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Preface

In general, systems of nonlinear partial differential equations are formulated and studied
individually according to sepcific physical or biological models of interest. There are,
however, certain classes of Lagrangian systems for which the asymptotic behavior of the
non-stationary solutions, including the blowup mechanism, is controlled by their total sets
of stationary solutions. In this book, we will show that these equations have their origin
in mean field theory and that the associated elliptic problems are provided with mass and
energy quantizations because of their scaling properties.
Mean field approximation has been adopted to describe macroscopic phenomena from mi-
croscopic overviews, with some success, though still in progress, in many areas of science,
such as the study of turbulence, gauge field, plasma physics, self-interacting fluids, ki-
netic theory, distribution function method in quantum chemistry, tumor growth modelling,
phenomenology of critical phenomena. In this last scientific area, phase transition, phase
separation, and shape memory alloys are included.
However, in spite of such a wide range of scientific areas that are concerned with the mean
field theory, a unified study of its mathematical structure has not been discusssed explicitly
in the open literature. The benefit of this point of view on nonlinear problems should have
siginificant impact on future research, as will be seen from the underlying features of self-
assembly or bottom-up self-organization which is to be illustrated in a unified way. The
aim of this book is to formulate the variational and hierarchical aspects of the equations that
arise in the mean field theory from macroscopic profiles to microscopic principles, from
dynamics to equilibrium, and from biological models to models that arise from chemistry
and physics.
One of the key concepts to be used repeatedly in our discussion in this book is the notion of
duality, which has been the origin of the extension of functions to distributions273 that pro-
vides a useful tool for the formulation of weak solutions in the theory of partial differential
equations. In addition, Riesz’ representation theorem100 provides the formulation of duals
for such important function spaces asC(K)′ ∼= M (K) and L1(Ω)′ ∼= L∞(Ω), where K andΩ
are compact and open sets in Rn, respectively. Thus if a family of continuous approximate
solutions is not compact but is provided with a priori estimates, say, in the L∞ or L1 norm,
then the weak solution is realized as an L∞ function or a measure, respectively, whereby
several fundamental profiles caused by the nonlinearity can be observed (e.g., interface,
shock, localization, concentration, condensate, blowup, self-similar evolution, travelling
and spiral waves, ...). Another concept of duality, namely, that of Hardy-BMO288 is reflex-

v
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ive. It is represented by L logL(Ω)′ ∼= Exp(Ω) and Exp(Ω)′ ∼= L logL(Ω), where Ω ⊂ Rn
is a bounded domain. The Hardy-BMO duality is associated with the mean field hierarchy
through the entropy functional and the Gibbs measure. Thus this duality notion can be
applied to the study of phenomena between particles and fields in the microscopic level
as governed by the Boltzmann principle and the zeta-function, respectively. Yet another
duality concept that will be used in this book is operator theoretical. For example, for some
given rectangular matrix A a column vector b, the duality of the linear model Ax= b is the
transposed operation that arises in the context of the Fredholm formulation concerning the
existence and uniqueness of the solution. On the other hand, the linear inequality Ax ≥ b
in convex analysis has an analogous duality formulation. For example, this formulation re-
sults from integrating a linear functional equation where the Legendre transformation takes
on the role of the transposed operator.30 This involutive operation is often referred to as the
Fenchel-Moreau duality, which results in the more complicated dualities of Kuhn-Tucker
and Toland. Here, the Toland duality is concerned with the functional represented by the
difference of two convex functionals, such as the Helmholtz free energy. The field func-
tional then is obtained in its dual form, and these two principal functionals are regarded as
unfoldings of the Lagrangian.
This book consists of two main chapters. The first chapter is devoted to the study of varia-
tional structures, where the quantized blowup mechanism observed in the chemotaxis sys-
tem304 is first described. Within this section, the free energy transmission, which results
in the formation of self-assembly, is emphasized which means that the source of the emer-
gence is the wedge of blowup envelope, while entropy and mass are exchanged to create
a clean self with the quantized mass. The leading principle derived from this study can
be summarized as follows: dual variation sealed in the mean field hierarchy and scaling
that reveals this hierarchy. In fact, the phenomenon of quantization is sealed in the total
set of stationary solutions, referred to as the nonlinear spectral mechanics. The structure
of dual variation controls, not only the local dynamics around the stationary state, but also
the formation of self-assembly realized as a global dynamics including the blowup of the
solution. This duality is associated with the convexity of the functional; and thus, our de-
scription involves convex analysis as mentioned above. We will examine the phenomena
and logistics of both variational and dynamical structures of several problems including
phase transition, phase separation, hysteresis in shape memory alloys which review the
theory of non-equilibrium thermodynamics.
Chapter 2 is devoted to the discussion of the method of scaling for revealing the mathe-
matical principles hidden in the mean field hierarchy subject to the second law of thermo-
dynamics. More precisely, we will describe the quantized blowup mechanism observed in
self-gravitating fluid, turbulence, and self-dual gauge field. In particular, blowup anlay-
sis, one of the most important applications of the method of scaling, is used to clarify this
mechanism. This analysis consists of four ingredients, namely, scaling invariance of the
problem, classification of the solution of the limit problem defined on the whole space and
time, control of the rescaled solution at infinity, and hierarchical arguments. Meanwhile
we will also describe the method of statistical mechanics for the study of macro-scopic
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phenomena caused by the micro-scopic principles. In particular, we will re-formulate the
simplified system of chemotaxis as a fundamental equation of the material transport, the
Smoluchowski-Poisson equation.
Unfortunately, a complete overview of the topics mentioned above is beyond the scope
of this book, and the list of references is far from being sufficient. Furthermore, several
important related topics are missing, among which are the complex Ginzburg-Landau free
energy associated with super-conductivity in low temperature,22,227 Arnold’s variational
principle for describinig the MHD equilibrium,11 the density function theory of quantum
chemistry,43 kinetic equations in fluid dynamics,29 and the duality between Aleksandrov’s
problem in integral geometry and the optimal mass transport theory.238 There are also sev-
eral stationary problems in engineering associated with duality113 which may be extended
to the non-stationary problems of their own.
We take this opportunity to clarify several terminologies used in this book that are the
concern of thermal phenomena associated with dissipation. First, we follow the classical
concepts of equilibrium thermodynamics and classify thermal systems into isolated, closed,
and open systems. This classification is also associated with the theory of equilibrium
statistical mechanics. More precisely, these systems are provided with the microscopic
structures of micro-canonical, canonical, and grand-canonical ensembles, respectively. A
closed system here indicates the lack of transport of materials between the outer systems,
whereby the transport of heat and that of the energy are permitted. In the open system, on
the other hand, the transport of material between the outer systems is also permitted. Next,
in view of the theory of non-equilibrium thermodynamics, we add one more aspect to the
openness, that is the dissipation of entropy to the outer system.224 Under this agreement,
closedness is re-formulated as a system provided with decreasing total free energy or that
provided with increasing total entropy. Thus we have two kinds of closedness: physical
closedness in terms of kinetic and/or material, and thermodynamical closedness described
by two typical models discussed in details in this book. Free energy transmission occurs in
the latter case and could be the origin of ”self-assembly”.
In this connection, we note that the dissipative system is defined by the presence of an at-
tractor in the theory of dynamical systems. Gradient system with compact semi-orbits is a
typical dissipative system in this case.128 We believe, however, that this definition of dis-
sipative system does not describe what were observed by.224 More precisely, decrease of
the free energy or increase of the entropy means thermodynamical closedness. It is formu-
lated by the gradient system in the same two models as mentioned above, and, therefore,
is never provided with the dissipation in the sense of non-equilibrium thermodynamics224

in spite of the fact that these two models are typical dissipative systems in the theory of
dynamical systems. To avoid this confusion, the above mentioned terminology of dissi-
pative system in the theory of dynamical systems128 is not used in this book. Actually, a
recent paradigm asserts two aspects of self-organization, far-from-equilibrium (top-down
self-organization) and self-assembly (bottom -up self-organization), emphasizing the role
of their hierarchical developments, with the Hopf bifurcation casting the threshold.345 Dis-
sipation occurs in a state far-from-equilibrium, which results in a spiral wave, a travelling
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wave, a periodic structure, a sef-similar development, and so forth; while self-assembly, we
believe, is formed near-from-equilibrium of thermodynamically closed system induced by
the stationary states, developing a condensate, a collapse, a blowup, a spike, and so forth.
This book is concerned with the formation of self-assembly. Its profile is provided with the
”triple seal,” of which basic concepts have already been described. First, several features
of self-assembly that is one aspect of the self-organization are sealed in thermodynamically
closed systems. Secondly, the dynamics of the closed system is sealed in the total set of sta-
tionary states. Finally, the stationary states themselves are sealed in the (skew-) Lagrangian,
provided with the structure of dual variation. These features of the mean field hierarchy
are certainly revealed by the method of scaling derived from the microscopic principle.
In summary, formation of self-assembly arises in thermodynamically closed systems, and
hence this process is subject to the calculus of variation. The closed system follows the mi-
croscopic principle. This principle controls the mean field hierarchy totally, and, therefore,
fundamental profiles of the macroscopic mean field equation are revealed by the method
of scaling. We would like to thank Professor Tomohiko Yamaguchi for several stimulative
discussions on non-equilibrium thermodynamics. Thanks are also due to Professors Biotr
Biler, Fumio Kikuchi, Futoshi Takahashi, and Gershon Wolansky for careful reading over
the primary version of the manuscript.

Takashi Suzuki
Osaka, Japan
June, 30, 2008
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Chapter 1

Duality - Sealed Variation

Self-organization is a phenomenon widely observed in physics, chemistry, and biology.
Usually, it is mentioned in the context of far-from-equilibrium of dissipative open systems
describing the discharge of entorpy, but the other aspect, formation of self-assembly, is
sealed in the total set of stationary solutions of thermodynamically closed systems. This
stationary problem is contained in a hierarchy of the mean field of many self-interacting
particles, whereby the transmission of free energy is a leading factor. We can observe
a unified structure of calculus of variation in these mathematical models, and obtain a
guideline of the study from it, especially the total structure of stationary solutions and its
roles in dynamics.
Equations describing self-assembly have been classified into models (A), (B), and (C). Al-
thoughmodel (C) equations indicate models other than those of model (A) or (B) equations,
see,96 some of them are fomulated as the (skew-) gradient system with semi-duality. In this
chapter, first, we take a simplified system of chemotaxis to confirm the above story, and
then develop the abstract theory of Toland duality. Next, we examine the closed structures
of model (A) and model (B) equations, and, finally, confirm the profiles of dual variation
sealed in several model (C) equations.

1.1. Chemotaxis

Chemotaxis is a feature that some living things are attracted by special chemical source,
which results in, for example, the formation of spores in the case of cellular slime molds.
In more details, under sufficient food and water, the spores of cellular slime molds break
and small amoebas are born. First, the dissipative structure makes them quite active, but
they are eventually combined with spores again after the first twenty-four hours. At this
occasion, the chemotactic feature to the chemical substances secreted takes a role. This
process is made up of a mathematical model, and then formation of the delta-function
singularity is conjectured. The effect of chemotaxis is formulated also in the material
transport theory subject to the total mass conservation and the decrease of the free en-
ergy. The quantized blowup mechanism to such a system is actually proven in this context,
using the weak formulation made by the duality and the scaling invariance of the prob-
lem. This section illstrates the story of the proof of such quantized blowup mechanics, its
backgrounds, and related topics such as the tumor growth model and the geometric flow.

T. Suzuki, Mean Field Theories and Dual Variation, Atlantis Studies in Mathematics for Engineering 1 
and Science 2, DOI 10.1007/978-94-91216-22-0_1, © 2008 Atlantis Press/World Scientific 



2 Chapter 1. Duality - Sealed Variation

1.1.1. Thermal Transport

If Ω⊂ Rn, n = 2,3, is a bounded domain with smooth boundary ∂Ω and v = v(x) is a C1

vector field defined on Ω, then the divergence formula of Gauss holds as∫
Ω
∇ · vdx=

∫
∂Ω
ν · vdS, (1.1)

where · is the inner-product in Rn,

∇=

⎛
⎜⎝

∂
∂x1
. . .
∂
∂xn

⎞
⎟⎠

the gradient operator,

ν =

⎛
⎝ ν1. . .

νn

⎞
⎠

the outer normal vector, and dS the area (or line) element.
Thus

∇ · v=
∂v1

∂x1
+ . . .+

∂vn

∂xn
is the divergence of the vector field v, indicated by

v=

⎛
⎝ v1. . .
vn

⎞
⎠ .

Furthermore,

ν =

(
x′2(s)
−x′1(s)

)
dS = ds

if n= 2 and ∂Ω is parametrized as x= (x1(s),x2(s)) by the arc-length parameter s:√
x′1(s)2+ x′2(s)2 = 1

and

ν =
xu× xv
|xu× xv|

dS = |xu× xv|dudv=
√
EG−F2dudv

if n= 3 and ∂Ω is parametrized as x= x(u,v) ∈ R3 by (u,v) ∈ R2, where

xu =
∂x
∂u

, xv =
∂x
∂v

E = |xu|2 , F = xu · xv, G= |xv|2
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and × denotes the outer product in R3.
From the classical theory of ordinary differential equations, we can define a local flow {Tt}
by x(t) = Ttx0, where x= x(t) is a unique solution to

dx
dt

= v(x), x|t=0 = x0 ∈Rn. (1.2)

Then, if ω ⊂ Rn is a bounded domain, the set
Tt(ω) = {Ttx | x ∈ ω}

indicates the region occupied by the particles at t = t that have moved from those in ω at
t = 0, subject to the velocity field v. Its volume (or area) is equal to

|Tt(ω)| =
∫
Tt (ω)

dξ =

∫
ω
|Jt(x)|dx

using the transformation of variables ξ = Ttx, where

Jt(x) = det
(
∂ξi
∂x j

)
1≤i, j≤n

denotes the Jacobian.
We can derive, see,282

∂ξi
∂x j

∣∣∣∣
t=0

= δi j,
d
dt
∂ξi
∂x j

∣∣∣∣
t=0

=
∂vi

∂x j
or, equivalently,

∂ξi
∂x j

= δi j+ t
∂vi

∂x j
+o(t)

from (1.2), and, therefore,

Jt(x) = 1+ t
(
∂v1

∂x1
+ . . .+

∂vn

∂xn

)
+o(t).

This relation implies

|Tt(ω)| = |ω |+ t
∫
ω
∇ · vdx+o(t),

or, equivalently,

d
dt

|Tt(ω)|
∣∣∣∣
t=0

=
∫
ω
∇ · vdx.

Thus the left-hand side of (1.1) indicates the total amount of the particles flowing intoΩ per
unit time from inside source, which is equal to the total integral of the normal component
of the velocity v on the boundary indicated by the right-hand side.
For the proof of (1.1), we approximate Ω by Ωh using small rectangles, for example, and
reduce it to ∫

Ωh
∇ · vdx=

∫
∂Ωh
ν · vdS. (1.3)
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To prove (1.3), next, we take the rectangles
{
Ωih
}
i composingΩ, and show∫

Ωih
∇ · vdx=

∫
∂Ωih
ν · vdS (1.4)

for each i. Then, ∑i of the left-hand side is equal to that of (1.3). The same is true for
the right-hand side because the inner boundary integrals cancel. Thus (1.4) implies (1.3).
Equality (1.4), on the other hand, is proven by changing the triple (double) integral of
the left-hand side to the successive integral, and then using the fundamental theorem of
differentiation and integration.
Divergence formula of Gauss (1.1) is equivalent to∫

Ω

∂ f
∂xi
dx=

∫
∂Ω
νi f dS, 1≤ i≤ n,

where f = f (x) is aC1 scalar field. This formula implies the integration by parts,

∫
Ω
w
∂g
∂xi
dx=

∫
∂Ω
wνigdS−

∫
Ω

∂w
∂xi
gdx, 1≤ i≤ n, (1.5)

where w= w(x) and g= g(x) areC1 scalar fields.
Direction derivative of f toward ν , on the other hand, is defined by

∂ f
∂ν

=
d
ds
f (·+ sν)

∣∣∣∣
s=0

.

Using

∇ f =

⎛
⎜⎝

∂ f
∂x1
. . .
∂ f
∂xn

⎞
⎟⎠ ,

then we obtain
∂ f
∂ν

= ν ·∇ f

by

∂ f
∂ν

(x) =
d
ds
f (x1+ sν1, . . . ,xn+ sνn)

∣∣∣∣
s=0

=
∂ f
∂x1

(x)ν1+ . . .
∂ f
∂xn

(x)νn

which means that

f (x+ sν) = f (x)+ sν ·∇ f (x)+o(s)

as s→ 0 and, therefore, ∇ f (x) has the direction where f (x) obtains the infinitesimally
maximum increase, and the length of this vector is equal to the degree of the variation of
f (x) in this direction.282
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Applying (1.1) for v= ∇ f , we obtain
∫
Ω
Δ f dx=

∫
∂Ω

∂ f
∂ν
dS,

using Laplacian,

Δ= ∇ ·∇=
∂ 2

∂x21
+ . . .+

∂ 2

∂x2n
,

provided that f is a C2 scalar field. Similarly, putting w = ∂ f
∂xi
and taking ∑i in (1.5), we

obtain ∫
Ω
∇g ·∇ f dx=

∫
∂Ω
g
∂ f
∂ν
dS−

∫
Ω
gΔ f dx

if g and f areC1 andC2 scalar fields, respectively. This equality implies Green’s formula
∫
Ω
(gΔ f − fΔg)dx=

∫
∂Ω

(
g
∂ f
∂ν

− f ∂g
∂ν

)
dS

valid toC2 scalar fields indicated by f = f (x) and g= g(x).

Heat Equation

If Ω is occupied with a heat conductor and ω is a sub-domain with C1 boundary ∂ω , then∫
ω
cρθt dx

denotes the infinitesimal change of the heat energy inside ω , where c, ρ , and θ denote the
specific heat, the density, and the temperature, respectively. Then, from Newton-Fourier-
Fick’s law, the heat energy lost per unit time is proportional to the temperature gradient,
and thus we obtain ∫

ω
cρθt dx=

∫
∂ω
κ
∂θ
∂ν
dS (1.6)

with the conductivity κ .
The right-hand side of (1.6) is equal to∫

∂ω
ν · (κ∇θ )dS=

∫
ω
∇ · (κ∇θ )dx

by (1.1), and hence it holds that

cρθt = ∇ · (κ∇θ ) (1.7)

called the heat equation because ω is arbitrary.
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1.1.2. Collapse Formation

Simplified system of chemotaxis157,209 has several backgrounds in statistical mechanics,
thermodynamics, and biology.304 For this system, we have a remarkable profile of the
solution, called the quantized blowup mechanism.304,305

In the context of biology, it is associated with the chemotactic feature of cellular slime
molds,169 typically formulated by

ut = ∇ · (∇u−u∇v)
−Δv= u− 1

|Ω|
∫
Ω
u in Ω× (0,T)

∂u
∂ν

−u ∂v
∂ν

=
∂v
∂ν

= 0 on ∂Ω× (0,T)∫
Ω
v= 0, (1.8)

where Ω⊂Rn, n= 2,3, is a bounded domain with smooth boundary ∂Ω and ν is the outer
unit normal vector.
In this case, u= u(x,t) stands for the density of cellular slime molds, and the first equation
of (1.8) is written as

ut = −∇ · j
with

j = −∇u+u∇v (1.9)

which means that
d
dt

∫
ω
u= −

∫
∂ω
ν · j

for any sub-domain ω with C1 boundary ∂ω by (1.1). Thus, the vector field j stands for
the flux of u, and the first equation of (1.8) describes mass conservation. The null flux
condition,

ν · j = 0,
therefore, is imposed on the boundary in (1.8), which guarantees the total mass conserva-
tion,

‖u(·,t)‖1 = ‖u0‖1 (1.10)

for u0 = u(·,0) ≥ 0 because u = u(x,t) ≥ 0 follows from the maximum principle.259 Here
and henceforth, ‖ · ‖p denotes the standard Lp norm:

‖ f‖p =

{
{∫Ω | f |p}1/p , 1≤ p< ∞
ess.supx∈Ω | f (x)| , p= ∞.

The component v = v(x,t) denotes the concentration of a chemical substance secreted by
the slime molds. Its production law is described by the second equation which constitutes
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the Poisson equation. We shall examine its details in the next paragraph. Roughly, since
∇v stands for the gradient created by the particle density u, the second equation indicates
that u acts as a source of v, namely, the self-attractive gradient field ∇v is created by u.
The form (1.9) of j, on the other hand, indicates that v acts as a carrier of u, formulated by
the phenomenological relation, see §1.4.4. Thus, the term u∇v describes the chemotactic
feature of the cellular slime molds, and u is carried proportionally to the gradient ∇v of v.
This chemotaxis term, furthermore, competes the diffusion−∇u of u for u to vary.
System (1.8) is well-posed locally in time.24,282,304,344 If the initial value u0 ≥ 0 of u is
sufficiently regular, then there is a unique (classical) non-negative solution locally in time,
and, therefore, if Tmax denotes the supremum of its existence time, then we obtain Tmax > 0.
In case T = Tmax < +∞, this T is called the blowup time, and actually, there arises

lim
t↑T

‖u(·,t)‖∞ = +∞.

