s function for —A provided with the boundary con-
dition -|;,, = 0. This relation implies

/QuV RVES //ng V(x) - VoG(x,x )u(x)u(x')dxdx' =0 (2.272)

for any y € C3(Q)%.
Equality (2.272) is the dual weak formulation of (2.271). Using this formula, we can show
that if {(w#, 4;)} is a solution sequence to (2.271) satisfying
dx— Y mx)8,(dx)  in.#(Q)
x0€.S
with m(xq) > 0, then it holds that m(xo) = 87 and (2.158). The proof is similar to.>3* Mass
quantization, conversely, implies the residual vanishing, see?*>3%* for details.
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2.4.3. Higher-Dimensional Quantization

Problem (2.271) is regarded as a free boundary problem associated with the plasma con-
finement, where {w > 0} indicates the plasma region.!?> The higher-dimensional mass
quantization is observed in an analogous free boundary problem

—Aw=w! inQ,  w=constantonT
/ Wl =1, (2.273)
Q
where Q C R", n > 3 is a bounded domain with smooth boundary dQ =T, and ¢ = .*5.

This problem describes the stationary state of the degenerate parabolic equation derived
from the kinetic theory, see §2.2.6. It is also the equilibrium self-gravitating fluid equation
described by the field component, and the problem of plasma confinement, see §2.1.3.

k_ wlf > 0 in Q by the maximum principle similarly to the two-

dimensional case. Here, the quantized value m, > 0 is defined by

m*:/Uq
B
for U = U(x) satisfying
—AU=U?, U>0 inB, U=0 ondB

First, we obtain vy = w

with B = B(0,R). As is examined in §2.1.2, this U = U(x) is radially symmetric and exists
uniquely for each R > 0, while m, is independent of R > 0. In the following theorem, G =
G(x,x") denotes the Green’s function of —A on Q with the Dirichlet boundary condition
and

where

Ix) = -
@1 (n—2) [x|"
is the fundamental solution to —A and @, is the (n — 1) dimensional volume of the bound-
ary of the unit ball in R”.

Theorem 2.29 (3%). IfQ C R”, n > 3 is a bounded domain with smooth boundary dQ and
{(lk,wk)} is a solution sequence to (2.273) with q = 5 satisfying Ay — Aq, then passing
to a subsequence the following alternatives hold:

1) ||w||.. = o).

(2) supowh — —oo,

(3) Ao = myl for some L € N, and there exist x; € Q and xli —x; (j=1,...,0), where
S = {xf, ... 7x;f} C Q coincides with the blowup set of{wk} on Q satisfying (2.158),
X = x,]f is a local maximum point of w* = wk(x), wk(x]{) — Hoo, WK

uniformly in Q\ ., and

wh(x)Ldx — Zm*&c}« (dx) in M(Q).
J

— —oo Jocally
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There are several results on the actual existence of the solution sequence described in the
above theorem,332333,340

Local version comparable to Theorems 1.23-1.24 also holds. Actually, there are &-
regularity, self-similarity, classification of the entire solution, and sup + inf inequality, and
these structures guarantee the following theorem similarly to the two-dimensional case of
Theorem 2.11. A slight difference to Theorem 2.28 is that the entire solution

—Aw=wl, w<w(0)=1 inR”

q
/R” "

provided with a compact support to w! dx. This property, however, does not cause any
difficulties.

Theorem 2.30 V). If Q C R”, n > 3 is a bounded domain and w = wF, k=1,2,...,
satisfies

—Aw=wl inQ, /Qw‘igC
forq= "5 and C >0, then passing to a subsequence, we obtain the following alternatives.

(1) {wk} is locally uniformly bounded in Q.

(2) W — —oo locally uniformly in Q. ' '

(3) There exist £ € N, x; (j= 1, 0, andx,i — x; such that x = x,i is a local maximum
point of w& = wk(x), wk(xllc) — oo, Wk — —oo locally uniformly in Q \ {xf, CX) }
and

wh ()L dx — Zm*n‘j(sx;«_ (dx) in M (Q),
J

wheren; € N.

Here, we emphasize that Theorem 2.30 is used in the proof of Theorem 2.29, and we recall
that Theorem 2.7 is proven independently of Theorem 2.11.