For this system (1.8), we have the following theorems.279,304

Theorem 1.1.
If n= 2 and T = Tmax < +∞, then it holds that

u(x,t)dx⇀ ∑
x0∈S

m(x0)δx0(dx)+ f (x)dx (1.11)

as t ↑ T, where
S =

{
x0 ∈Ω | there exists (xk,tk) → (x0,T )

such that u(xk,tk) → +∞} (1.12)

denotes the blouwp set of u and

0≤ f = f (x) ∈ L1(Ω)∩C(Ω\S ).

Theorem 1.2. We have

m(x0) = m∗(x0) ≡
{
8π , x0 ∈Ω
4π , x0 ∈ ∂Ω (1.13)

and hence

2�(S ∩Ω)+ �(S ∩∂Ω) ≤ ‖u0‖1 /(4π) (1.14)

by (1.10).

The convergence (1.11) is ∗-weakly in the set of measures on Ω, denoted byM (Ω), which
means

lim
t↑T

∫
Ω
u(·,t)ϕ = ∑

x0∈S

m(x0)ϕ(x0)+

∫
Ω
fϕ
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for any ϕ ∈C(Ω). This phenomenon of the appearence of the delta-function singularity in
u(x,t)dx is called the formation of collapse, and the equality m(x0) = m∗(x0) is referred to
as the mass quantization.
In 1970, Keller-Segel169 proposed a system of parabolic equations with a more complicated
chemotaxis term competing to the diffusion. System (1.8) is a simplified form introduced
in 1992 by Jäger-Luckhaus.157 In 1973, Nanjundiah217 conjectured the formation of col-
lapse, and Childress-Percus61 refined this conjecture in 1981 by heuristic arguments. More
precisely, formation of collapse is supposed to hold only in the case of n = 2, and 8π is
expected to be the threshold of λ = ‖u0‖1 for the existence of the solution global in time.
The latter means that λ < 8π will imply Tmax = +∞, while any λ > 8π admits u0 ≥ 0 such
that ‖u0‖1 = λ and Tmax < +∞.
In 1995, Nagai209 showed that this 8π threshold conjecture is affirmative for radially sym-
metric solutions, but later, 4π is proven to be the real threshold value of non-radially sym-
metric case.24,108,210,211,278 The above mentioned Theorems 1.1 and 1.2 are regarded as
a localization of this threshold combined with the formation of delta-fucntion sigularity.
Concerning the other space dimensions, on the other hand, it is proven that there is no
blowup for n = 1 and no L1 threshold blowup for n = 3, see.140,141,209,275 In the case of
n= 2, however, the formation of collapse is valid even to perturbed systems.176

1.1.3. Mean Field Hierarchy

System (1.8) arises also in physics. In this context, we call it the Smoluchowski - Poisson
equation, whereby u = u(x,t) indicates the distribution function of self-gravitating parti-
cles, and v = v(x,t) is the gravitational field created by them. In more details, the second
equation of (1.8) is equivalent to

v(x,t) =
∫
Ω
G(x,x′)u(x′,t)dx′,

whereG=G(x,x′) denotes the Green’s function associated with the elliptic boundary value
problem called the Poisson equation

−Δv= u− 1
|Ω|

∫
Ω
u in Ω,

∂v
∂ν

= 0 on ∂Ω∫
Ω
v= 0, (1.15)

and that this Green’s function behaves like the gravitational potential,

G(x,x′) ≈ Γ(x− x′)
for

Γ(x) =

{
1
4π · 1|x| , n= 3
1
2π log

1
|x| , n= 2.

This equation thus describes the formation of gravitational field by the particle density.
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Actually, system (1.8) is contained in a hierarchy of the mean fields of many self-gravitating
particles subject to the second law of thermodynamics obtained by the fluctuation-friction
approach, see §2.2.5. More precisely, it is a macroscopic description of this mean field asso-
ciated with the micoscopic Langevin equation, and the mezoscopic Fokker-Planck-Poisson
equation.20,338,339 This hierarchy of mean fields is governed by the decrease of Helmholtz’
free energy F , which is defined by the inner energy minus entropy if the temperature is
normalized to 1, that is,

F (u) =
∫
Ω
u(logu−1)− 1

2

∫∫
Ω×Ω

G(x,x′)u(x)u(x′)dxdx′ (1.16)

because μ(dx,t) = u(x,t)dx stands for the particle density, and G = G(x,x′) casts the po-
tential, see §1.4.2. Thus, the first and the second terms of (1.16) indicates (−1) times
entropy and the inner (kinetic) energy, respectively. The inner force is self-attractive in this
case, and actually, − 1

2 factor appears in the second term because of Newton’s third law of
action-reaction. This potential is thus symmetric,

G(x′,x) = G(x,x′), (1.17)

and there are several microscopic and kinetic derivations of (1.8), see §§2.2.5 and 2.2.6.
The first variation δF (u) ofF (u) is defined by

〈w,δF (u)〉 =
d
ds

F (u+ sw)

∣∣∣∣
s=0

. (1.18)

Identifying this paring 〈 , 〉 with the L2 inner product, we obtain
δF (u) = logu− v

for

v=

∫
Ω
G(·,x′)u(x′)dx′.

Thus (1.8) reads;

ut = ∇ · (u∇δF (u)) in Ω× (0,T)

u
∂
∂ν
δF (u) = 0 on ∂Ω× (0,T). (1.19)

This problem is a form of the model B equation96,130,146,252 derived from the free energy
F = F (u), and, consequently, it follows that

d
dt

∫
Ω
u= −

∫
∂Ω
u
∂
∂ν
δF (u) = 0

d
dt

F (u) = −
∫
Ω
u |∇δF (u)|2 ≤ 0, (1.20)

see §1.3.1. The second inequality of (1.20) means the decrease of the free energy, while the
first equality of (1.20), combined with u = u(x,t) ≥ 0, assures the total mass conservation
(1.10),

λ ≡ ‖u0‖1 = ‖u(·,t)‖1 , t ∈ [0,Tmax). (1.21)
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Relation (1.21) leads to the selection n= 2 for the formation of collapse, using the dimen-
sion analysis.61 In more details, if u is concenrated on a region with the radius δ > 0, then
it is of order δ−n because of this property, (1.21). Then, we replace δ−1 by ∇ in (1.8), and
take δ 1−n/2 and δ 1+n/2 for v and t, respectively, which results in

δ−(1+3n/2)
(
δ 0,δ 0,δ−1+n/2

)
= 0

δ−n
(
δ 0, ·,δ−1+n/2

)
= 0

by

ut −∇ · (u∇v)−Δv= 0

u− 1
|Ω|

∫
Ω
u+Δv= 0.

Balance of these relations, thus, implies n = 2. Surprisingly, this heuristic argument is the
origin of a rigorous proof of the formation of collapse and with mass quantization, that is,
the scaling argument.
Theorem 1.2 concerned with the mass quantization actually describes the ”local” L1 thresh-
old for the post-blowup continuation. The reasons why 8π was conjectured first and why it
was modified later to 4π lie in the structure of the total set of stationary states.

1.1.4. Stationary State

As we described, the above mentioned quantized blowup mechanism of non-stationary
solutions is sealed in the total set of stationary solultions, which are defined by the zero free
energy consumption. More precisely, from (1.20), the stationary state of (1.8) is realized
by

δF (u) = constant,
∫
Ω
u= λ

or, equivalently,

logu− v= constant, ‖u‖1 = λ , (1.22)

where λ = ‖u0‖1 and

v= (−ΔN)−1(u−u),
∫
Ω
v= 0 (1.23)

for

u=
1
|Ω|

∫
Ω
u.

Here and henceforth,−ΔN denotes the Laplacian−Δ providedwith the Neumann boundary
condition, ∂∂ν ·

∣∣∣
∂Ω

= 0. Eliminating u in (1.22), now we obtain the relation

u=
λev∫
Ω ev

, (1.24)
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and, therefore, the nonlinear eigenvalue problem with non-local term,

−Δv= λ
(
ev∫
Ω ev

− 1
|Ω|

)
in Ω,

∂v
∂ν

= 0 on ∂Ω
∫
Ω
v= 0 (1.25)

arises from (1.23). It is worth noting that the quantized blowup mechanism at this level is
already observed in the blowup family of solutions.234,277

More precisely, if {(λk,vk)}∞k=1 is a family of solutions to (1.203) for λ = λk and v = vk,
satisfying λk → λ0 ∈ [0,∞) and ‖vk‖∞ → +∞, then the blowup set of {vk}, denoted by

S =
{
x0 ∈Ω | there exists xk → x0 such that vk(xk) → +∞

}
,

is finite and furthermore, passing through a subsequence, it holds that

uk(x)dx⇀ ∑
x0∈S

m∗(x0)δx0(dx) (1.26)

inM (Ω) as k→ ∞, where

uk =
λkevk∫
Ω evk

.

This relatioin implies λ0 ∈ 4πN , and furthermore, it holds that

∇x

⎡
⎣m∗(x0)K(x,x0)+ ∑

x′0∈S \{x0}
m∗(x′0)G(x,x′0)

⎤
⎦= 0, x= x0 (1.27)

for each x0 ∈ S , where only tangential derivative is taken in (1.27) if x0 ∈ ∂Ω, and

K(x,x′) = G(x,x′)+

{ 1
2π log |x− x′| , x ∈Ω
1
π log |x− x′| , x ∈ ∂Ω

(1.28)

stands for the regular part of the Green’s function G(x,x′). Corresponding to (1.26), we
obtain

vk(x) → v0(x) = ∑
x0∈S

m∗(x0)G(x,x0)

locally uniformly in x ∈Ω\S and this v0 = v0(x) is called the singular limit of {vk}.
The above mentioned blowup mechanism emerged in the total set of stationary solutions
is associated with the structures of complex analysis and differential geometry,303 and also
the scaling invariance,181 for example,

−Δv= ev

is invariant under the transformation vμ(x) = v(μx)+ 2logμ for μ > 0, see §2.3.2. The
singular limit of {vk}, λk→ λ0 arising at the first quantized value λ0 = 4π to (1.25), on the
other hand, is given by 4πG(·,x0) with x0 ∈ ∂Ω satisfying

∂
∂τx
K(x,x0)

∣∣∣∣
x=x0

= 0,
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where τ is the unit tangential vector. This singular limit is ”stable,” attracts the non-
stationary solution in infinite time, and casts the underlying driving force to the self-
assembly. In other words, this singular limit is the origin of the quantized blowup mech-
anism of the non-stationary state, that is, formation of collapse with the quantized mass,
see.304

1.1.5. Localization and Symmetrization

For the moment, we are concentrated on the proof of Theorems 1.1 and 1.2, whereby n= 2
is always assumed. First, Theorem 1.1 of the formation of collapse is proven by localizing
the following criterion concerning the existence of the solution globally in time.24,108,211

Theorem 1.3. If λ = ‖u0‖1 < 4π , then it holds that Tmax = +∞.

Using the dual Trudinger-Moser inequality

inf{F (u) | u≥ 0, ‖u‖1 = 4π} > −∞ (1.29)

for the proof of the above theorem is proposed by,304 where F = F (u) denotes the free
energy defined by (1.16). In fact, from (1.29) and the first equality of (1.20) it is easy to
derive

sup
t∈[0,Tmax)

∫
Ω
u(logu−1)(·,t)≤C

with a constantC > 0 in the case of λ < 4π , which guarantees Tmax = +∞ with

sup
t≥0

‖u(·,t)‖∞ < +∞

by the parabolic regularity. Later in §1.2.8, we shall show the duality between (1.29) and
Chang-Yang’s inequality,48,49

inf{J4π(v) | v ∈ H1(Ω),

∫
Ω
v= 0} > −∞, (1.30)

where

Jλ (v) =
1
2
‖∇v‖22−λ log

(∫
Ω
ev
)

+λ (logλ −1).

Here and henceforth, Hm(Ω) =Wm,2(Ω) withWm,p(Ω) standing for the standard Sobolev
space, where m= 0,1, · · · and 1≤ p≤ ∞:

Wm,p(Ω) = { f ∈ Lp(Ω) |Dα f ∈ Lp(Ω), |α| ≤ m}.
We shall writeWm,p

0 (Ω) for the closure ofC∞0 (Ω) inWm,p(Ω) and Hm0 (Ω) =Wm,2
0 (Ω).

Chang-Yang’s inequality is relative to theMoser-Onofri inequality,206,325

inf{J8π(v) | v ∈ H10 (Ω)} > −∞, (1.31)

see also §2.2.4. The total mass λ = 4π in (1.30) is a half of that in (1.31) because of the
concentration on the boundary of the minimizing sequence for the former. The same profile
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occurs to the solution to (1.8) blowing-up in finite time and this profile provides the reason
why λ < 4π is sharp in Theorem 1.3.
The proof of Theorem 1.1 is based on the methods of localization and symmetrization, and
the details are the the following.

(1) Using nice cut-off functions, we show the formation of collapse at each isolated blowup
point.

(2) The Gagliardo-Nirenberg inequality, see,1 guarantees ε-regularity. In more detail,
there is an absolute constant, denoted by ε0 > 0, such that

lim
R↓0
limsup
t↑Tmax

‖u(·,t)‖L1(Ω∩B(x0,R)) < ε0⇒ x0 �∈ S

which means that

x0 ∈ S ⇒ limsup
t↑Tmax

‖u(·,t)‖L1(Ω∩B(x0,R)) ≥ ε0 (1.32)

for any R> 0.
(3) If we can replace limsupt↑Tmax by liminft↑Tmax in (1.32), then we obtain �S < +∞

because the total mass is conserved by (1.21). In this case, any blowup point is shown
to be isolated, and the formation of collapse, (1.11), is proven with m(x0) ≥ m∗(x0)
using the localized free energy.

(4) The above replacement is justified by the weak formulation of (1.8),

d
dt

∫
Ω
u(·,t)ϕ =

∫
Ω
u(·,t)Δϕ

+
1
2

∫∫
Ω×Ω

ρϕ(x,x′)u(x,t)u(x′,t)dxdx′, (1.33)

obtained by the method of symmetrization where

ϕ ∈C2(Ω),
∂ϕ
∂ν

= 0 on ∂Ω (1.34)

and

ρϕ(x,x′) ≡ ∇ϕ(x) ·∇xG(x,x′)+∇ϕ(x′) ·∇x′G(x,x′)
∈ L∞(Ω×Ω).

This formulation is possible because of the symmetry of the Green’s function, indicated
by (1.17).

(5) In more detail, we obtain ∣∣∣∣ ddt
∫
Ω
u(·,t)ϕ

∣∣∣∣≤Cϕ(λ +λ 2) (1.35)

from (1.33), and, therefore,

lim
t↑T

∫
Ω
u(·,t)ϕ
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exists for ϕ = ϕ(x) in (1.34). Using this property, we can replace (1.32) by

x0 ∈ S ⇒ liminf
t↑Tmax

‖u(·,t)‖L1(Ω∩B(x0,R)) ≥ ε0

for any R> 0.

Mass quantization (1.13), on the other hand, is a ”local” blowup criterion, while the global
blowup criterion also follows from the weak formulation (1.33), using the second moment.
A plot-type argument is given by Biler-Hilhorst-Nadzieja,25 and we obtain the following
theorem.278,304

Theorem 1.4. There is an absolute constant η > 0 such that if we have x0 ∈ Ω and 0 <

R� 1 satisfying

1
R2

∫
Ω∩B(x0,2R)

|x− x0|2 u0 < η
∫
Ω∩B(x0,R)

u0 > m∗(x0),

then Tmax < +∞. More precisely, it holds that Tmax = o(R2) as R ↓ 0.

We note that the assumptions of the above theorem are extended to the case that u0 = u0(x)
is a measure, say, u0(x) = m(x0)δx0(dx) with m(x0) > m∗(x0). Based on this observation,
now we infer in the following way.

(1) The argument employed in the proof of Theorem 1.4 is valid to the weak solution. In
particular, formation of the over-quantized collapse in finite time,

m(x0) > m∗(x0)

in (1.11), means the complete blowup, that is the impossibility of the post-blowup con-
tinuation of the solution. Thus the weak (measure-valued) post-blowup continuation
of the blowup solution u= u(x,t) assures mass quantization,

m(x0) = m∗(x0).

(2) The Fokker-Planck-Poisson equation, on the other hand, admits a weak solution glob-
ally in time for appropriate initial values,239,328 and, therefore, we use the rescaled
variables to complete the proof of Theorem 1.2, regarding the hierarchy of the mean
field of particles.

Although the abve described guideline is not adopted directly because of several technical
difficulties, it contains key ideas for the proof of mass quantization. In the next section, we
shall describe the definition of the weak solution to the rescaled case. See also §2.4.1 for
the notion of complete blowup.
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1.1.6. Rescaling

Fundamental concept of the method of rescaling is illustrated in §2.3.2. In the case of
(1.8), we assume T = Tmax < +∞ and x0 ∈ S and take the standard backward self-similar
variables defined by

y= (x− x0)/(T − t)1/2
s= − log(T − t), t < T. (1.36)

The formal blowup rate, on the other hand, is (T −t)−1/(p−1) if the nonlinearity is of degree
p, and p= 2 in this system of chemotaxis (1.8), see §1.1.8 for details.
Putting

z(y,s) = (T − t)u(x,t)
w(y,s) = v(x,t), (1.37)

we obtain

zs = ∇ · (∇z− z∇(w+ |y|2/4))
0= Δw+ z− e

−sλ
|Ω| in

⋃
s>− logT es/2 (Ω−{x0})×{s}

∂ z
∂ν

=
∂w
∂ν

= 0 on
⋃
s>− logT es/2 (∂Ω−{x0})×{s}. (1.38)

Here, we use the following ingredients for the proof of Theorem 1.2:

(1) parabolic envelope.
(2) generation of the weak solution.
(3) second moment.
(4) formation of sub-collapse.

Parabolic Envelope

Taking a nice cut-off function around x0 ∈ S with the support radius 2R > 0 denoted by
ϕx0,R, we can refine (1.35) as∣∣∣∣ ddt

∫
Ω
u(·,t)ϕx0,R

∣∣∣∣≤C(λ +λ 2)R−2

with a constantC > 0 independent of 0< R< 1 which implies that∣∣〈ϕx0,R,μ(·,T )
〉− 〈

ϕx0,R,μ(·,t)〉∣∣≤C(λ +λ 2)R−2(T − t) (1.39)

because u(x,t)dx = μ(dx,t) is regarded as a ∗-weakly continuous function in M (Ω) on
[0,T ], that is

μ = μ(dx,t) ∈C∗([0,T ],M (Ω)).
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Since 0< R< 1 is arbitrary in (1.39), we can put

R= bR(t)

for given b> 0, provided that 0< R(t) ≡ (T − t)1/2 < b−1, that is∣∣〈ϕx0,bR(t),μ(·,T )
〉− 〈

ϕx0,bR(t),μ(·,t)〉∣∣≤Cb−2
which implies that

limsup
t↑T

∣∣m(x0)−
〈
ϕx0,bR(t),μ(·,t)〉∣∣≤Cb−2

for x0 ∈ S by

μ(dx,T ) = ∑
x0∈S

m(x0)δx0(dx)+ f (x)dx,

and, therefore,

lim
b↑+∞

limsup
t↑T

∣∣〈ϕx0,bR(t),μ(·,t)〉−m(x0)
∣∣= 0. (1.40)

Relation (1.40) indicates that infinitely wide parabolic region concerning the backward
self-similar variables, called parabolic envelope, contains the whole blowup mechanism.

Generation of the Weak Solution

Given sk ↑ +∞, we have {s′k} ⊂ {sk} and ζ (dy,s) such that
z(y,s+ s′k)dy⇀ ζ (dy,s) (1.41)

in C∗(−∞,+∞;M (R2)). Here, 0-extension to z(y,s) is taken where it is not defined. This
ζ = ζ (dy,s) satisfies supp ζ (·,s) ⊂ L, and is a weak solution to

zs = ∇ ·
(
∇z− z∇

(
w+ |y|2 /4

))
in L× (−∞,+∞)

∂ z
∂ν

∣∣∣∣
∂L

= 0

∇w(y,s) =
∫
L
∇Γ(y− y′)z(y′,s)dy′,

where L is R2 and a half space with ∂L parallel to the tangent line of ∂Ω at x0 if x0 ∈ Ω
and x0 ∈ ∂Ω, respectively, and

Γ(y) =
1
2π
log

1
|y| .

If x0 ∈ ∂Ω, we take the even extension of ζ (dy,s) denoted by the same symbol without
confusion. Then, all the above cases are reduced to L= R2,

zs = ∇ · (∇z− z∇(w+ |y|2/4)) in R2× (−∞,+∞)

∇w(y,s) =

∫
R2
∇Γ(y− y′)z(y′,s)dy′. (1.42)
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We thus obtain a full-orbit weak solution

ζ = ζ (dy,s) ∈C∗(−∞,+∞;M (R2))

to (1.42). This ζ (dy,s) is a Radon measure on R2 satisfying

ζ (R2,s) =

{
m(x0), x0 ∈Ω
2m(x0), x0 ∈ ∂Ω

≥ 8π (1.43)

for each s ∈ (−∞,+∞) from the parabolic envelope.
Here, we use the one-point compactification ofR2, denoted byR2∪{∞} which is identified
with the sphere

S2 =
{
(x1,x2,x3) ∈ R3 | x21+ x22+ x23 = 1

}
by the stereographic projection yi = xi/(1− x3) (i = 1,2). The following definition of the
weak solution to (1.42) is sufficient for later arguments using second moment.

(1) There is 0≤ ν = ν(s) ∈ L∞∗ (−∞,+∞;E ′) satisfying

ν(s)|E = ζ ⊗ ζ (dydy′,s) a.e. s ∈ R,

where

E =
[{
ρ0ϕ | ϕ ∈C2(R2∪{∞})}]L∞(R2∪{∞}×R2∪{∞})

⊂ L∞(R2∪{∞}×R2∪{∞})
ρ0ϕ(y,y

′) =
(
∇ϕ(y)−∇ϕ(y′)

) ·∇Γ(y− y′).
(2) For each ϕ ∈ C2(R2 ∪{∞}), the mapping s ∈ R �→ 〈ϕ ,ζ (dy,s)〉 is locally absolutely

continuous, and it holds that
d
ds

〈ϕ ,ζ (·,s)〉 = 〈Δϕ+ y ·∇ϕ/2,ζ (·,s)〉+ 1
2
〈
ρ0ϕ ,ν(s)

〉
E ,E ′ ,

a.e. s ∈ R.

From (1.43) and m(x0) ≥ m∗(x0), we have only to derive

ζ (R2,0) ≤ 8π , (1.44)

using the above mentioned properties of ζ (dy,s) to complete the proof of Theorem 1.2.
For this purpose, we note that Kurokiba-Ogawa174 used the scaling transformation and
obtained the non-existence of the weighted L2 solution globally in time for the pre-scaled
system in the whole space,

ut = ∇ · (∇u−u∇v), −Δv= u in R2× (0,T ), (1.45)

in the case that the initial mass is greater than 8π . We shall now examine whether this
argument is valid to (1.42) or not.

Second Moment - Self-Similarity
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Since the (rescaled) weak solution ζ = ζ (dy,s) is global in time, method of the second
moment assures that sufficient concentration at the origin of the solution implies (1.44). In
more detail, we take smooth c= c(s) satisfying

0≤ c′(s) ≤ 1, s≥ 0
−1≤ c(s) ≤ 0, s≥ 0

c(s) =

{
s−1, 0≤ s≤ 1/4
0, s≥ 4, (1.46)

and then derive
d
ds

〈
c(|y|2)+1,ζ (dy,s)

〉
≤C

〈
c(|y|2)+1,ζ (dy,s)

〉
+δ m̂(x0)

{
4− m̂(x0)

2π

}
a.e. s ∈ R (1.47)

withC > 0 and δ > 0, provided that

m̂(x0) ≡ ζ (R2,0) > 8π .

Thus, there is δ > 0 such that 〈
c(|y|2)+1,ζ (dy,0)

〉
< δ (1.48)

implies 〈
c(|y|2)+1,ζ (dy,s)

〉
< 0

for s� 1, a contradiction.
In,304 it is proposed to use a self-similarity of the problem (1.42) to remove the concen-
tration condition (1.48). This similarity arises because equation (1.42) is obtained by the
following process:

(1) equation (1.8) with (potentially) self-similarity.
(2) equation (1.38) obtained by the backward self-similar transformation.
(3) weak limit as s′k ↑ +∞ defined on the whole space-time (1.42).

To detect this property, here we take the transformation

z(y,s) = e−sA(y′,s′), w(y,s) = B(y′,s′)
y′ = e−s/2y, s′ = −e−s. (1.49)

Then, we obtain the same form to (1.45),

As′ = ∇′ · (∇′A−A∇′B
)

∇′B(·,s′) =

∫
R2
∇Γ(·− y′)A(y′,s′)dy′ in R2× (−∞,0), (1.50)

provided with the self-similarity

uμ(x,t) = μ2u(μx,μ2t), vμ(x,t) = v(μx,μ2t).
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This property to (1.50) induces the self-similar transformation of (1.42):

z(y,s) = e−sA(y′,s′), w(y,s) = B(y′,s′)
zμ(y,s) = e−sAμ(y′,s′), wμ(y,s) = Bμ(y′,s′)
Aμ(y′,s′) = μ2A(μy′,μ2s′), Bμ(y′,s′) = B(μy′,μ2s′)
y′ = e−s/2y, s′ = −e−s, (1.51)

where μ > 0 is a constant.
The condition (1.48), however, is a scaling invariant. In fact,〈

c(|y|2)+1,ζ (dy,s)
〉

< δ (1.52)

for some s ∈ R means 〈
c
(
(−s′)−1|y′|2) ,A(dy,s′)

〉
< δ

for some s′ < 0, while 〈
c
(
(−s′)−1|y′|2) ,Aμ(dy,s′)

〉
< δ (1.53)

is equivalent to 〈
c
(
(−μ2s′)−1|y′|2) ,A(dy,μ2s′)

〉
< δ . (1.54)

It is thus impossible to find μ > 0 satisfying〈
c(|y|2)+1,ζ μ(dy,0)

〉
< δ

for the general case. All the difficulties lie already in the fact that (1.50) is defined only for
s′ < 0. In the following section, we complete the proof of mass quantization.

1.1.7. Mass Quantization

Taking an alternative approach to the proof of Theorem 1.2, we recall (1.35) in the form of∣∣∣∣ ddt
∫
Ω
u(·,t)ϕ

∣∣∣∣≤C‖ϕ‖C2(Ω) (1.55)

with a constantC=Cλ > 0 independent of ϕ ∈C2(Ω) and that inequality (1.55) is derived
from (1.33). Here, we take ϕx0,R, the smooth cut-off function with the support radius
2R> 0, and apply (1.33) to ϕ = |x− x0|2ϕx0,R. This property results in, see (5.32) of,304

d
dt

∫
Ω
|x− x0|2ϕx0,R ·u(·,t)

≤ 4AR(t)+C
{
1
R2

∫
Ω
|x− x0|2ϕx0,R ·u(·,t)

}1/2

+C
∫
Ω
(ϕx0,2R−ϕx0,R) ·u(·,t) (1.56)

with a constantC > 0 independent of 0< R≤ 1, where

AR(t) =
∫
Ω
ϕx0,R ·u(·,t) ·

{
1− 1

m∗(x0)

∫
Ω
ϕx0,R ·u(·,t)

}
.
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In case x0 ∈ ∂Ω, actually, we modify |x− x0|2 by a suitable functionM =M(x) satisfying
∂M
∂ν = 0 on ∂Ω.
From (1.11), the right-hand side of (1.56) converges to

4
{
m(x0)+

∫
Ω
ϕx0,R · f

}{
1− 1

m∗(x0)

(
m(x0)+

∫
Ω
ϕx0,R · f

)}

+C
{
1
R2

∫
Ω
|x− x0|2ϕx0,R · f

}1/2
+C

∫
Ω
(ϕx0,2R−ϕx0,R) · f

as t ↑ T for 0< R� 1, which is estimated from above by

4
{
m(x0)+

∫
Ω
ϕx0,R · f

}{
1− 1

m∗(x0)

(
m(x0)+

∫
Ω
ϕx0,R · f

)}

+2C
{∫

Ω
ϕx0,R · f

}1/2
+C

∫
Ω
ϕx0,2R · f

= 4m(x0)
{
1− m(x0)

m∗(x0)

}
+o(1)

as R ↓ 0. In case m(x0) > m∗(x0), or, equivalently m̂(x0) > 8π , therefore, it holds that

d
dt

∫
Ω
|x− x0|2ϕx0,R ·u(·,t) ≤−a

for 0< T − t� 1 and 0< R� 1, where a> 0 is a constant. This inequality implies∫
Ω
|x− x0|2ϕx0,R ·u(·,t) ≤ −a(t− t̃)+

∫
Ω
|x− x0|2ϕx0,R ·u(·, t̃)

≤ −a(t− t̃)+
∫
Ω
|x− x0|2ϕx0,R̃ ·u(·, t̃)

for 0< T − t ≤ T − t̃� 1 and 0< R≤ R̃� 1. Putting R= bR(t) and R̃= bR(t̃) with b> 0
and R(t) = (T − t)1/2, and thus we obtain

∫
Ω

∣∣∣∣x− x0R(t)

∣∣∣∣
2
ϕx0,bR(t) ·u(·,t)

≤−a · t− t̃
T − t +

T − t̃
T − t

∫
Ω

∣∣∣∣x− x0R(t̃)

∣∣∣∣
2
ϕx0,bR(t̃)u(·, t̃) (1.57)

for 0< T − t ≤ T − t̃� 1.
Given tk ↑ T , we take

{
s′k
}⊂ {sk} and ζ (dy,s) satisfying (1.41) in

C∗(−∞,+∞;M (R2)),

where sk = − log(T − tk). We take also s ∈ R and define t ′k and t̃k by

s+ s′k = − log(T − t ′k)
t ′k− t̃k = T − t ′k.
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It holds that T − t̃k = 2(T − t ′k), and, therefore, inequality (1.57) for t = t ′k and t̃ = t̃k reads;∫
Ω

∣∣∣∣x− x0R(t ′k)

∣∣∣∣
2
ϕx0,bR(t′k) ·u(·,t

′
k)

≤−a+2
∫
Ω

∣∣∣∣x− x0R(t̃k)

∣∣∣∣
2
ϕx0,bR(t̃k) ·u(·, t̃k),

and we have

s̃+ s′k ≡− log(T − t̃k) = s+ s′k− log2.
We thus obtain 〈|y|2ϕ0,b,ζ (dy,s)〉 ≤ −a+2

〈|y|2ϕ0,b,ζ (dy, s̃)〉
= −a+2

〈|y|2ϕ0,b,ζ (dy,s− log2)〉 (1.58)

by sending k→ ∞.
From the formation of sub-collapse in the rescaled solution, however, the singular part of
ζ (dy,s− log2) is composed of a finite sum of delta functions, see,281 Chapter 14 of,304 and
§1.1.8. It holds, therefore, that〈|y|2ϕ0,b,ζ (dy,s− log2)〉= o(1) (1.59)

as b ↓ 0. The right-hand side of (1.58) is thus negative for 0< b� 1, a contradiction. The
proof of Theorem 1.2 is complete. �

1.1.8. Blowup Rate

The scaling invariance (1.53)-(1.54) of the rescaled second moment, however, induces an
important property concerning the blowup rate of the solution. Described in §1.1.6, the
formal blowup rate is obtained by the ODE part of (1.45),

ut = Δu−∇u ·∇v+u2,
that is

ṁ= m2.

Since the blowup solution to this ODE is given by m(t) = (T − t)−1, we say that the rate of
the blowup solution to (1.8) is type (I) if

limsup
t↑T

(T − t)‖u(·,t)‖∞ < +∞.

Then, the classification of the blowup point is done in accordance with the backward self-
similar transformation (1.36)-(1.37). We say that x0 ∈ S is of type (I) if

limsup
t↑T

R(t)2‖u(·,t)‖L∞(B(x0,bR(t)∩Ω) < +∞
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for any b> 0, where R(t) = (T − t)1/2, and we say that x0 ∈ S is of type (II) if it is not of
type (I), that is if there is tk ↑ T and b> 0 such that

lim
k→∞

R(tk)2‖u(·,tk)‖L∞(B(x0,bR(tk))∩Ω) = +∞.

Then, we obtain the following theorem.215,276

Theorem 1.5. Every x0 ∈ S is of type (II). More strongly, we have

lim
t↑T
R(t)2 ‖u(·,t)‖L∞(B(x0,bR(t))∩Ω) = +∞ (1.60)

for any b> 0 and

z(y,s+ s′)dy⇀ m∗(x0)δ0(dy) (1.61)

in C∗(−∞,+∞;M (R2)) as s′ ↑ +∞, where R(t) = (T − t)1/2 and z = z(y,s) denotes the
backward self-similar transformation of u= u(x,t) defined by (1.36)-(1.37).

Relation (1.61) is called the formation of sub-collapse. It says that the total blowup mech-
anism is enclosed in the infinitesimally small parabolic region, which we call the hyper-
parabola. We see that type (II) blowup rate indicated by (1.60) is obtained by this (1.61).
For the proof, we pick up a preliminary result,281,304 which has been already used in the
proof of (1.59). It is, however, not so sharp as (1.61); the possibilitis of collapse collision
and the residual term are left. More precisely, the ∗-weakly continuous measure ζ (dy,s),
generated by sk = − log(T − tk) through (1.41), takes the form

ζ (dy,s) = ∑
y0∈Bs

8πδy0(dy)+g(y,s)dy (1.62)

for each s ∈R. Here,Bs is a finite set and 0≤ g= g(·,s) ∈ L1(R2)∩C(R2 \Bs). Equality
(1.62) is actually a similarity to the quantized blowup mechanism arising in the blowup
solution in infinite time to the pre-scaled system (1.8). Thus, we perform a hierarchical
argument280 for the proof of (1.62). The proof is, therefore, quite similar to that of the
prescaled case of which fundamenta idea is illustrated in §1.1.9.
To improve (1.62), we show, next, the convergence of the global second moment of the
rescaled solution. To this end, we note

d
dt

∫
Ω
|x− x0|2ϕx0,R ·u(·,t)≥−C

obtained similarly to (1.56) in spite of m̂(x0) = 8π , whereC > 0 is a constant independent
of 0< R≤ 1. This time, we have∫

Ω
|x− x0|2ϕx0,R ·u(·,t) ≤C(T − t)+

∫
Ω
|x− x0|2ϕx0,R · f

by (1.11), and, therefore,
1

R(t)2

∫
Ω
|x− x0|2ϕx0,bR(t) ·u(·,t)

≤C+
1

R(t)2

∫
Ω
|x− x0|2ϕx0,bR(t) · f

≤C+4b2
〈
ϕx0,bR(t), f

〉
. (1.63)
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by putting R= bR(t).
Given tk ↑ T , we take

{
s′k
}⊂ {sk} satisfying (1.41) in

C∗(−∞,+∞;M (R2))

as before, where sk = − log(T − tk). It follows that〈
|y|2 ,ζ (dy,s)

〉
≤C −∞< s< ∞ (1.64)

from b ↑ +∞.
Putting

I(s) =
〈
|y|2 ,ζ (dy,s)

〉
,

now we obtain
dI
ds

= 4m̂(x0)− m̂(x0)2

2π
+ I = I a.e. s ∈ R (1.65)

by (1.42) and m̂(x0) = ζ (R2,s) = 8π . Then, it follows that〈
|y|2 ,ζ (dy,s)

〉
= 0, −∞< s< ∞ (1.66)

from (1.64)-(1.65). Combining (1.62) and (1.66), we obtain

ζ (dy,s) = 8πδ0(dy), (1.67)

and, therefore, (1.61). This convergence implies (1.60) and the proof of Theorem 1.5 is
complete. �

Free Energy Transmission

Formation of sub-collapse, (1.61), suggests the other scaling r(t) � R(t) = (T − t)1/2 to
describe real blowup envelope for type (II) blowup point. Herrero-Velázquez’ solution142

is a radially symmetric solution to (1.8) satisfying

u(x,t) =
u(x/r(t))
r(t)2

[
1+o(1)+O

(
e−

√
2|log(T−t)|1/2

|x|2 ·1x≥r(t)
)]

as t ↑ T = Tmax < +∞ uniformly in x ∈ B(0,bR(t)) for any b> 0, where

r(t) = (T − t)1/2e−
√
2|log(T−t)|1/2 |log(T − t)|

1
4

(
|log(T−t)|−1/2−1

)

· (1+o(1))� R(t)

and

u(y) =
8(

1+ |y|2
)2

are the blowup rate and an entire stationary state satisfying

−Δ logu= u in R2,
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respectively, see (1.45). This solution obeys an interesting feature, which we call the emer-
gence. In more details, the local free energy diverges to +∞ around it, that is

lim
t↑T

Fx0,br(t)(u(·,t)) = +∞ (1.68)

for any b> 0, where

Fx0,R(u) =

∫
Ω
u(logu−1)ϕx0,R

−1
2

∫∫
Ω×Ω

G(x,x′)(u ·ϕx0,R)(x)(u ·ϕx0,R)(x′)dxdx′.

This closed system, thus, realizes the space and time localization of the free energy. Since
it holds also that

limsup
t↑T

∫
Ω
ϕx0,bR(t)u(·,t) < m∗(x0)

for any b> 0, we can summarize that ”mass and entropy are exchanged at the wedge of the
blowup envelope, creating a clean, quantized self“.304 Such a profile is expected for a wide
class of solutions with r(t) = u(x0,t)−1/2.

1.1.9. Blowup in Infinite Time

The following are open problems concerning the blowup mechanism for (1.8) with n= 2.

(1) classification of the blowup envelope r(t) ↓ 0 for the general type (II) blowup point,
that is

limsup
t↑T

‖u(·,t)‖L1(Ω∩B(x0,br(t)) < m∗(x0), b> 0

lim
b↑+∞

lim
t↑T

‖u(·,t)‖L1(Ω∩B(x0,br(t)) = m∗(x0)

and the profile of the emergence, (1.68) for any b> 0.
(2) to prescribe the blowup setS ⊂Ω composed of arbitrary finite points.
(3) to exclude the boundary blowup point when the boundary condition is replaced by

∂u
∂ν

−u ∂v
∂ν

= v= 0 on ∂Ω× (0,T ). (1.69)

(4) global in time existence of the weak solution similarly to the harmonic heat flow, see
§1.1.11.

Blowup in infinte time is another issue. If the principle of the quantized blowup mechanism
is valid even in infinite time, what is expected is that the blowup in infinite time occurs only
for λ = ‖u0‖1 ∈ 4πN. The following theorem is to be noticed first.
Theorem 1.6. Inequality (1.14) of Theorem 1.2 is improved by

2�(S ∩Ω)+ �(S ∩∂Ω) < ‖u0‖1 /(4π). (1.70)
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Proof: From the parabolic and the elliptic local regularities, u= u(x,t) and v= v(x,t) have
smooth extensions to Q≡Ω× [0,T ]\S ×{T}, and it holds that

ut =∇ · (∇u−u∇v) in Q,

where T = Tmax < +∞. Therefore, if u(x∗,T ) = 0 for some x∗ ∈ Ω \S , then we obtain
u≡ 0 on Q by the maximum principle or unique continuation theorem, a contraction. This
contradiction means f (x) > 0 for x ∈Ω\S in (1.11), and in particular,

‖u0‖1 = ∑
x0∈S

m∗(x0)+‖ f‖1 > ∑
x0∈S

m∗(x0).

Hence (1.70) follows. �

Theorem 1.6 guarantees, in particular, Tmax = +∞ if λ ≡ ‖u0‖1 = 4π . If
limsupt↑+∞ ‖u(·,t)‖∞ < +∞, then the orbit O = {u(·,t)}t≥0 is compact in C(Ω), and then
the ω-limit set of O is defined by

ω(u0) = {u∞ ∈C(Ω) | there is tk ↑ +∞ such that u(·,tk) → u∞ inC(Ω)}.
Under the presense of the Lyapunov function F = F (u), this ω-limit set is non-void,
compact, connected, and is contained in E , the total set of stationary solutions, see138

and also §1.2.7. If this boundedness of the orbit is not the case then it holds that
limsupt↑+∞ ‖u(·,t)‖∞ = +∞, and hence there is tk ↑ +∞ such that

‖u(·,tk)‖∞→ +∞. (1.71)

Formation of the Quantized Collapse

The following theorem is concerned with the general case of Tmax = +∞, so that admits the
possibility of n(t) = 0.