2.4.4. Dimension Control of the Blowup Set

Even the general blowup mechanism in high-space dimensions is enclosed by smaller sets.
In the final paragraph, we describe a simple case of,>*° see also?®’ for the other result.
First, given 1 < p < n, we put

KP ={feL” (R"R)|VfeL’(R"R)}

for L =1_ %, and define the p-capacity of a subset 4 C R” by

P

Capy(a) =int{ [ 117720, re kv ac =17},
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where B denotes the interior of B C R”. This Cap,, is an outer measure on R” satisfying
Cap,(4) <CH""F(4), ACR",
where H® denotes the s-dimensional Hausdorff measure:

H(4) =limH5 (4
(4) im 5(4)

Hg(A) = inf{ Yals)rilAc U B(xj,r)), 1< 5}
J=1 J=1
n.s/Z

rs—1)
['(s) :/ e ' dt.
0

ofs) =

We have

H"P(4) <+eo, 1<p<n = Cap,(4)=0
Cap,(4)=0,s>n—p = H(4)=0,

see.87

Theorem 2.31. Let Q C R", n > 3 be a bounded open set, T > 0, and
u=u(x,t): Qx[0,T] — (—oo,+o]
be a continuous function satisfying

D= |J D(t)x{t} cQx[0,T]
0<t<T

u—Au>0  inQx(0,T)\D, (2.274)

where

D(t) = {x € Q| u(x,t) = oo}
and suppose that u = u(x,t) is Lipschitz continuous near 0Q uniformly int € [0, T). Then,
it holds that

/O' " Capy (D(0))dt < Ln(zg). (2.275)

The second relation of (2.274) is taken in the distributional sense, so that

o L0
././Qx(O,T)\Du(pt ..QX(O,T)\DM ¢

forany ¢ = @(x) > 0in @ € C7(Q x (0,7)\ D). If u is independent of ¢, then we obtain
Capy(D) =0
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by (2.275), where D = D(¢t). If Q is convex, on the other hand, we have the boundary
estimate for solutions to the semilinear elliptic equation, see.”>!'* Then, the following
theorem follows from the proof of Theorem 2.31, where d(4) denotes the Hausdorff
dimension:

dyy(4) = inf{s > 0 | H*(4) = 0}.

Theorem 2.32. Let Q C R”", n > 3 be a bounded convex domain, f = f(u,A) be smooth in
u >0, and {(u, ) }x be a solution sequence to

—Au=f(u,A) >0 inQ, u=0 ondQ

satisfying

/Qf(ukJLk)dx <C

[[ulloo — e
Then, it holds that Cap,(.#) = 0 and in particular,

du(7) <n-2,
where

' = {xo € Q| there exists x;, — xo such that uj(x) — 4o}
denotes the blowup set.
We have
U — oo locally uniformly in Q

in the case of

/ F(ttgy A)dx —> 4o,
JQ

The proof of this fact of entire blowup is similar to the two-dimensional case, see’!3 and
§2.3.4.

2.4.5. Summary

Although the non-stationary blowup mechanism in higher-space dimension is a problem for
future, we have evidence as well as new overviews for the mass and energy quantizations.

(1) The method of scaling reveals an even higher-dimensional blowup mechanism.

(2) For the semilinear parabolic equation with the critical Sobolev exponent, there is an en-
ergy quantization to the non-compact solution sequence with bounded total energy. If
it occurs in a finite time, then we obtain the formation of sub-collapse and the collision
of collapses at the wedge of the parabolic envelope.

(3) There is mass quantization for the stationary higher-dimensional state to the free
boundary problem with the critical exponent.
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(4) A very general dimension control of the blowup set holds in terms of the capacity.

(5) Type (II) blowup rate, formation of sub-collapses, and possible collision of collapses
are observed when the free energies are bounded in the energy quantization, such as
harmonic heat flow and semilinear parabolic equation with critical Sobolev exponent.
In the two-dimensional Smoluchowski-Poisson equation, on the other hand, we have
always type (II) blowup rate, formation of a sub-collapse, and collisionless of collapses
as a consequence of the mass quantization.
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