Theorem 1.7 (280). If T = Tmax = +∞ holds to (1.8), any tk ↑ +∞ admits
{
t ′k
}⊂ {tk} such

that

u(x,t+ t ′k)dx⇀ μ(dx,t) (1.72)

in C∗
(−∞,+∞;M (Ω)

)
, where μ(dx,t) is a weak solution to (1.8). This term means that

there is 0≤ ν = ν(·,t) ∈ L∞∗ (−∞,+∞;E ′) satisfying

d
dt

〈ϕ ,μ(dx,t)〉 = 〈Δϕ ,μ(dx,t)〉+ 1
2
〈
ρϕ ,ν(·,t)

〉
E ,E ′ a.e. t ∈ R

for ϕ = ϕ(x) ∈C2(Ω) with ∂ϕ
∂ν

∣∣∣
∂Ω

= 0, where

ρϕ(x,x′) = ∇ϕ(x) ·∇xG(x,x′)+∇ϕ(x′) ·∇x′G(x,x′)

E =

{
ρϕ | ϕ ∈C2(Ω),

∂ϕ
∂ν

∣∣∣∣
∂Ω

= 0
}

ν(·,t)|C(Ω×Ω) = μ⊗ μ(dxdx′,t) a.e. t.
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Furthermore, the singular part of μ(dx,t), denoted by μs(dx,t), is composed of a finite sum
of delta functions with the quantized mass,

μs(dx,t) =
n(t)

∑
i=1
m∗(xi(t))δxi(t)(dx). (1.73)

Since the regular part f = f (x,t) of μ(dx,t) satisfies a parabolic equation in the relatively
open set ⋃

t∈R
(Ω\ {xi(t) | 1≤ i≤ n(t)})×{t}

of Ω×R, we obtain μ(dx,t) = μs(dx,t) if

λ =
n(0)

∑
i=1
m∗(xi(0)) (1.74)

is the case, similarly to the proof of Theorem 1.6. This fact, of course, is not sufficient to
infer Tmax = +∞ for λ �∈ 4πN.
The estimate of sub-collapse mass from above in (1.62), formed in infinite time to the
rescaled solution, plays a key role in the proof of Theorem 1.5, that is type (II) blowup
rate of the pre-scaled solution blowing-up in finite time. This estimate is done similarly to
the pre-scaled case (1.73), in the flavor of the description at the end of §1.1.5; the ”post-
blowup continuation“ implies this estimate as the localization of the blowup criterion. To
estimate the collapse mass from below, on the other hand, we have to discretize in time of
the global in time existence criterion of the solution, Theorem 1.3, besides the localization
in space. This proof is achieved by the parabolic regularity or the smothing effect and the
reduction to radially symmetric case by the Schwarz symmetrization. We call this part the
concentration lemma, see Chapter 12 of.304

Collapse Dynamics

If (1.71) occurs to λ = 4π , it thus holds that

μ(dx,t) = 4πδx(t)(dx)

with t ∈ R �→ x(t) ∈ ∂Ω locally absolutely continuous. The movement of collapse, on the
other hand, is controlled by the Robin function from the method of second moment,233 and
thus, we have the following theorem.

Theorem 1.8. If λ ≡ ‖u0‖1 = 4π , then it holds that Tmax = +∞. If there is tk ↑ +∞ satisfy-
ing (1.71), then we have

{
t ′k
}⊂ {tk} satisfying (1.72) with μ(dx,t) = 4πδx(t)(dx). Here,

t ∈ R �→ x(t) ∈ ∂Ω
is locally absolutely continuous, and is subject to

dx
dt

= 2π∇τR(x)
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for a.e. t ∈ R, where τ is the tangential unit vector on ∂Ω, ∇τ = τ(τ ·∇), and R(x) =

K(x,x′) is the Robin function defined from the regular part K(x,x′) of the Green’s function
defined by (1.28).

Since
d
dt
R(x(t)) ≥ 0,

we have limt→±∞ x(t) = x±∞ ∈ ∂Ω, where x−∞ and x+∞ are a local minimizer and a local max-
imizer of R|∂Ω, respectively. In other words, this collapse 4πδx(t)(dx) formed in infinite
time, appears first at x−∞ on ∂Ω, and then moves to x+∞ along ∂Ω.
Similarly, we obtain the following theorem.233

Theorem 1.9. Let the boundary condition be replaced by (1.69) in (1.8), and assume that
λ = ‖u0‖1 = 8π , Tmax = +∞, and there is no stationary solution v= v(x) to

−Δv=
λev∫
Ω ev

in Ω, v= 0 on ∂Ω. (1.75)

Then, any tk ↑ +∞ admits {t ′k} ⊂ {tk} such that
u(x,t+ t ′k)dx⇀ 8πδx(t)(dx) in C∗(−∞,+∞;M (Ω)

t ∈ R �→ x(t) ∈Ω absolutely continuous
liminf
t↑+∞

dist(x(t),∂Ω) > 0

dx
dt

= 4π∇R(x(t)) a.e. t ∈ R, (1.76)

where

R(x) =

[
G(x,x′)+

1
2π
log |x− x′|

]
x′=x

with G= G(x,x′) standing for the Green’s function to −Δ with ·|∂Ω = 0.

The ordinary differential equation descibed by the last equality of (1.76) is a conjugate of
the vortex equation derived from the Euler equation, see §2.2.1,

dx
dt

= 4π∇⊥R(x(t)).

Global in time behavior of the radially symmetric solution, finally, is classified as fol-
lows.233

Theorem 1.10. If Ω = B(0,R) = {x ∈ R2 | |x| < R} is a disc, u0 = u0(|x|) is radially
symmetric, and λ = ‖u0‖1 > 8π , then the blowup in infinite time does not occur to (1.8).
Thus, we have either T = Tmax < +∞ or Tmax = +∞ and limsupt↑+∞ ‖u(·,t)‖∞< +∞. If the
boundary condition is replaced by (1.69), then we have always T = Tmax < +∞ for λ > 8π .
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If the blowup in infinite time does not occur, then the ω-limit set of the orbit global in time
is non-empty, connected, and compact inC(Ω), and is also contained in the set of stationary
solutions, see §1.2.7. The total set of stationary solutions to (1.8) and that with the boundary
condition replaced by (1.69), however, are rather different. In the former case, first, we
have always the constant stationary solution u= λ/|Ω|. IfΩ= B(0,R), furthermore, many
non-radially symmetric solutions arise. There are also non-constant radially symmetric
stationary solution for λ > 8π . If 0 < λ < 8π , then any radially symmetric solution is
constant. In the latter case, the stationary problem is described by (1.75) in v-component.
The solution is always unique, provided that 0 < λ < 8π . If Ω = B(0,R), we obtain the
singular limit of v= v(x) as λ ↑ 8π , i.e.,

v∞(x) = 4log
R
|x| . (1.77)

See277,304 and §2.3.4 for more details.
Coming back to Theorem 1.10 concerning radially symmetric non-stationary solutions,
if λ < 8π then any solution exists globally in time, see,277 and, therefore, converges to
the unique stationary state in both cases of the boundary condition. If λ ≥ 8π and the
boundary condition is (1.69), there is no stationary solution to (1.75), and, actually, we
have the blowup in finite time in the case of λ > 8π . What is expected to this boundary
condition with λ = 8π is that the v-component of the solution converges to the singular
stationary state (1.77) in infinite time. Concerning (1.8), there is a chance that the solution
exists globally in time and converges to the constant λ/|Ω| or the other radially symmetric
stationary solution even if λ ≥ 8π .

1.1.10. Time Relaxization

The full system of chemotaxis is provided with the time relaxization. A typical form is
given by

ut = ∇ · (∇u−u∇v)
τvt = Δv+u− 1

|Ω|
∫
Ω
u in Ω× (0,T)

∂u
∂ν

−u ∂v
∂ν

=
∂v
∂ν

= 0 on ∂Ω× (0,T)∫
Ω
v= 0, 0< t < T, (1.78)

with τ > 0 in the left-hand side of the second equation standing for the relaxization time
which describes a chemical process of the formation of the field v. The fundamental struc-
ture is the existence of the Lagrangian,

L(u,v) =

∫
Ω
u(logu−1)+

1
2
‖∇v‖22−

∫
Ω
vu (1.79)

defined for ∫
Ω
v= 0,
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and (1.78) is equivalent to

ut = ∇ · (u∇Lu(u,v))
τvt = −Lv(u,v) in Ω× (0,T)

u
∂
∂ν
Lu(u,v) =

∂v
∂ν

= 0 on ∂Ω× (0,T )∫
Ω
v= 0, 0< t < T.

Thus it holds that
d
dt
L(u,v) = −

∫
Ω
u |∇Lu|2+ τ−1v2t dx≤ 0

for the solution (u,v) = (u(·,t),v(·,t)). This formulation to (1.78) is assocaited with dual
variation, and, consequently, any linearly stable stationary solution is dynamically stable,
see §1.2.
Well-posedness locally in time and the standard blowup criterion are proven also to this
system. More precisely, we have always 0< Tmax ≤ +∞. If T = Tmax < +∞, furthermore,
then limt↑T ‖u(·,t)‖∞ = +∞ and the blowup set S of u, defined by (1.12), is not empty.
The blowup criterion is also valid, and similarly to Theorem 1.3, λ = ‖u0‖1 < 4π implies
Tmax = +∞ for the general case, while λ < 8π implies Tmax = +∞ in the radially symmetric
case.24,108,211

The local blowup criterion, or ε-regularity, also holds and we obtain

limsup
t↑T

‖u(·,t)‖L1(Ω∩B(x0,R)) ≥ m∗(x0)

for each x0 ∈ S , where R > 0 is arbitrary.212 The property of bounded variation in time
of the local L1-norm derived from (1.35) in the case of τ = 0, however, is not known, and,
consequently, the finiteness of the blowup points is open to (1.78). The threshold blowup,
or even any blowup criterion in finite time such as Theorem 1.4 is also not known to (1.78).

Non-Local Parabolic Equation

Replacing ut by εut in (1.78) and making ε ↓ 0, we obtain (1.24) which induces another
simplified system of chemotaxis,

τvt = Δv+λ
(
ev∫
Ω ev

− 1
|Ω|

)
in Ω× (0,T)

∂v
∂ν

= 0 on ∂Ω× (0,T )∫
Ω
v= 0, 0< t < T (1.80)

formulated by Wolansky.341,342 This problem is provided with the Lyapunov function

Jλ (v) =
1
2
‖∇v‖22−λ log

(∫
Ω
ev
)

+λ (logλ −1),
∫
Ω
v= 0,
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and it holds that
d
dt
Jλ (v) = −τ−1‖vt‖22 ≤ 0.

Not so much is known to (1.80) also, but the following theorems show the dis-quantized
blowup mechanism to its relative,

τvt = Δv+
λev∫
Ω ev

in Ω× (0,T)

v= 0 on ∂Ω× (0,T). (1.81)

Theorem 1.11 (341). If Ω= B(0,R), v0 = v0(|x|), and λ ≥ 8π , then

u≡ λev∫
Ω ev

⇀ λδ0 (1.82)

as t ↑ T = Tmax ∈ (0,+∞] inC(Ω), where v= v(·,t) is the solution to (1.81) with v(·,0) = v0.

Theorem 1.12 (163). If λ > 8π in the previous theorem, it holds that T = Tmax < +∞, and,
therefore, we have the formation of collapse (1.82) in finite time with the dis-quantized
mass λ > 8π .

The threshold case λ = 8π is open, but the blowup in infinite time is expected.

Non-Local ODE

Spatially homogeneous part of (1.80) or (1.81) is formulated by the non-local ODE. Adopt-
ing the normalization τ = 1, λ = |Ω|, we obtain

vt =
|Ω|ev∫
Ω ev

−1 in Ω× (0,T) (1.83)

or

vt =
|Ω|ev∫
Ω ev

in Ω× (0,T) (1.84)

Even these equations are not so trivial.
First, equation (1.83) is reduced to (1.84) by ṽ= v+ t. Next, in (1.84) it holds that

1
|Ω|

d
dt

∫
Ω
v= 1

and hence
1
|Ω|

∫
Ω
v= t+

1
|Ω|

∫
Ω
v0. (1.85)

We have, furthermore,

−(e−v)t = a(t) ≡ |Ω|∫
Ω ev

,
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and

e−v0(x) − e−v(x,t) = A(t) ≡
∫ t

0
a(t ′)dt ′, (1.86)

where v0 = v(·,0) which implies that
e−v0(x1) − e−v(x1,t) = e−v0(x2) − e−v(x2,t),

and, hence, the order preserving property

v0(x1) ≤ v0(x2) ⇒ v(x1,t) ≤ v(x2,t).
In particular, it holds that

‖v0‖∞ = v0(x∗) ⇒ ‖v(·,t)‖∞ = v(x∗,t).

Since vt > 0, we have

lim
t↑T
v(x,t) = v(x,T ) ∈ (−∞,+∞]

for each x ∈Ω, and, therefore,
lim
t↑T

‖v(·,t)‖∞ = +∞ ⇒ v(x∗,T ) = +∞.

It follows that

e−v0(x∗) = e−‖v0‖∞ = A(T )

e−v0(x) − e−v(x,T) = A(T )

from (1.86), so that

v(x,T ) = − log{e−v0(x) − e−‖v0‖∞}.
Pluging this relation into (1.85), we obtain

− 1
|Ω|

∫
Ω
log{e−v0− e−‖v0‖∞} = T +

1
|Ω|

∫
Ω
v0,

and hence the following theorem.

Theorem 1.13. The solution v= v(x,t) to the non-localODE (1.84) blows-up at the blowup
time

T = − 1
|Ω|

∫
Ω
log{e−v0− e−‖v0‖∞}− 1

|Ω|
∫
Ω
v0.

We note that there is a case of T = +∞ while it holds always that

T > − 1
|Ω|

∫
Ω
log{e−v0}− 1

|Ω|
∫
Ω
v0 = 0.

Cancer Model
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Several mathematical models have been proposed to describe the movement of living things
attracted by non-diffusive chemical factors using re-inforced random walk which results in
parabolic-ODE systems in the limit state, that is

pt = ∇ · (D∇p− pχ(w)∇w)

wt = g(p,w), (1.87)

see.247 Here, p and w are due to the conditional probability of the decision of the walkers
and the density of the control species, respectively, D > 0 the diffusion constant, χ the
chemotactic sensitivity, and g the chemical growth rate.
Angiogenesis is the formation of blood vessels from a pre-existing vasculature. It is a
process whereby capillary sprouts are formed in response to externally supplied stimuli
and provides with a drastic stage to the tumor growth. A parabolic-ODE system modelling
tumor-induced angiogenesis is proposed in this connection,8 using the endotherial-cell den-
sity per unit area n, the TAF (tumor angiogenic factors) concentration f , and the matrix
macromolecucule fibronectin concentration c, that is,

nt = DΔn−∇ · (χ(c)n∇c)−ρ0∇ · (n∇ f )
ft = βn− μn f
ct = −γnc in Ω× (0,T), (1.88)

where

χ(c) =
χ0

1+αc

denotes the chemotactic sensitivity and D, ρ0, β , μ , γ , χ0, α are positive constants. System
(1.87) is formulated as an evolution equation with strong dissipation.173,179,349 There is
also an approach from the comparison theorem.104 Here, we take the third approach using
the calculus of variation.
We formulate the problem as the parabolic-ODE system

qt = ∇ · (∇q−q∇ϕ(v))
vt = q in Ω× (0,T) (1.89)

with

∂q
∂ν

= 0 on ∂Ω× (0,T )

q|t=0 = q0, v|t=0 = v0 on Ω, (1.90)

where Ω⊂ Rn is a bounded domain with smooth boundary ∂Ω, ν is the outer unit normal
vector, q0 > 0 and v0 are smooth function on Ω, and ϕ : R→ R is a smooth function.310

We impose the compatibility condition

∂v0
∂ν

= 0 on ∂Ω



1.1. Chemotaxis 33

which guarantees the null flux boundary condition
∂q
∂ν

−q∂ϕ(v)
∂ν

= 0 on ∂Ω× (0,T).

Although the form of (1.89) is restrictive, some important cases of (1.87) are reduced to it.
First, if

g(p,w) = (p− μ)w, w> 0

then we obtain (1.89) by

v= logw, q= p− μ
ϕ(v) = A(ev), A′ = χ .

Next, if

g(p,w) = p(μ−w), w< μ

then (1.89) follows from

v= − log(μ−w), q= p
ϕ(v) = A(μ− e−v), A′ = χ .

Finally, if

g(p,w) = −pw, w> 0,

then (1.89) holds for

v= − logw, q= p
ϕ(v) = A(e−v), A′ = χ .

System (1.88) is also transformed into a similar form,

qt = ∇ · (∇q−q∇ϕ(v,w))

vt = q, wt = q in Ω× (0,T). (1.91)

In 1979, Rascle265 studied (1.89) for ϕ(v) =−v. This system seems to be the case of (1.78)
where the diffusion of the second equation is neglected and the chmotaxis term of the right-
hand side of the first equation has the negative sign so that the sensitivity ϕ(v) = −v may
be regarded as the self-impulsive factor. In the actual interpretation we replace −v by v.
Thus u is attarctive to the material v and this v is consumed by u itself. In,265 global in time
solution is obtained using the Lyapunov function in the case of one-space dimension, and a
related system of angiogenesis is studied by.102 This method is applicable to (1.89) in the
case that

ϕ ∈C3(R)

q0,v0 ∈C2+α(Ω)

∂q0
∂ν

=
∂v0
∂ν

= 0 on ∂Ω

ϕ ′ ≤ 0, ϕ ′′ ≥ 0, (1.92)
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where 0< α < 1. System (1.89) is equivalent to the one studied by,66

nt = ∇ · (∇n−nχ(c)∇c)
ct = −cn in Ω× (0,T)

with
∂n
∂ν

− χ(c)
∂c
∂ν

= 0 on ∂Ω× (0,T ),

where c,n> 0, and χ = χ(c) is a C1-function satisfying

χ(c) ≥ 0, cχ ′(c)+ χ(c) ≥ 0.
In,66 the global existence in time of the weak solution with the convergence

q(·,t) → q0 ≡
1
|Ω|

∫
Ω
q0

as t ↑ +∞ is derived formally, see also.67 Similarly to265 this property is actually the case
in the classical sense when the space-dimension is one, using the continuous embedding,
see J.L. Lions,184

L2(0,T ;H1(Ω))∩L∞(0,T ;L2(Ω)) ↪→ L4(0,T ;L∞(Ω)).

This conclusion is a counter part of the result,349 that is if ϕ(v) = v, we have both global
and blowup in finite time solutions depending on their initial data. We note that ϕ(v) = v
does not satisfy ϕ ′(v) ≤ 0. This case is a relative to (1.78) with the diffusion term −Δv in
the second equation neglected.

ut = ∇ · (∇u−u∇v)
τvt = u− 1

|Ω|
∫
Ω
u in Ω× (0,T)

∂u
∂ν

−u ∂v
∂ν

= 0 on ∂Ω× (0,T).

The key structure of (1.89) is
dL
dt

= −
∫
Ω
q−1|∇q|2+ 1

2
ϕ ′′(v)q|∇q|2 dx

L=

∫
Ω
q(logq−1)− 1

2
ϕ ′(v)|∇v|2 dx,

and thus L can be a Lyapunov function. We can show the following theorems.310

Theorem 1.14. If (1.92) holds, then there exists a unique solution to (1.89)-(1.90) such that
q,v ∈C2+α ,1+α/2(QT ) with q= q(x,t) > 0, provided that T is sufficiently small.

Theorem 1.15. If (1.92) holds and the space dimension in one, then the solution in the
previous theorem exists for any T > 0. Given tk ↑ +∞ and δ > 0, furthermore, we have
t ′k ∈ (tk− δ ,tk+ δ ) such that

q(·,t ′k) → q0
uniformly on Ω.
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Differently from the elliptic-parabolic system,274 the possibility of the oscillation of q(·,t)
as t ↑ +∞ has not been excluded because of the ODE part of (1.89) even for n= 1. Similar
results to Theorems 1.14 and 1.15 are valid to (1.91). Actually, we obtain the following
theorem.

Theorem 1.16. If 0< n0, f0,c0 are C2+α on Ω,

f0 >
β
μ

on Ω

∂n0
∂ν

=
∂ f0
∂ν

=
∂c0
∂ν

= 0 on ∂Ω, (1.93)

and the space dimension is one, then there is a unique solution globally in time to (1.88)
with the initial boundary condition

D
∂n
∂ν

− χ(c)n
∂c
∂ν

−ρ0n∂ f∂ν = 0 on ∂Ω× (0,T)

n|t=0 = n0, f |t=0 = f0, c|t=0 = c0 in Ω.

Any tk ↑ +∞ and δ > 0, furthermore, admits t ′k ∈ (tk− δ ,tk+ δ ) such that

n(·,t ′k) → n0 ≡ 1
|Ω|

∫
Ω
n0

uniformly on Ω.

In the other case of the first assumption of (1.93),

0< f0 <
β
μ

.

we obtain a priori bounds of the solution for any space dimension under the assumption of

(β − μ f0)γ/β � c0,

and this provides the global in time solution converging to the stationary solution, see.104

1.1.11. Geometric Flow

Several geometric flows are known to have the quantized blowup mechanism. In the har-
monic heat flow case, the total energy acts as the Lyapunov function. Differently from
(1.8), this Lyapunov function is non-negative, and then type (II) blowup rate arises from
this non-negativity. In this connection, we note that Herrero-Velázquez’ solution to (1.8)
has the bounded total free enery, see.175 Before describing geometric flows, we present an
alternative argument to derive (1.61), assuming that the free energy is bounded in (1.8) to
illustrate the situation.
For this purpose, we use

d
dt

∫
Ω
ϕx0,Ru= −

∫
Ω
u∇δF (u) ·∇ϕx0,R
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and derive ∣∣∣∣ ddt
∫
Ω
ϕx0,Ru

∣∣∣∣ ≤
∥∥∥u1/2∇δF (u)

∥∥∥
2
·
∥∥∇ϕx0,R∥∥∞ · ‖u‖1

≤ CλR−1
∥∥∥u1/2∇δF (u)

∥∥∥
2
.

If

lim
t↑T

F (u(·,t)) > −∞, (1.94)

is the case, then it holds that∫ T

0

∥∥∥u1/2∇δF (u)(·,t)
∥∥∥2
2
dt < +∞

by the second equality of (1.20), and, therefore, we can replace (1.39) by∣∣〈ϕx0,R,μ(dx,t)
〉− 〈

ϕx0,R,μ(dx,T )
〉∣∣

≤CλR−1
∫ T

t

∥∥∥u1/2∇δF (u)(·,s)
∥∥∥
2
ds

≤CλR−1(T − t)1/2
{∫ T

t

∥∥∥u1/2∇δF (u)(·,s)
∥∥∥2
2
ds
}1/2

for x0 ∈ S . This inequality guarantees〈
ϕx0,bR(t),μ(dx,t)

〉
= m∗(x0)+o(1)

as t ↑ T for R(t) = (T − t)1/2, where b > 0 is arbitrary. Then, ζ (dy,s) generated by (1.41)
from sk ↑ +∞ has the form

ζ (dy,s) = m∗(x0)δ0(dy)

which implies that (1.61), and in particular, any x0 ∈ S is of type (II). �

Harmonic Heat Flow

As is described above, formation of the quantized collapse is observed also in the harmonic
heat flow.296 If we take the flat torusΩ=R2/aZ×bZ, a,b> 0 and the (n−1)-dimensional
sphere Sn−1 = {x ∈ Rn | |x| = 1} as the domain and the target, respectively, then this flow
is described by

u= u(x,t) :Ω× [0,T) → Sn−1 ⊂ Rn

satisfying

ut −Δu= u |∇u|2
|u| = 1 in Ω× (0,T). (1.95)
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In this case, it holds that

‖ut‖22+
1
2
d
dt
‖∇u‖22 =

∫
Ω
u ·ut|∇u|2

=
1
2

∫
Ω

(
∂
∂ t

|u|2
)
|∇u|2 = 0

and hence
dE
dt

= −‖ut‖22 ≤ 0

E =
1
2
‖∇u‖22 . (1.96)

Thus, the the above E casts the Lyapunov function.
The stationary solution to (1.95) is called the harmonic map. In the general setting, we
take the m-dimensional compact Riemannian manifold (Ω,g) and the compact Riemannian
manifold N without boundaries. By Nash’s theorem this N is isometrically imbedded in Rn

for large n. We define the Sobolev space composed of a class of the mappings fromΩ to N
provided with the finite energy as in the previous section, that is

H1(Ω,N) =
{
u ∈ H1(Ω,Rn) | u ∈ N, a.e. on Ω

}
E(u) =

1
2

∫
Ω
|∇u|2 dvΩ,

where dvΩ is a volume element of (Ω,g). We call a map u ∈H1(Ω,N) (weakly) harmonic
if

d
dε
E(Π(u+ εφ))

∣∣∣∣
ε=0

= 0

for any φ ∈C∞0 (Ω,Rn), where Π :U → N is a smooth nearest point projection from some
tubular neighborhoodU of N to N. This relation is equivalent to saying that u is a weak
solution of the Euler-Lagrange equation

−Δu= A(u)(∇u,∇u) on Ω, (1.97)

sometimes called the harmonic map equation, where Δ and A(u)(·, ·) denote the Laplace-
Beltrami operator on (M,g) and the second fundamental form of the imbeddingN ↪→Rn at
y ∈ N, respectively. Harmonic heat flow is the mapping u = u(x,t) :Ω× [0,T ) → N ⊂ Rn
satisfying

ut = −δE(u)

and, therefore, the harmonic map is regarded as a stationary state of the harmonic heat flow.
First, we have the energy quantization for the sequence of harmonic maps.

Theorem 1.17 (79,158,207,260–262,296,330). Let {uk}k be a harmonic map sequence satisfying
supk E(uk) < +∞. Then, passing to a subsequence we assume uk ⇀ u in H1(Ω,N) weakly
to some map u ∈ H1(Ω,N). This u is a harmonic map, and there exist

• p-sequences of points {x1k}, · · · ,{xpk } in Ω
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• p-sequences of positive numbers {δ 1k }, · · · ,{δ pk } converging to 0
• p-non-constant harmonic maps {ω1}, · · · ,{ω p} : S2→ N

satisfying the following:

lim
k→∞

E(uk) = E(u)+
p

∑
j=1
E0(ω j)

lim
k→∞

max
i �= j

⎧⎨
⎩ δ

i
k

δ jk
,
δ jk
δ ik

,

∣∣∣xik− x jk∣∣∣
δ ik+ δ

j
k

⎫⎬
⎭= +∞

lim
k→∞

∥∥∥∥∥uk−u−
p

∑
j=1

{
ω j

(
·− x jk
δ jk

)
−ω j(∞)

}∥∥∥∥∥
H1(Ω,N)

= 0, (1.98)

where

E0(ω) =
1
2

∫
S2
|∇ω |2 dvS2 .

The first equality of (1.98) is an energy identity which says that there is no unaccounted
energy loss during the iterated rescaling process near the point of singularity, sometimes re-
ferred to as the bubbling process, and that the only reason for failure of strong convergence
to the weak limit is the formation of several bubbles due to the non-constant harmonic maps
ω j : S2→N, j= 1, . . . , p. Differently from (1.25), there is a possibility that some of

{
x jk
}
k
,

j = 1, . . . , p, converge to the same point, and this process is classified into two cases - the
separated bubbles and the bubbles on bubbles.308

The ε-regularity and the monotonicity formula are known to the harmonic heat flow,
similarly to the simplified system of chemotaxis (1.8). In the case of (1.95) for Ω =

R2/aZ×bZ, first, there is ε0 > 0 such that u= u(x,t) is smooth in BR/2× [0,T ], provided
that

sup
t∈[0,T ]

E(u(·,t),BR) < ε0,

where

BR = B(0,R)

E(u,R) =
1
2

∫
BR

|∇u|2

E0 =
1
2
‖∇u0‖22.

Second,

E(u(·,T ),BR) ≤ E(u0,B2R)+CE0T/R2

holds with C > 0. These analytic structures guarantee that there is a weak solution global
in time with a finite number of sigular points in Ω× [0,+∞), and then we will obtain a
homotopy between the initial state and the expected ultimate state, see.295,296
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Similarly to the chemotaxis system (1.8) with (1.94), the non-negativity of E implies
1
2
sup
t∈[0,T )

‖∇u(·,t)‖22+
∫ T

0
‖ut(·,s)‖22 ds ≤

1
2
‖∇u0‖22

= E0 (1.99)

by (1.96). Then, there is tk ↑ T satisfying
(T − tk)‖ut(tk)‖22→ 0 (1.100)

because otherwise it holds that ∫ T

0
‖ut(·,s)‖22ds= +∞,

a contradiction. For this uk = u(·,tk), it is known, see,324 that the conclusion of Theorem
1.17 arises. The hyper-parabola also works, and thus there are similarities and differences
between (1.8) and (1.95).
More precisely, we have∫

Ω
|ut |2ϕ2+

∫
Ω
∇u ·∇(utϕ2) =

∫
Ω
ut ·u|∇u|2ϕ2

=
1
2

∫
Ω

[
∂
∂ t

|u|2
]
|∇u|2ϕ2 = 0

with ∫
Ω
∇u ·∇(utϕ2) =

∫
Ω
(∇u ·∇ut)ϕ2+

∫
Ω
[(ut ·∇)u] ·∇ϕ2

=
1
2
d
dt

∫
Ω
|∇u|2ϕ2+

∫
Ω
[(ut ·∇)u] ·∇ϕ2

from (1.95), and, therefore,∫
Ω
|ut |2ϕ2+ 12

d
dt

∫
Ω
|∇u|2ϕ2+

∫
Ω
[(ut ·∇)u] ·∇ϕ2 = 0

for each ϕ ∈C1(Ω) which implies that∣∣∣∣12 ddt
∫
Ω
|∇u|2ϕ2

∣∣∣∣ ≤ ‖ut‖22‖ϕ‖2∞+‖ut‖2 ·
{∫

Ω
|∇u|2|∇ϕ2|2

}1/2
≤ ‖ut‖22‖ϕ‖2∞+

√
2‖ut‖2 ·E1/20 ‖∇ϕ2‖∞, (1.101)

and then it follows that ∫ T

0

∣∣∣∣ ddt
∫
Ω
|∇u|2ϕ2

∣∣∣∣dt < +∞.

Thus

μ(dx,t) = |∇u(x,t)|2dx ∈C∗([0,T ],M (Ω))

follows againg from (1.99). Using tk ↑ T satisfying (1.100), we obtain
μ(dx,T ) = ∑

x0∈S

m(x0)δx0(dx)+ f (x)dx (1.102)
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with a finite set S and 0 ≤ f = f (x) ∈ L1(Ω). The above described result324 guarantees
the ”energy quantization.“ More precisely, m(x0) > 0 is a finite sum of the energies of
non-constant harmonic maps: S2→ N.
Inequality (1.101) implies also∣∣∣∣

∫
Ω
|∇u(·,t)|2ϕ2x0,R−

∫
Ω
f (x)ϕ2x0 ,R−m(x0)

∣∣∣∣≤ 2C
∫ T

t
‖ut(·,s)‖22ds

+2
√
2E1/20

{∫ T

t
‖ut(·,s)‖22ds

}1/2
·C(T − t)1/2/R

for x0 ∈ S withC > 0 independent of 0< R� 1. Then it follows that

lim
t↑T

∫
Ω
|∇u(·,t)|2ϕ2x0,bR(t) = m(x0)

from (1.99) again, where b> 0 is arbitrary and R(t) = (T − t)1/2. The hyper-parabola thus
arises and we obtain type (II) blowup rate at each x0 ∈ S similarly to (1.8) provided with
(1.94).

Normalized Ricci Flow

The normalized Ricci flow describes an evolution in time of the metric g= g(t) on a com-
pact Riemannian manifold. If Ω is a compact Riemannian surface, this flow is given by

∂g
∂ t

= (r−R)g, t > 0 (1.103)

where R = R(·,t) stands for the scalar curvature of (Ω,g(t)) and r = r(t) represents the
average scalar curvature given by

r =

∫
ΩR(·,t)dμt∫

Ω dμt

with the volume element μ = μt . Hamilton131 introduced the above flow to approach the
Poincaré conjecture, and this idea has the right.253–255 In the case that Ω is a comapct
Riemannian surface is described in,132 and it is shown that the solution to (1.103) exists
globally in time, converges in C∞-topology as t ↑ +∞, and the scalar curvature of the limit
metric is constant. Here, we describe an arguement using the analytic form of (1.103).
First, we obtain

∂R
∂ t

= ΔtR+R(R− r)

and, therefore, R(·,t) > 0 everywhere on Ω follows from R(·,0) > 0 everywhere on Ω,
where Δt denotes the Laplace-Beltrami operator associated with g = gt . Henceforth, we
deal with this case. Then, from Gauss-Bonnet’s theorem there follows∫

Ω
R(·,t)dμt = 4πχ(Ω). (1.104)



1.1. Chemotaxis 41

Here, χ(Ω) = 2− 2k(Ω) stands for the Euler characteristic of Ω, and hence k(Ω) is the
genus ofΩ. Since R(·,t) > 0 inΩ, this formula gives k(Ω) = 0, and then the uniformization
theorem reduces the problem to the case that

Ω= S2

g(t) = ew(·,t)g0,

where S2 is the two dimensional sphere, g0 is its standard metric, andw=w(·,t) is a smooth
function.
In this case, the scalar curvature R0 corresponding to the metric g0 is a constant, and it is
related to R= R(·,t) through

R= e−w(−Δw+R0) (1.105)

with Δ= Δg0 . Here, we obtain ∫
S2
R(·,t) dμt = 8π (1.106)

by (1.104) and hence

r =
8π∫
S2 dμt

=
8π∫

S2 ewdx
, (1.107)

setting dx= dμg0 . Finally, we have

|S2|R0 = 8π (1.108)

because (1.106) holds and R0 is a constant.
By pluging (1.105) into (1.103) and using (1.107), (1.108), we end up with

∂ew

∂ t
= Δw+8π

(
ew∫

S2 ew dx
− 1

|S2|
)

in S2× (0,T ). (1.109)

The result in132 thus reads as follows. The solution to (1.109) exists globally in time and
w(·,t) → w∞ as t ↑ +∞ inC∞-topology, with w∞ standing for a stationary solution:

−Δw∞ = 8π
(

ew∞∫
S2 ew∞ dx

− 1
|S2|

)
in S2. (1.110)

From the viewpoint of dynamical systems, the proof of132 consists of three ingredients:
extension of the solution globally in time, compactness of the orbit, and uniqueness of the
ω-limit set. All the steps are based on the geometric structure of (1.103), involving Har-
nack’s inequality for the scalar curvature, monotonicity of an awkward geometric quantity
called “entropy”, soliton solutions of the Ricci flow, the modified Ricci flow, and so forth.
There are, however, several complementary analytic arguments.
First, the third step originally achieved by modifying (1.103) via a transformation group
may be replaced by the uniqueness of the solution to

−Δw= 8π
(

ew∫
S2 ew dx

− 1
|S2|

)
in S2

∫
S2
w= 0. (1.111)
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In fact, since

d
dt

∫
S2
ew dx= 0

follows from (1.109), the stationary solution w= w∞ to (1.109) constitutes of (1.110) with∫
S2
ew∞ dx=

∫
S2
ew0 dx.

This w∞, on the other hand, must be a constant, provided that only the trivial solution
w = 0 is admitted to (1.111). This property is actually the case because the metric on S2

with constant Gaussian curvature is the standard one. Thus the steady state of (1.109) is
unique:

w∞ =
1
|Ω|

∫
S2
ew0dx.

Next, a gradient estimate of the form

|∇S2w| ≤C (1.112)

is obtained using the symmetry of S2, that is the moving sphere method, withC depending
only on w0 = w(·,0), see.18 This estimate, combined with the argument in350 based on
Harnack’s inequality, induces also global in time existence of the solution to (1.109) and
also the compactness of the orbit.
Then, what happens to

∂ew

∂ t
= Δw+λ

(
ew∫
Ω ew

− 1
|Ω|

)
in Ω× (0,T), (1.113)

where λ > 0 is a constant and Ω is a compact Riemannian surface without boundary?
Unless λ = 8π and Ω = S2, it is not a normalized Ricci flow (1.109) any more. An es-
timate like (1.112) may not be obtained because of the lack of the symmetry of Ω. The
arguments of132 using the geometric structure such as the covariant and Lie derivatives,
Bochner-Weitzenböck’s formula, and so forth, see,63 are also invalid, and even global in
time existence of the solution is not obvious.
Similarly to (1.106), however, we have

d
dt

∫
Ω
ew = 0,

and, therefore,

r =
λ∫
Ω ew

is a constant. Under the change of variables u = rew and t = r−1τ , and writing t for τ ,
problem (1.113) is transformed into

ut = Δ logu+u− 1
|Ω|

∫
Ω
u in Ω× (0,T) (1.114)
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with ∫
Ω
u(·,t) = λ . (1.115)

This form, (1.114), is a non-local perturbation of the logarithmic diffusion equation

ut = Δ logu in Ω× (0,T) (1.116)

which also describes the evolution of surfaces by Ricci flow.132 There are also some other
physical problems which could be described by (1.116); the spread over a thin colloidal
film at a flat surface,36,74,336 the modelling of the expansion of a thermalized cloud of
electrons,189 and the central limit approximation to the Calerman’s model of the Boltzmann
equation.177,188 Due to a variety of applications logarithmic diffusion equation (1.116) has
attracted the interest of many researchers, see for instance.326

The spatially homogeneous part of (1.114) is formulated by the non-local ODE,

ut = u− 1
|Ω|

∫
Ω
u in Ω× (0,T)

but the non-local term is removable by (1.115). The regions

Ω+(t) = {x ∈Ω | u(x,t) > λ/|Ω|}
Ω−(t) = {x ∈Ω | u(x,t) < λ/|Ω|}

are invariant in t, and, therefore, the extinction limt↑T infΩ u(·,t) = 0 arises before the
blowup limt↑T supΩ u(·,t) = +∞ comes. This fact is also known to (1.116), and we ob-
tain

‖u(·,t)‖1 = ‖u0‖1−4πt
in the case of Ω= R2, see327 and the references therein.
Equation (1.114), however, may be written as

ut = Δ(logu− v)
−Δv= u− 1

|Ω|
∫
Ω
u in Ω× (0,T)∫

Ω
v= 0, 0< t < T, (1.117)

which is to be compared with the Smoluchowski-Poisson equation (1.8) formulated by
(1.19),

ut = ∇ · (u∇(logu− v))
−Δv= u− 1

|Ω|
∫
Ω
u in Ω× (0,T)∫

Ω
v= 0 0< t < T. (1.118)

Actually, (1.114) is again a model (B) equation formulated by Helmholtz’ free energy

F (u) =

∫
Ω
u(logu−1)− 1

2
〈v,u〉
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and from this fact it is easy to derive the total mass preserving and the decrease of the free
energy

d
dt

∫
Ω
u= 0

d
dt

F (u) = −
∫
Ω
|∇(logu− v)|2 ≤ 0.

Concerning the Smoluchowski-Poisson equation (1.118), there is, however, a fundamental
property obtained by the method of symmetrization that is (1.35) which results in the for-
mation of collapse with the quantized mass. This control in time of the local L1-norm of
the solution u = u(·,t) to (1.117) is not available. The equivalent form (1.114), however,
is provided with the comparison principle thanks to (1.115). An important consequence of
this property is the monotonicity formula of Benilan’s type,

∂
∂ t

(
u

et −1
)
≤ 0, (1.119)

which guarantees the point-wise convergence of

u(x,T ) = lim
t↑T
u(x,t)

in the case of T = Tmax < +∞, where Tmax ∈ (0,+∞] denotes the existence time of the
solution. The following theorems are obtained by this structure and Fontana’s Trudinger-
Moser inequality,101

inf
{
J8π(v) | v ∈ H1(Ω),

∫
Ω
v= 0

}
> −∞

Jλ (v) =
1
2
‖∇v‖22−λ

(∫
Ω
ev
)

+λ (logλ −1),

see.164

Theorem 1.18. If 0< λ < 8π , then the solution u= u(·,t) to (1.114) satisfies the uniform
estimates

0< u(x,t), u(x,t)−1 ≤C in Ω× (0,T).

The solution w = w(·,t) to (1.113), therefore, exists globally in time, and the orbit
O = {w(·,t)}t≥0 is compact in C(Ω). The ω-limit set of O is thus non-empty, connected,
comapct, and contained in the set of statoinary soltions, and in particular, any tk ↑ +∞
admits {t ′k} ⊂ {tk} and w∞ = w∞(x) satsifying

−Δw= λ
(
ew∫
Ω ew

− 1
|Ω|

)
in Ω

∫
Ω
ew =

∫
Ω
ew0 (1.120)

such that w(·,t ′k) → w∞ uniformly on Ω.
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Theorem 1.19. Even for λ = 8π , the solution u = u(·,t) to (1.114) exists globally in time.
There is tk ↑ ∞ and w∞ satisfying (1.120) such that w(·,tk) → w∞ in C(Ω).

The asymptotic behavior w = w(·,t) to λ ≤ 8π is thus controlled by the uniqueness and
the non-degeneracy of the stationary solution. For this topic, we have50,60,182 and183 when
Ω= S2 and Ω= R2/aZ×bZ, respectively.

1.1.12. Summary

We have studied the chemotaxis system and observed that the formation of self-assembly
is realized in thermally and materially closed system, whereby the principle of nonlinear
spectral mechanics is efficient.

(1) The simplified system of a chemotax is the model (B) equation derived from
Helmholtz’ free energy, and, conseqeuntly, the stationary state is described by the
Euler-Lagrange equation derived from this free energy.

(2) Using the field component, this stationary state is re-formulated as a nonlinear eigen-
value problem with non-local term.

(3) Then, the total set of stationary solutions controls the global dynamics.
(4) It is described by the quantized blowup mechanism, which results in the free energy

transmission.
(5) The key profile of the solution to the Smoluchowski-Poisson equation is obtained by a

weak formulation and by using a symmetry of the Green’s funtion, that is bounded in
time variation of the local L1-norm. Then, we apply a hierarchical argument to prove
mass quantization.

(6) Other non-stationary problems sharing the same stationary problem arise in biology
and geometry which, however, obey different features of dis-quantized blowup mech-
anism.

1.2. Toland Duality

The collapse mass quantization, (1.13) to (1.8), has its origin in a stationary state (1.25)
which provides a variational structure of duality between the particle density u and the
field distribution v. These variational problems each split into components and at which
point, then, the linearized stability of the stationary state implies a dynamical stability. In
this section we formulate the above duality observed in the full system of chemotaxis; we
thus develop the abstract theory and then examine the continuity of the entropy functional.

1.2.1. Exponential Nonlinearity

Besides a stationary state of chemotaxis, the additional problem of an elliptic eigenvalue
with a non-local term becomes evident whereby the two-dimensional Laplacian competes
with an exponential nonlinearity as shown in Witten-Taube’s gauge of Shrödinger equa-
tions,317,318,337 and Onsager’s theory of mean field stationary turbulence.241
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This eigenvalue problem is involved in a complex analysis and a theory of surfaces,303 and
its quantized blowup mechanism was first observed to

−Δv=
λev∫
Ω ev

in Ω, v= 0 on ∂Ω, (1.121)

see.213 More precisely, in this problem, non-compact solution sequence arises only at the
quantized value of λ ∈ 8πN, and the location of the blowup points is controlled by the
Green’s function. This quantized blowup mechanism admits several approaches to the so-
lution set to (1.121), the singular perturbation,15 the topological degree calculation,54,55,180

and so forth. The uniqueness of the solution, on the other hand, holds if 0 < λ < 8π ,
see.47,301,308 It is proven by the bifurcation analysis combined with the isoperimetric in-
equality on surfaces,14 see §2.3.2 for details.
Problem (1.121) is the Euler-Lagrange equation to the variational functional

Jλ (v) =
1
2
‖∇v‖22−λ log

(∫
Ω
ev
)

+λ (logλ −1) (1.122)

defined for v ∈ H10 (Ω), and the Morse index of its critical point v indicates the maximum
dimension of the linear subspace where the associated quadratic form

Q(w,w) =
1
2
d2

ds2
Jλ (v+ sw)

∣∣∣∣
s=0

defined for w ∈H10 (Ω) is negative definite.
In,301 the Morse index of the solution v= v to (1.121) is shown to be equal to the number
of eigenvalues in μ < 1 minus one of the eigenvalue problem

−Δφ = μuφ in Ω
φ = constant on ∂Ω∫
∂Ω

∂φ
∂ν

= 0, (1.123)

where

u=
λev∫
Ω ev

. (1.124)

Here, we emphasize that μ = 0 is the first eigenvalue of (1.123) with the corresponding
eigenfuction being a constant.
Problem (1.121) is also the stationary state of a similar system to (1.8),

ut = ∇ · (∇u−u∇v)
0= Δv+u in Ω× (0,T)

∂u
∂ν

−u ∂v
∂ν

= v= 0 on ∂Ω× (0,T), (1.125)

subject to the decrease of the free energy defined by

F (u) =

∫
Ω
u(logu−1)− 1

2
〈
(−ΔD)−1u,u

〉
. (1.126)
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Here and henceforth, we write v= (−ΔD)−1u if and only if

−Δv= u in Ω, v= 0 on ∂Ω.

This stationary state is nothing but the Euler-Lagrange equation of the variational problem
δF (u) = 0 constrained by ‖u‖1 = λ , that is,

(−ΔD)−1u= logu+ constant in Ω, ‖u‖1 = λ (1.127)

for u = u(x) > 0. From this variational structure, it is natural to define the Morse index
of the solution u to (1.127) by the dimension of the maximal linear subspace where the
associated quadratic form

R(ϕ ,ϕ) =
1
2
d2

ds2
F (u+ sϕ)

∣∣∣∣
s=0

, ϕ ∈ L1(Ω),

∫
Ω
ϕ = 0,

is negative.
This index again, is equal to the number of eigenvalues in μ < 1 minus 1 of (1.123), see,338

and thus, the problems (1.121) and (1.127) on v and u are not only equivalent through
(1.124) and

v= (−ΔD)−1 u, (1.128)

but also their Morse indices coincide each other. This spectral equivalence betweenJλ (v)
and F (u), u ≥ 0, ‖u‖1 = λ is the starting point of Chapter 9 of.304 It is actually used to
show the dynamical stability of the linearly stable stationary solution,302 see §§1.2.8 and
2.3.4.

1.2.2. Full System of Chemotaxis

The above spectral equivalence of variations, however, is a consequence of the general
theory of dual variation. This structure has been suggested in §1.1.10 for the full system of
chemotaxis (1.78), namely, the Lyapunov function L(u,v) defined by (1.79). We are now
describing the theory, taking the system

ut = ∇ · (∇u−u∇v)
τvt = Δv+u in Ω× (0,T)

∂u
∂ν

−u ∂v
∂ν

= v= 0 on ∂Ω× (0,T) (1.129)

for simplicity.
First, system (1.129) is also provided with the Lyapunov function, L= L(u,v) defined by

L(u,v) =
∫
Ω
u(logu−1)+

1
2
‖∇v‖22−〈v,u〉 . (1.130)

Using this Lyapunov function, (1.129) is written as

ut = ∇ · (u∇Lu(u,v))
τvt = −Lv(u,v) in Ω× (0,T)

u
∂
∂ν
Lu(u,v) = v= 0 on ∂Ω× (0,T),
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and it holds that
d
dt

∫
Ω
u= 0

d
dt
L(u,v)+ τ ‖vt‖22+

∫
Ω
u |∇(logu− v)|2 = 0, (1.131)

where (u,v) = (u(·,t),v(·,t)) is the solution to (1.129) and 〈 , 〉 denotes the duality,

〈v,u〉 =

∫
Ω
uv.

Equality (1.128) holds in the simplified system (1.125), and in this case the above L(u,v)
is reduced to the free energy defined by (1.126),

L|v=(−ΔD)−1u = F . (1.132)

We have, on the other hand,

u=
λev∫
Ω ev

(1.133)

in the stationary state of (1.129) because

logu− v= constant

follows from (1.131) with
d
dt
L(u,v) = 0,

where ‖u‖1 = λ . Then, (1.121) is obtained by putting (1.133) and vt = 0 in the second
equation of (1.129). The associated variational functionJλ defined by (1.122) is obtained
similarly to (1.132):

L|u= λev∫
Ω ev

= Jλ . (1.134)

The ”semi-stationary“ state of (1.129) with (1.133) is nothing but the non-local parabolic
equation (1.81). Henceforth, we call (1.132) and (1.134) the unfolding Legendre transfor-
mation.
We have, on the other hand, the minimality indicated by

L(u,v) ≥max{F (u),Jλ (v)} , (1.135)

where ‖u‖1 = λ . In fact, the first inequality is a direct consequence of Schwarz’ inequality,
while the second inequality is proven by Jensen’s inequality. It is applicable to infer the
global existence of the solution to (1.125) or (1.129) in the case of λ = ‖u0‖1 < 8π , but is
regarded as a dual form of the Trudinger-Moser inequality, see304 and also §1.2.8.
We remind the reader that these structures are valid also to (1.78). We take L = L(u,v) of
(1.130) for v ∈H1(Ω) with

∫
Ω v= 0. Then, it holds that

L|v=(−ΔJL)−1u = F (u)

≡
∫
Ω
u(logu−1)− 1

2
〈(−ΔJL)−1u,u〉,
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L|u= λev∫
Ω ev

= Jλ (v)

≡ 1
2
‖∇v‖22−λ

(∫
Ω
ev
)

+λ (logλ −1),

and (1.135). Here and henceforth, v= (−ΔJL)−1u if and only if
v= (−ΔN)−1(u−u), v= 0,

that is

−Δv= u− 1
|Ω|

∫
Ω
u in Ω,

∂v
∂ν

= 0 on ∂Ω∫
Ω
v= 0.

More precisely, dual variation guarantees the splitting of the stationary state of each com-
ponent provided with the variational and dynamical equivalence and then, the above men-
tioned unfolding-minimality arises in the context of convex analysis.

1.2.3. Lagrangian

We are in position to formulate the general theory of a dual variation. Let X be a Banach
space over R. Its dual space and the duality paring are denoted by X∗ and 〈 , 〉 = 〈 , 〉X ,X∗ ,
respectively.
Given F : X → [−∞,+∞], we define its Legendre transformation F∗ : X∗ → [−∞,+∞] by

F∗(p) = sup
x∈X

{〈x, p〉−F(x)} , p ∈ X∗.

Then, Fenchel-Moreau’s theorem guarantees that if

F : X → (−∞,+∞]

is proper, convex, lower semi-continuous, then so is

F∗ : X∗ → (−∞,+∞],

and the second Legendre transformation defined by

F∗∗(x) = sup
p∈X∗

{〈x, p〉−F∗(p)} , x ∈ X

is equal to F(x), see.30,83 Here and henceforth, we say that F : X → (−∞,+∞] is proper if
its effective domain defined by

D(F) = {x ∈ X | F(x) ∈R}
is not empty; convex if

F(θx+(1−θ )y)≤ θF(x)+ (1−θ )F(y)

for any x,y ∈ X and 0< θ < 1; and lower semi-continuous if

F(x) ≤ liminf
k

F(xk),
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provided that xk → x in X .
Let F,G : X → (−∞,+∞] be proper, convex, lower semi-continuous, with the effective
domains D(F) and D(G), respectively.

D(F) = {x ∈ X | F(x) < +∞}
D(G) = {x ∈ X |G(x) < +∞} ,

and let

ϕ(x,y) = F(x+ y)−G(x) (1.136)

for x ∈ D(G). Then,

y ∈ X �→ ϕ(x,y) ∈ (−∞,+∞]

is proper, convex, lower semi-continuous, and its Legendre transformation is defined by

L(x, p) = sup
y∈X

{〈y, p〉−ϕ(x,y)} (1.137)

for p ∈ X∗. Thus

L(x, ·) : X∗ → (−∞,+∞]

is proper, convex, lower semi-continuous. Sometimes −L(x, p) is referred to as the La-
grangian, but in this book, L(x, p) is called the Lagrangian directly.
If (x, p) ∈ D(G)×X∗, then it holds that

L(x, p) = sup
y∈X

{〈y+ x, p〉−F(x+ y)+G(x)−〈x, p〉}

= F∗(p)+G(x)−〈x, p〉 . (1.138)

Putting L(x, p) = +∞ for x �∈ D(G), on the other hand, we obtain (1.138) for any (x, p) ∈
X×X∗. Thus we define

J∗(p) =

{
F∗(p)−G∗(p), p ∈ D(F∗)
+∞, otherwise

(1.139)

for p ∈ X∗. Then, it holds that

inf
x∈X
L(x, p) = F∗(p)− sup

x∈X
{〈x, p〉−G(x)}

= F∗(p)−G∗(p) = J∗(p)

for p ∈ D(F∗). Let us note that this relation is valid even to p �∈ D(F∗) by (1.138) and
(1.139).
Similarly, we define

J(x) =

{
G(x)−F(x), x ∈ D(G)

+∞, otherwise
(1.140)

for x ∈ X , and obtain
inf
p∈X∗

L(x, p) = G(x)− sup
p∈X∗

{〈x, p〉−F∗(p)}

= G(x)−F∗∗(x) = J(x)
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for x ∈ D(G), which is valid even to x �∈ D(G) by (1.138) and (1.140). Thus, we have

D(J) = {x ∈ X | J(x) �= ±∞} = D(G)∩D(F)

D(J∗) = {p ∈ X∗ | J∗(p) �= ±∞} = D(G∗)∩D(F∗)

and
infx∈X L(x, p) = J∗(p), p ∈ X∗

infp∈X∗ L(x, p) = J(x), x ∈ X .
(1.141)

Relation (1.141) implies

inf
(x,p)∈X×X∗

L(x, p) = inf
p∈X∗

J∗(p) = inf
x∈X
J(x), (1.142)

called the Toland duality.322,323 Here, we call 〈v,u〉 of (1.138) the hook term. The func-
tional

ϕ(x,y) = F(x+ y)−G(x) : X×X → [−∞,+∞]

of (1.136) is called the cost function, which is convex in y-component.
Differently from the above properties of the Toland duality, the cost function

ϕ = ϕ(x,y) : X×X → [−∞,+∞]

of the Kuhn-Tucker duality has the property that x ∈ X �→ ϕ(x,y) and y �→ ϕ(x,y) are con-
cave and convex, respectively. In this case, this cost function defines the skew-Lagrangian
by (1.137),

L(x, p) = sup
y
{〈y, p〉−ϕ(x,y)} ,

see §1.3.5.

1.2.4. Variational Equivalence

Above mentioned global theory can be localized by sub-differentials. First, given F : X →
[−∞,+∞], x ∈ X , and p ∈ X∗, we define p ∈ ∂F(x) and x ∈ ∂F∗(p) by

F(y) ≥ F(x)+ 〈y− x, p〉 , y ∈ X
and

F∗(q) ≥ F∗(p)+ 〈x,q− p〉 , q ∈ X∗,

respectively.
It is obvious that ∂F(x) �= /0 implies x ∈D(F), but if F : X → (−∞,+∞] is proper, convex,
lower semi-continuous, then

x ∈ ∂F∗(p) ⇔ p ∈ ∂F(x), (1.143)

and Fenchel-Moreau’s identity

F(x)+F∗(p) = 〈x, p〉 (1.144)
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follows, see.83 If p ∈ ∂F(x), then x ∈ ∂F∗(p), and, therefore,

F∗(p)−〈x, p〉 = −F(x).

This relation implies

L|p∈∂F(x) = J, (1.145)

recall

L(x, p) = F∗(p)+G(x)−〈x, p〉
J(x) = G(x)−F(x)
J∗(p) = F∗(p)−G∗(p).

Similarly, we obtain

L|x∈∂G∗(p) = J∗, (1.146)

and thus, unfolding Legendre transformation (1.145)-(1.146) comparable to (1.132),
(1.134) arises in this abstract framework. The minimality such as (1.135), on the other
hand, follows immediately from (1.142). More precisely, we have

L(x, p) ≥ J(x)
L(x, p) ≥ J∗(p)

and, therefore,

L(x, p) ≥max{J(x),J∗(p)} (1.147)

for any (x, p) ∈ X ×X∗, and in this way, properties (1.132), (1.134), and (1.135) are ob-
tained in the context of convex analysis.
The first part of our local theory is the following variational equivalence.

Theorem 1.20. Let F,G : X → (−∞,+∞] be proper, convex, lower semi-continuous, and
L = L(x, p) be defined by (1.138). Given (x, p) ∈ X ×X∗, the sets of minimizers of p ∈ X∗

and x ∈ X of the variational problems
J(x) = inf

p∈X∗
L(x, p)

J∗(p) = inf
x∈X
L(x, p)

are denoted by A∗(x) and A(p). We say that x ∈ X and p ∈ X∗ are critical points of J and
J∗ if

∂G(x)∩∂F(x) �= /0
∂G∗(p)∩∂F∗(p) �= /0,

and that (x, p) is a critical point of L if

0 ∈ ∂xL(x, p)
0 ∈ ∂pL(x, p).
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Then, first, we have

A∗(x) = ∂F(x)
A(p) = ∂G∗(p) (1.148)

for any (x, p) ∈ X×X∗. Next, the following conditions are equivalent.

(1) (x, p) ∈ X×X∗ is a critical point of L.
(2) x ∈ X is a critical point of J and it holds that

p ∈ ∂G(x)∩∂F(x).

(3) p ∈ X∗ is a critical point of J∗ and it holds that

x ∈ ∂F∗(p)∩∂G∗(p).

Finally, we have

L(x, p) = J(x) = J∗(p) (1.149)

if one of the above conditions is satisfied.

Proof: By (1.138) and (1.143), it holds that

0 ∈ ∂xL(x, p) = 0⇔ p ∈ ∂G(x) ⇔ x ∈ ∂G∗(p)
0 ∈ ∂pL(x, p) = 0⇔ x ∈ ∂F∗(p) ⇔ p ∈ ∂F(x) (1.150)

for any (x, p) ∈ X×X∗. Given x ∈ X , we take p ∈ A∗(x). This p attains
J(x) = inf

p∈X∗
L(x, p),

and, therefore, 0 ∈ ∂pL(x, p). Thus A∗(x) = ∂F(x) holds by (1.150). The relation A(p) =

∂G∗(p) follows similarly and the first part, (1.148), is proven.
The second part, the equivalence of the above mentioned three conditions, is obtained also
by (1.150) because (x, p) ∈ X×X∗ is a critical point of

L(x, p) = F∗(p)+G(x)−〈x, p〉
if and only if

p ∈ ∂G(x)
x ∈ ∂F∗(p). (1.151)

Finally, (1.149) follows from (1.148) and (1.151). More precisely,

L(x, p) = F∗(p)+G(x)−〈x, p〉
= F∗(p)−G∗(p)
= G(x)−F(x).

The proof is complete. �
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1.2.5. Spectral Equivalence

Under the assumptions of Theorem 1.20, we have

p ∈ ∂G(x)∩∂F(x) ⇔ x ∈ ∂F∗(p)∩∂G∗(p),

and, therefore, each critical point of J produces that of J∗, and the converse is also true.
This correspondence

x ↔ p

may be called the Legendre transformation of the critical point, and furthermore, (x, p) is a
critical point of L in this case. This equivalence of critical points is valid up to their Morse
indices, under reasonable assumptions as we are showing. This property is the second part
of the local theory of the Toland duality, the spectral equivalence.
Recall that X denotes a Banach space over R and

F,G : X → (−∞,+∞]

are proper, convex, lower-semicontinuous. We define L(x, p), J(x), and J∗(p) by (1.138),
(1.139), and (1.140), respectively, and let (x, p) ∈ X×X∗ be a critical point of L= L(x, p).
Let Y be a C1 manifold or a closed convex set in X containing x, and let Y 0 be the tangent
hyper-plane of Y ∩D(J) at x. First, if there is

Yk ⊂ Y ∩D(J)

containing x and locally homeomorphic to a closed subspace of Y 0 of codimension k, such
that x is a minimizer (or strict minimizer) of

J|Yk ,
then we write

iY (x) ≤ k (or isY (x) ≤ k).
Next, we call the minimum of such k the (strict) local index of x relative to Y and write

iY (x) (or isY (x)).

If there is

Y̌k ⊂ Y ∩D(J)

containing x and locally homeomorphic to a closed subspace of Y 0 of dimension k, such
that x is a (strict) maximizer of

J|Y̌k ,
then we write

ǐ(x) ≥ k (or ǐs(x) ≥ k),



1.2. Toland Duality 55

and the maximum of such k is called the (strict) anti-local index of x̂ relative to Y , and is
written by

ǐ(x) (or ǐs(x)).

If Y∗ is aC1 manifold or a closed convex set in X∗ containing p, then the (strict) local index
of p relative to Y∗, denoted by

ǐY∗(p) (or ǐsY∗(p)),

is defined similarly, using the tangent hyper-planeY 0∗ of Y∗ ∩D(J∗) at p.
If O∗ ⊂ Y∗ is an open set containing p, then the mapping

T :O∗ → Y

with T (p) = x is said to be k-(Y,Y∗) faithful if T−1(Yk) is locally homeomorphic to a closed
subspace of Y 0∗ of codimension k containing p, provided that Yk is a closed subspace of Y
of codimension k containing x. Similarly, it is anti k-(Y,Y∗) faithful if T−1(Y̌k) is locally
homeomorphic to a closed subspace of Y 0∗ of dimension k containing p, provided that Y̌k is
a closed subspace of Y of dimension k containing x. If O ⊂ Y is an open set containing x,
then the (anti) k-(Y∗,Y ) faithfulness of the mapping

T∗ :O → Y∗

with T∗(x) = p is defined similarly.

Theorem 1.21. Under the assumptions of Theorem 1.20, let (x, p) be a critical point of
L= L(x, p), and let

k = i(s)Y (x)

k∗ = i(s)Y∗ (p)

be the (strict) local indices of x and p relative to Y and Y∗, respectively. Then, if

k∗-(Y∗,Y ) faithful T∗ ⊂ ∂G
k-(Y,Y∗) faithful T ⊂ ∂F∗,

it follows that k= k∗, that is

i(s)Y (x) = i(s)Y (p).

A similar fact holds for the anti-local indices.

Proof: We describe the proof only for the strict indices because the other cases are similar.
Since k = isY (x), there is Yk ⊂Y ∩D(J) containing x and locally homeomorphic to a closed
subspace of Y 0 of codimension k such that x is a strict minimizer of J|Yk :

x ∈ Yk \ {x}⇒ J(x) > J(x). (1.152)
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Since p ∈ A∗(x), we have
J(x) = inf

p∈X∗
L(x, p) = L(x, p)

≥ J∗(p) = inf
x∈X
L(x, p) (1.153)

and also

p ∈ A∗(x) ⇔ x ∈ ∂F∗(p).

If p ∈ T−1(Yk)\ {p}, therefore, then
T p ∈ ∂F∗(p)

by T ⊂ ∂F∗, and hence p ∈ A∗(T p) which implies that
J(T p) = inf

q∈X∗
L(T (p),q) = L(T (p), p)

≤ inf
x∈X
L(x, p) = J∗(p).

We have, on the other hand,

J(T p) > J(x) ≥ J∗(p)
by T p ∈Yk, (1.152), and (1.153), and, therefore, it holds that

J∗(p) > J∗(p)

for any p ∈ T−1(Yk)\ {p} which means that
isY∗(p) ≤ k = isY (x)

because T is k-(Y,Y∗) faithful. �

1.2.6. Stability

The stability of the stationary state is derived only from the unfolding- minimality which
comprises the third part of the local theory of the Toland duality. Under the notation fo the
following theorem, a critical point of C1-functional can be ”linearly stable“ even when its
linearized operator is degenerate.

Theorem 1.22. Let X be a Banach space over R, and

F : X → (−∞,+∞]

be proper, convex, lower semi-continuous. Let

J : X → [−∞,+∞]

L : X×X∗ → [−∞,+∞]

satisfy

L|p∈∂F(x) = J
L(x, p) ≥ J(x), (x, p) ∈ X×X∗.
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Let Y0 be a closed subset of a Banach space Y , which is continuously imbedded in X, and
Y∗ be a Banach space continuously imbedded in X∗, and assume that

(x, p) ∈ D(L) = {(x, p) | L(x, p) �= ±∞} ⊂ X×X∗

is in

p ∈ ∂F(x)∩Y∗
x ∈Y0.

Suppose that x is a linearly stable local minimizer of

J|Y0
in the sense that there is ε0 > 0 such that any ε ∈ (0,ε0/4] admits δ > 0 satisfying

x ∈ Y0
‖x− x‖Y < ε0
J(x)− J(x) < δ

⇒ ‖x− x‖Y < ε, (1.154)

and suppose also that L|Y0×Y∗ is continuous at (x, p). Then, this (x, p) is dynamically stable
in x component concerning the orbit

{(x(t), p(t))}0≤t<T ⊂ Y0×Y∗,
such that

t ∈ [0,T ) �→ x(t) ∈ Y0
is continuous and

t ∈ [0,T ) �→ L(x(t), p(t)) (1.155)

is non-increasing which means that any ε > 0 admits δ > 0 such that

‖x(0)− x‖Y < δ
‖p(0)− p‖Y∗ < δ (1.156)

implies

sup
t∈[0,T )

‖x(t)− x‖Y < ε. (1.157)

Similarly, if

G : X → (−∞,+∞]

is proper, convex, lower semi-continuous, if

J∗ : X∗ → [−∞,+∞]

satisfies

L|x∈∂G∗(p) = J∗

L(x, p) ≥ J∗(x), (x, p) ∈ X×X∗,
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if (x, p) ∈ D(L) is in

x ∈ ∂G∗(p)∩Y
p ∈ Y0∗,

where Y0∗ is a closed subset of Y∗, p is a linearly stable local minimizer of

J∗|Y0∗
in the sense that any ε ∈ (0,ε0/4] admits δ > 0 such that

p ∈ Y0∗
‖p− p‖Y∗ < ε0
J∗(p)− J∗(p) < δ

⇒ ‖p− p‖Y∗ < ε,

if the orbit {(x(t), p(t))}0≤t<T ⊂ Y ×Y0∗ is given with
t ∈ [0,T ) �→ p(t) ∈ Y0∗

continuous and (1.155) decreasing, x ∈ ∂G∗(p), and finally if L|Y×Y0∗ is continuous at
(x, p), then any ε > 0 admits δ > 0 such that (1.156) implies

sup
t∈[0,T )

‖p(t)− p‖Y∗ < ε.

Proof: We show the former part only. Given ε ∈ (0,ε0/4], we take δ of (1.154), denoted
by δ1 > 0. Since L|Y0×Y∗ is continuous at (x, p), there is δ ∈ (0,ε0/2] such that

‖x(0)− x‖Y < δ
‖p(0)− p‖Y∗ < δ (1.158)

imply

L(x(0), p(0))−L(x, p) < δ1. (1.159)

We have, on the other hand,

W (x, p) ≥ J(x) ≥ J(x) =W (x, p)

for any (x, p) ∈ Y0×X∗ with ‖x− x‖Y < ε0 from the assumption. Therefore, as far as

‖x(t)− x‖Y < ε0 (1.160)

it holds that

0 ≤ J (x(t))− J(x)
≤ W (x(t), p(t))− J(x)
≤ L(x(0), p(0))−L(x, p) < δ1. (1.161)

Now, we have

‖x(0)− x‖Y < δ ≤ ε0/2,
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and if there is t0 ∈ (0,T ) such that

‖x(t0)− x‖Y = ε0/2,

then we have (1.160) and hence (1.161) for t = t0 which implies that

‖x(t0)− x‖Y < ε ≤ ε0/4 (1.162)

from (1.154) (with δ = δ1), a contradiction.
Since t ∈ [0,T ) �→ x(t) ∈ Y0 ⊂ Y is continuous, the relation

‖x(t)− x̂‖Y < ε0/2

keeps for t ∈ [0,T ), and hence (1.160). Again this implies (1.161) and (1.162) for any
t ∈ [0,T ), and the proof is complete. �

1.2.7. Gradient Systems with Duality

This paragraph is devoted to several comments concerning the above abstract results. Let
X , Y be Banach spaces with continuous inclusion Y ⊂ X , and Y∗ be another Banach space
continuously imbedded in X∗. Furthermore, Y0 ⊂ Y and Y0∗ ⊂ Y∗ are closed subsets, and
L(x, p) = F∗(p)+G(x)−〈x, p〉 be the Lagrangian defined by proper, convex, lower semi-
continuous mappings F,G : X → (−∞,+∞].
Given a continuous orbit

t ∈ [0,∞) �→ (x(t), p(t)) ∈ Y0×Y0∗,
we can define its ω-limit set by

ω (x(0), p(0)) = {(x∞, p∞) | there exists tk → +∞ such that
(x(tk), p(tk)) → (x∞, p∞) in Y0×Y0∗.}

In the case that

t �→ L(x(t), p(t)) ∈R
is non-increasing and (x1, p1) and (x2, p2) are elements in ω(x(0), p(0)), we obtain

t1k → +∞ such that (x(t1k ), p(t
1
k )) → (x1, p1) in Y0×Y0∗

t2k → +∞ such that (x(t2k ), p(t
2
k )) → (x2, p2) in Y0×Y0∗

such that t1k < t2k < t1k+1 (k= 1,2, . . .) which implies

L(x(t1k ), p(t
1
k )) ≥ L(x(t2k ), p(t2k )) ≥ L(x(t1k+1), p(t1k+1)),

and, therefore,

L(x1, p1) = L(x2, p2),

provided that

L : Y0×Y0∗ →R
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is continuous. Thus L is invariant on ω(x(0), p(0)).
If there is a continuous local semi-flow {Tt} on Y0×Y0∗ such that

(x(t), p(t)) = Tt(x(0), p(0)),

then we obtain

Tt(x∞, p∞) ∈ ω(x(0), p(0))

for any (x∞, p∞) ∈ ω(x(0), p(0)), and, therefore,

L(Tt(x∞, p∞)) = constant (1.163)

for any t ≥ 0. This relation meansω(x(0), p(0))⊂E , where E denotes the set of (x∞, p∞)∈
Y0×Y0∗ satisfying (1.163), which may be called the stationary set. The orbit

O = {(x(t), p(t)) | 0≤ t < +∞}
is continuous in Y0×Y0∗, and, therefore, the ω-limit set ω(x(0), p(0)) is connected and
compact, provided that O is compact.138 Under the assumption of Theorem 1.22, on the
other hand, the critical point (x, p) of L is isolated. Therefore, if the above semi-flow {Tt}
is global in time around it, then it is asymptotically stable and it holds that

lim
t→+∞

‖x(t)− x‖Y = lim
t→+∞

‖p(t)− p‖Y∗ = 0. (1.164)

The Lagrangian

L(x, p) = F∗(p)+G(x)−〈x, p〉
induces the gradient system, say

ṗ ∈ −Lp(x, p)
τ ẋ ∈ −Lx(x, p), (1.165)

using the combination of model (A) - model (A) equations, see §1.3.1, where τ > 0 is the
relaxization time. Then, its simplified system is defined by

ṗ ∈ −Lp(x, p)
0 ∈ Lx(x, p)

or

0 ∈ Lp(x, p)
τ ẋ ∈ −Lx(x, p).

Equation (1.165) means

F∗(q)−F∗(p) ≥ 〈x− ṗ,q− p〉
G(y)−G(x) ≥ 〈y− x, p− τ ẋ〉

for any (y,q) ∈ X ×X∗. More precisely, assuming a Hilbert space Y over R with the con-
tinuous inclusion

X ⊂ Y ≈ Y ∗ ⊂ X∗, (1.166)
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we define the solution (p,x) = (p(t),x(t)) to (1.165) by

p ∈C([0,T ),Y ), ṗ ∈ L∞loc([0,T ),Y )

x ∈C([0,T ),Y ), ẋ ∈ L∞loc([0,T ),Y ). (1.167)

Then, it holds that

limsup
h↓0

1
h
{F∗(p(t))−F∗(p(t−h))} ≤ 〈x(t), ṗ(t)〉−‖ṗ(t)‖2Y

limsup
h↓0

1
h
{G(x(t))−G(x(t−h))} ≤ 〈ẋ(t), p(t)〉− τ ‖ẋ(t)‖2Y

for t ∈ (0,T ), and, therefore,

p(t) ∈ D(F∗)

x(t) ∈D(G), 0≤ t < T
⇒
p(T ) ∈ D(F∗), x(T ) ∈ D(G),

L(x(T ), p(T )) ≤ liminf
t↑T

L(x(t), p(t)).

Thus, if (x, p) ∈ Y ×Y is a linearly stable critical point of L, and (1.165) is locally well-
posed in a neighborhood of (x, p) in the sense of (1.167), then it is globally well-posed
there, and (x, p) is dynamically stable.

1.2.8. Entropy Functional

We apply the above formulated abstract theory to Helmholtz’ free energy defined in §1.1.3,
where Ω⊂ Rn is a bounded domain with smooth boundary ∂Ω. This paragraph is devoted
to a convex analytic approach to what is written in Chapter 9 of.304

Given a positive definite self-adjoint operator A in L2(Ω) with compact resolvent, we take
the Gel’fand triple161,314

X ↪→ L2(Ω) ≈ L2(Ω)∗ ↪→ X∗

for X =D(A1/2), and define the dual entropy functional F : X → (−∞,+∞] by

F(v) = λ log
(∫

Ω
Vev

)
+λ (logλ −1),

where V = V (x) > 0 is a continuous function of x ∈Ω. This functional is proper, convex,
lower semi-continuous, and it holds that

D(F) =

{
v ∈ X |

∫
Ω
Vev < +∞

}

u ∈ ∂F(v) ⇔ u=
λVev∫
ΩVev

.
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The entropy functional F∗ : X∗ → (−∞,+∞] is defined by the second Legendre transfor-
mation of the dual entropy functional,

F∗(u) = sup
v∈X

{〈v,u〉−F(v)} ,

and it holds that

F∗(u) =

{∫
Ω u(logu−1− logV ), u ∈D(F∗)

+∞, otherwise,

where

D(F∗) = {u ∈ X∗ | u≥ 0, u ∈ (L logL)(Ω), ‖u‖1 = λ}
with (L logL)(Ω) denoting the Zygmund space, see §1.2.9. Thus v ∈ ∂F∗(u) if and only if
u ∈ D(F∗) and

v= logu− logV + constant∈ X .

Putting

G(v) =
1
2

∥∥∥A1/2v∥∥∥2
2
,

next, we obtain a proper, convex, lower semi-continuous mapping

G : X → (−∞,+∞).

The self-adjoint operator A induces the isomorphism Â : X → X∗, and we have

G∗(u) =
1
2
〈
Â−1u,u

〉
for u ∈ X∗. Then, the Lagrangian is defined by

L(u,v) = F∗(u)+G(v)−〈v,u〉 , (1.168)

with the stationary state described by

0 ∈ Lu(u,v)
0 ∈ Lv(u,v)

or, equivalently,

u= Â−1v
v ∈ ∂F∗(u).

Here, we adopt the notation L(u,v), following (1.79).
From Theorem 1.20, this relation splits into the conditions on u and v, that is, to be a critical
point of

J(v) = G(v)−F(v)

=
1
2

∥∥∥A1/2v∥∥∥2
2
−λ log

(∫
Ω
Vev

)
+λ (logλ −1)
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defined for

v ∈ X ,
∫
Ω
Vev < +∞,

and that of

J∗(u) = F∗(u)−G∗(u)

=

∫
Ω
u(logu−1− logV )− 1

2
〈
Â−1u,u

〉
defined for

u ∈ X∗ ∩L1(Ω), u≥ 0, ‖u‖1 = λ .

These variational problems are equivalent to

v ∈ X ,

∫
Ω
Vev < +∞, Âv=

λVev∫
ΩVev

∈ X∗ (1.169)

and

u ∈ X ∩ (L logL)(Ω), u≥ 0, ‖u‖1 = λ
Â−1u= logu− logV + constant ∈ X , (1.170)

respectively.
The condition

v ∈ L2(Ω)∫
Ω v= 0
A−1v= constant

⇒ v= 0

is satisfied in many cases. Assuming this property, we can define (Y,Y∗)-faithful T ⊂ ∂F∗

for Y = D(J)/R or Y = D(J) and Y∗ = D(J∗), namely, v= Tu if and only if

v= logu− logV + constant∈ X ,

or, equivalently,

u=
λVev∫
ΩVev

.

This situation is the same as that of Chapter 9 of304 and details are omitted.
The Fréchet derivative

dG= Â : X → X∗,

next, is an isomorphism, and hence

T = dG|Y : Y → Y∗

is also faithful by the duality EXP′(Ω) ≈ L logL(Ω), see1,264 and §1.2.9 for these function
spaces. Thus, we obtain the variational and spectral equivalences of these J and J∗, together
with the unfolding-minimality using the Lagrangian L= L(u,v) defined by (1.168).
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If (u,v) is a linearly stable critical point of L, then it is dynamically stable for

ut =∇ · (u∇Lu(u,v))
τvt = −Lv(u,v) (1.171)

in the sense that any ε > 0 admits δ > 0 such that

‖v(·,0)− v‖X < δ
‖u(·,0)−u‖X∗∩L logL < δ
‖u(·,0)‖1 = λ = ‖u‖1

implies

sup
t∈[0,T )

‖v(·,t)− v‖X < ε

sup
t∈[0,T )

‖u(·,t)−u‖X∗∩L logL < ε.

This dynamical stability is actually the case if the solution is sufficiently regular, say,

t �→ (u(·,t),v(·,t)) ∈ D(F∗)×X
is continuous,

t �→ L(u(·,t),v(·,t))
is non-increasing, and ‖u(·,t)‖1 is invariant in t, see Theorem 1.22.
If v is slightly regular, say, ev ∈ Lp(Ω) for p> 1, then this critical point (u,v) of L= L(u,v)
comprises the classical solutions to (1.169) and (1.170). In this case, which is always true
if n= 2, the functionals

J∗(u) =

∫
Ω
u(logu−1− logV )− 1

2
〈
A−1u,u

〉
, u≥ 0, ‖u‖1 = 1

J(v) =
1
2

∥∥∥A1/2v∥∥∥2
2
−λ log

(∫
Ω
Vev

)
+λ logλ −λ

are twice differentiable at u = u, v = v which results in the derivation of Morse indices
by linearized operators and which are equal to the strict local indices and the strict local
anti-indices of the critical point (u,v) of

L(u,v) =
1
2

∥∥∥A1/2v∥∥∥2
2
+

∫
Ω
u(logu−1− logV )−〈v,u〉 .

More precisely, the linearized operator derived from above J = J(v) and v= v is defined by

Lψ = Aψ−λ
(
Vevψ∫
ΩVev

−
∫
ΩVevψ

(
∫
ΩVev)

2 ·Vev
)

with the domain D(L ) =D(A) in L2(Ω), and then, the non-local term is eliminated by the
transformation

ϕ = ψ−
∫
ΩVevψ∫
ΩVev

.
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Thus if v= Au means (1.15), then we obtain the eigenvalue problem

−Δϕ = μuϕ in Ω,
∂ϕ
∂ν

= 0 on ∂Ω (1.172)

for

u=
λVev∫
ΩVev

, (1.173)

and the (strict) local index of v and hence that of u are equal to the number of eigenvalues
in 0< μ ≤ 1 (0< μ < 1) defined by (1.172).
Similarly, if v= Au is defined by

−Δv= u in Ω, v= 0 on ∂Ω,

then the (strict) local index of v and hence that of u are equal to the number of eigenvalues
in 0< μ ≤ 1 (0< μ < 1) of (1.123), that is

−Δϕ = μuϕ in Ω, ϕ = constant on ∂Ω∫
∂Ω

∂ϕ
∂ν

= 0 (1.174)

for u= u(x) defined by (1.173), see also.304

1.2.9. Zygmund Space

The above mentioned dynamical stability to (1.171) requires the continuity of the entropy
functional defined on the Zygmund space.302 In fact, given an open set Ω⊂ Rn, we define
the Zygmund space by

(L logL)(Ω) =
{
f :Ω→Ω measurable | ‖ f‖L logL < +∞

}
,

where

‖ f‖L logL = inf
{
k> 0 |

∫
Ω
| f | log

(
e+

| f |
k

)
≤ k

}

denotes the Luxemburg norm, see.1 Then, we obtain the following theorem.156

Theorem 1.23. There is an order-preserving norm in (L logL)(Ω) equivalent to the Lux-
emburg norm defined by

[ f ]L logL =
∫
Ω
| f (x)| log

(
e+

| f (x)|
‖ f‖1

)
,

under the agreement that [ f ]L logL = 0 if ‖ f‖1 = 0.

The last paragraph of this section is devoted to the proof of Theorem 1.23 based on a series
of lemmas.

Lemma 1.1. It holds that

f log
(
e+

f
a

)
− f b
a−b log

a
b
≥ g log

(
e+

g
a

)
− gb
a−b log

a
b

(1.175)



66 Chapter 1. Duality - Sealed Variation

for f ≥ g≥ 0 and a> b> 0.

Proof: We have

logx≤ x−1, x> 0

and, therefore,

b log
a
b
≤ a−b, a> b> 0.

Then, putting

h(s) = s log
(
e+

s
a

)
− sb
a−b log

a
b
,

we obtain

h′(s) = log
(
e+

s
a

)
+ s · 1

e+ s
a
· 1
a
− b
a−b log

a
b

≥ 1−1= 0

and hence (1.175) follows from h( f ) ≥ h(g). �

Lemma 1.2. If f ,g ∈ L logL(Ω) satisfies

|g(x)| ≤ | f (x)| a.e.,

then it holds that

[g]L logL ≤ [ f ]L logL .

Proof: We may suppose that 0< ‖g‖1 < ‖ f‖1. Then, we obtain

|g(x)| log
(
e+

|g(x)|
‖g‖1

)
≤ | f (x)| log

(
e+

| f (x)|
‖ f‖1

)

+{|g(x)|‖ f‖1−| f (x)| ‖g‖1} ·
log‖ f‖1− log‖g‖1

‖ f‖1−‖g‖1
and, therefore, ∫

Ω
|g(x)| log

(
e+

|g(x)|
‖g‖1

)
≤
∫
Ω
| f (x)| log

(
e+

| f (x)|
‖ f‖1

)
,

and the proof is complete. �

Lemma 1.3. We have

(x+ y) log
(
e+

x+ y
a+b

)
≤ x log

(
e+

x
a

)
+ y log

(
e+

y
b

)
, (1.176)

where x,y≥ 0 and a,b> 0.
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Proof: The function h(s) = log
(
e+ s−1

)
is convex in s> 0, and hence it holds that

h
(
a+b
x+ y

)
≤ x
x+ y

h
(a
x

)
+

y
x+ y

h
(
b
y

)
.

This inequality implies (1.176). �

Lemma 1.4. The triangle inequality

[ f +g]L logL ≤ [ f ]L logL+[g]L logL
holds true.

Proof: We have

[ f +g]L logL ≤ [| f |+ |g|]L logL
by Lemma 1.2, and, therefore, may assume f ,g ≥ 0. Then, Lemma 1.3 guarantees

[ f +g]L logL =

∫
Ω
( f +g) log

(
e+

f +g
‖ f +g‖1

)

≤
∫
Ω

{
f log

(
e+

f
‖ f‖1

)
+g log

(
e+

g
‖g‖1

)}
= [ f ]L logL+[g]L logL ,

and the proof is complete. �

Lemma 1.5. The norm [ · ]L logL is equivalent to the Luxemburg norm, and it holds that
‖ f‖1 ≤ ‖ f‖L logL ≤ [ f ]L logL ≤ 2‖ f‖L logL .

Proof: From the definition of the Luxemburg norm, we obtain

K =

∫
Ω
| f | log

(
e+

| f |
K

)
≥ ‖ f‖1

for K = ‖ f‖L logL, which implies

K ≤
∫
Ω
| f | log

(
e+

| f |
‖ f‖1

)
= [ f ]L logL .

We have, on the other hand,∫
Ω
| f | log

(
e+

| f |
‖ f‖1

)
≤
∫
Ω
| f | log

(
e · K

‖ f‖1
+

| f |
‖ f‖1

)

=

∫
Ω
| f | log

(
e+

| f |
K

)
+

∫
Ω
| f | log K

‖ f‖1
= K+‖ f‖1 · log

K
‖ f‖1

,

and here, the right-hand side is estimated from above by

K+
K
e
≤ 2K = 2 [ f |L logL
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because

logs≤ s
e

(s≥ 1).

The proof is complete. �

We turn to the following theorem proven by a series of lemmas.156

Theorem 1.24. If Ω is bounded, then the mapping

f ∈ (L logL)(Ω) �→
∫
Ω
f log | f | ∈ R

is well-defined and continuous.

Lemma 1.6. If x,y are elements in a normed space and t ∈R, then it holds that
∣∣x |x|ıt + y |y|ıt − (x+ y) |x+ y|ıt ∣∣≤ 2 |t| |x+ y| log(e+ |x|+ |y|

|x+ y|
)

.

Proof: For a≥ b> 0 and t ∈ R, we have∣∣eit −1∣∣≤ |t|
and hence it holds that ∣∣aıt −bıt∣∣ =

∣∣∣∣(ab
)ıt

−1
∣∣∣∣=

∣∣∣eıt log ab −1∣∣∣
≤ |t| log a

b
≤ |t|

(a
b
−1

)
.

From the symmetry and the homogenity, we may assume

|x|+ |y| = 1, 0< |x| ≤ 1
2
≤ |y| .

Then, it follows that

|x+ y| ≤ |x|+ |y| = 1
|y| ≤ |x|+ |y| = 1,

and we obtain ∣∣x |x|ıt + y |y|ıt − (x+ y) |x+ y|ıt
∣∣

=
∣∣(x+ y)(1−|x+ y|ıt)− (x+ y)

(
1−|y|ıt)− x(|y|ıt −|x|ıt)∣∣

≤ |t|
{
|x+ y| log 1

|x+ y| + |x+ y| log 1|y| + |x| ·
( |y|
|x| −1

)}
.

Here, we have

|y|− |x| ≤ |y+ x|,
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and the right-hand side is equal to

|t|{−|x+ y| log |x+ y|− |x+ y| log |y|+ |y|− |x|}
≤ |t|

(
|x+ y|log 1

|x+ y| · |y| + |x+ y|
)

= |t| |x+ y|log e
|x+ y| · |y| ≤ |t| |x+ y| log 2e

|x+ y|

≤ |t| |x+ y|log
(
e+

1
|x+ y|

)2
= 2 |t| |x+ y|log

(
e+

1
|x+ y|

)
.

The proof is complete. �

Lemma 1.7. If x,y are elements in a normed space, then it holds that

|x log |x|+ |y| log |y|− (x+ y) log |x+ y||
≤ 2 |x+ y| log

(
e+

|x|+ |y|
|x+ y|

)
.

Proof: We obtain the result by dividing both sides of inequality in the previous lemma by
|t| and making t→ 0. �

Lemma 1.8. It holds that∫
Ω
| f −g| log

(
e+

| f |+ |g|
| f −g|

)
≤ ‖ f −g‖1 log

(
e+

‖ f‖1+‖g‖1
‖ f −g‖1

)
,

where f ,g ∈ L1(Ω).

Proof: Both sides are zero if f = g a.e. by the definition, and, therefore, we can assume
‖ f −g‖1 = 1. Thus

μ(dx) = | f (x)−g(x)|dx
is a probability measure while h(s) = log(e+ s) is a concave function of s > 0. Jensen’s
inequality guarantees∫

Ω
log

(
e+

| f |+ |g|
| f −g|

)
dμ ≤ log

(
e+

∫
Ω

| f |+ |g|
| f −g| dμ

)

= log
(
e+

∫
Ω
| f |+ |g| dx

)
= log(e+‖ f‖1+‖g‖1) ,

and the proof is complete. �

Lemma 1.9. It holds that∣∣∣∣
∫
Ω
f log | f |−g log |g| dμ

∣∣∣∣≤ ‖ f −g‖1 |log‖ f −g‖1|

+2e−1 |Ω|1/2 ‖ f −g‖1+2‖ f −g‖1 log
(
e+

‖ f‖1+‖g‖1
‖ f −g‖1

)
+[ f −g]L logL , (1.177)
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where f ,g ∈ L logL(Ω).

Proof: We obtain

| f log | f |−g log |g|− ( f −g) log | f −g|| ≤ 2 | f −g| log
(
e+

| f |+ |g|
| f −g|

)
(1.178)

by Lemma 1.7. Then we have∣∣∣∣
∫
Ω
| f −g| log | f −g|

∣∣∣∣≤ ‖ f −g‖1
∣∣∣∣
∫
Ω

| f −g|
‖ f −g‖1

log
| f −g|
‖ f −g‖1

∣∣∣∣
+‖ f −g‖1 |log‖ f −g‖1|

and use

|s logs| ≤
{
s log(s+ e) (s≥ 1)
2e−1s1/2 (0< s< 1)

for the first term of the right-hand side:∣∣∣∣
∫
Ω

| f −g|
‖ f −g‖1

log
| f −g|
‖ f −g‖1

∣∣∣∣
≤ 1

‖ f −g‖1

∫
Ω
| f −g| log

(
e+

| f −g|
‖ f −g‖1

)

+2e−1 |Ω|1/2 =
[ f −g]L logL
‖ f −g‖1

+2e−1 |Ω|1/2 .

Now, we apply Lemma 1.8 for the right-hand side of (1.178), and obtain (1.177). The proof
is complete. �

1.2.10. Summary

We have described the fundamental structure of dual variation, particularly, the Toland
duality.

(1) In the gradient system associated with the Toland duality, stationary states are equiva-
lently formulated variations, in terms of the field and the particle components.

(2) These structures are packaged into the Lagrangian. Then, a linearly stable stationary
solution is dynamically stable. This stability splits in both components, field distribu-
tion and particle density.

(3) A typical example of the Toland duality is the full system of chemotaxis, associated
with the entropy functional, which is continuous on the Zygmund space (L logL)(Ω).

1.3. Phenomenology

An important feature of dual variation is the unfolding-minimality concerning the station-
ary state. There are, however, systems provided only with the ”semi“-duality, that is semi-
unfolding and minimality. Among them are the problems arising in phase transition, phase
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separation, and shape memory alloys. In the Kuhn-Tucker duality, on the other hand, the
stable critical state is realized as a saddle. We have several such systems in mathematical
biology, game theory, and linear programing. This section is devoted to these variants of
the Toland duality.

1.3.1. Non-Convex Evolution

The Ginzburg-Landau theory is a phenomenology consistent to thermodynamics where
free energy is defined as a functional of an order parameter, composed of van der Waals’
penality and the double-well potential. This free energy is not formulated by the Toland
duality because the double-well potential is neither convex nor concave.
Generally, non-equilibrium mean field equations in phenomenological theories are de-
scribed by the chemical potential

μ = δF (ϕ),

where F = F (ϕ) stands for the free energy F = F (ϕ) defined by the order parame-
ter ϕ = ϕ(x). These equations are classified into model (A), model (B), and model (C)
equations.130,146 In more details, if Ω ⊂ Rn, n = 2,3, is a bounded domain with smooth
boundary ∂Ω, then the order parameter ϕ = ϕ(x,t) is a function of the position x ∈Ω and
the time t > 0 indicating the status of the material, andF = F (ϕ) is a quantity determined
by ϕ . Thus F = F (ϕ) is regarded as a functional of ϕ = ϕ(x,t), and the system moves
toward the equilibrium, making F (ϕ) decrease. Here, the chemical potential, δF (ϕ) is
defined by

〈ψ ,δF (ϕ)〉 =
d
ds

F (ϕ+ sψ)

∣∣∣∣
s=0

(1.179)

similarly to (1.18). As in the previous cases, this 〈 , 〉 is usually identified with the L2 inner
product.
Model (A) equation is formulated by

ϕt = −KδF (ϕ) in Ω× (0,T),

where K is a positive quantity, possibly associated with ϕ . Then, it holds that
d
dt

F (ϕ) = −
∫
Ω
KδF (ϕ)2 ≤ 0.

Model (B) equation, on the other hand, is described by

ϕt = ∇ · (K∇δF (ϕ)) in Ω× (0,T)

K
∂
∂ν
δF (ϕ) = 0 on ∂Ω× (0,T ).

In this case, we obtain
d
dt

∫
Ω
ϕ =

∫
∂Ω
K
∂
∂ν
δF (ϕ) = 0

d
dt

F (ϕ) = −
∫
Ω
K |∇δF (ϕ)|2 ≤ 0.
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Thus, model (A) and model (B) equations stand for the thermodynamically closed system
and thermodynamically-materially closed system, respectively. A non-trivial time periodic
solution, for example, is not permitted to both of them.
The stationary state is actually defined by the zero free energy consumption; it is

δF (ϕ) = 0

in the model (A) equation, while

δF (ϕ) = 0 constrained by
∫
Ω
ϕ = λ

in the model (B) equation, where λ is a prescribed constant indentified with an eigenvalue.
More precisely, stationary states of model (A) and model (B) equations are defined by

d
ds

F (ϕ+ sψ)

∣∣∣∣
s=0

= 0 for all ψ

and
d
ds

F (ϕ + sψ)

∣∣∣∣
s=0

= 0 fo all ψ with
∫
Ωψ = 0

∫
Ω
ϕ = λ ,

respectively. Similarly, the linearized stability of the stationary state ϕ means

Q(ψ ,ψ) ≡ 1
2
d2

ds2
F (ϕ+ sψ)

∣∣∣∣
s=0

> 0 for all ψ �= 0

in the model (A) equation, while

Q(ψ ,ψ) > 0 for all ψ �= 0 with ∫Ωψ = 0

in the model (B) equation.
If model (A) equation or model (B) equation is well-posed globally in time, the associated
semi-flow is completely continuous, and the set of stationary solutions, denoted by E , is
bounded in a suitable Banach space, then there is a global attractor denoted by A . This
A is connected, comprises of the unstable manifold of E (and of the union of the unstable
manifolds of the elements in E if any of them is hyperbolic), and attracts the orbit as t ↑+∞
uniformly in the initial value contained in a bounded set, see.128,227 We hereby describe
several free energies and model equations derived from them.

Helmholtz’ Free Energy

As we have mentioned in §1.1.3, Helmholtz’ free energy

F (u) = α
∫
Ω
u(logu−1)− 1

2

∫∫
Ω×Ω

G(x,x′)u(x)u(x′)dxdx′

induces the mean field equation of many self-gravitating particles, where u = u(x,t) de-
notes the particle density. If the absolute temperature α is equal to 1, and the potential
G = G(x,x′) is the Green’s function to (1.15), then we obtain the simplified system of



1.3. Phenomenology 73

chemotaxis (1.8) as a model (B) equation (1.19) with K = u. Its stationary state is de-
scribed by

−Δv= λ
(
ev∫
Ω ev

− 1
|Ω|

)
in Ω,

∂v
∂ν

= 0 on ∂Ω
∫
Ω
v= 0,

using the field component, and in two space dimension, the quantized blowup mechanism
of this state implies that of the non-equilibrium, see §1.1.2.

Allen-Cahn Equation

Ginzburg-Landau’s free energy,

F (ϕ) =

∫
Ω

ξ 2

2
|∇ϕ |2+W(ϕ) dx (1.180)

induces the Allen-Cahn equation4

ϕt = K(ξ 2Δϕ−W ′(ϕ)) in Ω× (0,T) (1.181)

in phase separation as a model (A) equation, where ξ > 0 is a constant associated with the
intermolecular force, ϕ = ϕ(x,t) is the order parameter, K > 0 is a constant, and

W (ϕ) =
1
4
(
ϕ2−1)2

is the double-well potential. Usually, thisF (ϕ) is associated with all ϕ ∈H1(Ω), and then
the natural boundary condition

∂ϕ
∂ν

= 0 on ∂Ω× (0,T) (1.182)

is furthermore imposed to (1.181). Thus, the Allen-Cahn equation, (1.181)-(1.182), is
formulated by a semilinear parabolic equation of the second order.
Then, the stationary state is described by

−ξ 2Δϕ = ϕ−ϕ3 in Ω,
∂ϕ
∂ν

= 0 on ∂Ω,

and its stability is equivalent to the positivity of the first eigenvalue of the self-adjoint
operator in L2(Ω),

A= −ξ 2Δ−1+3ϕ2,

with the domain

D(A) =

{
ψ ∈ H2(Ω) | ∂ψ

∂ν
= 0 on ∂Ω

}
.

Here, any non-constant stationary solution ϕ is linearly unstable if Ω is convex. Actu-
ally, this property is the case of the general (single) semilinear parabolic equation with the
Neumann boundary condition.44,199
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In the one-space dimensional case, furthermore, each ω-limit set, see §1.2.7, is composed
of one element.198,354 Actually, due to the parabolic Liouville property,10,109,200 and the
dynamics of the semi-linear parabolic equation in one-space dimension has several remark-
able profiles. For example, there are the Morse-Smale property,9,139 the meandric permu-
tation concerning the stationary solution,107 and the hetero-clinic cascade.95,343 The other
aspect of such equations is the strong order preserving property. It is derived also from the
strongmaximumprinciple and is valid even to the multi-space dimension.145,201,287 Related
aspects of the dynamics of the semilinear parabolic equations are described by129,148,185 in-
cluding the multi-space dimensional case.
The first term of the integrand ofF (ϕ) of (1.180) is written as

ξ 2 |∇ϕ |2 =

∣∣∣∣ ∂ϕ
∂ (ξ−1x)

∣∣∣∣
2
.

It is associated with the surface tension and is called van der Waals’ penalty. Here, the
parameter 0 < ξ � 1 is determined in accordance with the molecular distance. The term
W (ϕ), on the other hand, is called the double-well potential because ϕ = ±1 are its bi-
stable critical points of the ordinary differential equation

ϕ̇ = κ(ϕ−ϕ3).
The other critical point ϕ = 0 of W = W (ϕ) is unstable, and, consequently, ϕ =

ϕ(·,t) is rapidly separated into the regions {x ∈Ω | ϕ(x,t) = ±1} with the interface
{x ∈Ω | −1< ϕ(x,t) < +1} of O(ξ )-thickness, and then this interface moves slowly sub-
ject to their curvatures, that is, there are fast and slow dynamics.35,77,153,266

In fact, if ϕ = ϕ(x) is regular, then this free energy is equal to

F (ϕ) =
∫ ∞

−∞
ds
∫
{ϕ=s}

ξ 2 |∇ϕ |+W (s)
|∇ϕ | dS

by the co-area formula. This value is estimated from below by

F∗(ϕ) = 2ξ 2
∫ ∞
−∞
W (s)Hn−1 ({ϕ = s})ds

with the equality if and only if
∂ϕ

∂ (ξ−1ν)
=W (s)1/2 on {ϕ = s},

where ν denotes the outer normal vector on {ϕ = s} from {ϕ < s} to {ϕ > s} and Hn−1
is the (n− 1)-dimensional Hausdorff measure. Thus, in the equilibrium this ϕ is almost
separated into ϕ = ±1, and the interface thickness is of O(ξ ).
To illustrate the relation between the mean curvature flow, we take K = 1 in (1.181), and
assume

ϕ(x,t) ≈ φ (d(x,t)/ξ )

near the interface, denoted by Γt , where d(x,t) is the signed-distance function. Then, a
rough calculation implies

dt ≈ Δd,
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where Δd and dt are the mean curvature of Γt and the velocity of Mt , respectively. Thus,
we otain the suggestion of the convergence of ϕ(x,t) to the mean curvature flow as ξ ↓ 0
of (1.181).
In the level set approach,59,89,90 actually, this mean curvature flow is described by Γt =

{u(·,t) = 0} with u= u(x,t) satisfying

ut = |Du|div
(
Du
|Du|

)
= trace

(
I− Du⊗Du|Du|2

)
.

In spite of the formal singularity, this equation is well-posed in the sense of viscosity so-
lutions,68 and the above mentioned convergence is justified by the comparison principle
under appropriate time scalings.17,58,88,227 Also, we obtain efficient numerical schemes
from this observation.86,106,230,242

Cahn-Hilliard Equation

Landau-Ginzburg’s free energy induces also the Cahn-Hilliard equation42

ϕt = −KΔ(ξ 2Δϕ−W ′(ϕ)) in Ω× (0,T)

∂
∂ν

(ξ 2Δϕ−W ′(ϕ)) = 0 on ∂Ω× (0,T)

concerning the phase separation as a model (B) equation. Similarly to the above case of the
Allen-Cahn equation, usually we impose

∂ϕ
∂ν

= 0 on ∂Ω× (0,T)

furthermore, assuming thatF (ϕ) is associated with all ϕ ∈ H1(Ω) which means that

ϕt = −KΔ(ξ 2Δϕ−W ′(ϕ)) in Ω× (0,T)

∂Δϕ
∂ν

=
∂ϕ
∂ν

= 0 on ∂Ω× (0,T). (1.183)

In this case, the stationary state ϕ is defined by

−ξ 2Δϕ = ϕ−ϕ3− 1
|Ω|

∫
Ω
ϕ−ϕ3 dx in Ω,

∂ϕ
∂ν

= 0 on ∂Ω∫
Ω
ϕ = λ , (1.184)

and its linearized stability means the positivity of the first eigenvalue of the self-adjoint
operator in L20(Ω)

A= −ξ 2Δ+1−3ϕ2

with the domain

D(A) =

{
ψ ∈H2(Ω) | ∂ψ

∂ν
= 0 on ∂Ω,

∫
Ω
ψ = 0

}
.
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If ϕ = ϕξ attains the minimum ofFξ defined by

Fξ (ϕ) =

{∫
Ω
ξ 2
2 |∇ϕ |2+W(ϕ) dx, ϕ ∈ H1(Ω),

∫
Ωϕ = λ

+∞, otherwise,

then it is a solution to (1.184). Here, we obtain Γ-convergence of Fξ to F0 in L1(Ω) as
ξ ↓ 0, see,205,289 where

F0(ϕ) =

{ 2
3PerΩ {ϕ = −1} , ϕ ∈ BV (Ω), W (ϕ) = 0 a.e.,

∫
Ωϕ = λ

+∞, otherwise,

BV (Ω) denotes the space of functions of bounded variation,

BV (Ω) =

{
v ∈ L1(Ω) |

∫
Ω
|∇v| < +∞

}
∫
Ω
|∇v| = sup

{∫
Ω
v∇ ·g | g ∈C10(Ω)n, ‖g‖∞ ≤ 1

}
,

and PerΩ(A) =
∫
Ω |∇χA| is the perimeter of the measurable set A, see125 which means that

vξ → v as ξ ↓ 0 in L1(Ω) ⇒ liminf
ξ↓0

Fξ (vξ ) ≥ F0(v)

and any v ∈ L1(Ω) admits ξk ↓ 0 and {vk} such that
vk → v in L1(Ω)

lim
k→∞

Fξk (vk) = F0(v).

In this case, any ξk ↓ 0 admits
{
ξ ′k
} ⊂ {ξk} such that ϕξ ′k converges to a miminizer ofF0

in L1(Ω) from the genral theory.70

The limiting problem of (1.183) as ξ ↓ 0 is described by the Mullins-Sekerka-Hele-Shaw
equation,

Δv= 0 in
⋃
t∈(0,T )(Ω\Γt)×{t}

∂v
∂ν

= 0 on ∂Ω× (0,T)

v= γkΓt , V =
1
2

[
∂v
∂ν

]+

−
on

⋃
t∈(0,T )Γt ×{t},

where kΓt , γ > 0, and V are the mean curvature of the interface Γt , a constant, and the
normal velocity of Γt , respectively.2,251,291

The first factor of the micro-phase separation is the spinodal decomposition caused by the
composition fluctuation of sine-like waves. It occurs to the blended material when the
temperature becomes low. Its rough description is obtained by taking the equation on the
whole space, and linearizing it around the constant solution ϕ , that is

K−1wt = Δ
(−ξ 2Δw+W ′′(ϕ)w

)
in Rn× (0,T ).

Thus putting

w(x,t) = exp(ık · x+Kσ t),
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we obtain

σ = |k|2
(
−W ′′(ϕ)− ξ 2 |k|2

)
,

where σ > 0 corresponds to this phenomenon of spinodal decomposition. This range is the
case ofW ′′(ϕ) < 0, that is − 1√

3 < ϕ < 1√
3 , and (− 1√

3 ,
1√
3 ) is called the spinodal interval,

and then it holds that

|k|2 =
β ±

√
β 2−4ξ 2σ
2ξ 2

,

where β = −W ′′(ϕ). The value σ , on the other hand, attains the maximum if

|k|2 =
1
2
βξ−2. (1.185)

This formula suggests that unstable wave-like fluctuation with the length λ = 2π
k =

√
8
β πξ

in the one-dimensional case, and simultaneously, irregular patterns caused by the mixture
of a variety of waves for the two-dimensional case.41

The second mechanism of phase separation is the nucleation, whereby several crystal seeds
gather under the presense of the condensate of the solution, caused by super-saturation. It
is associated with the intervals I− = (−1,− 1√

3) and I+ = ( 1√
3 ,1) called the metastable

region, and if the mean value of the order parameter is ϕ ∈ I−, then under the local but
sufficiently strong perturbation induces a small region with ϕ ∈ I+ surrounded by that with
ϕ ∈ I−, see.3,19

Ohta-Kawasaki’s Free Energy

Ohta-Kawasaki’s free energy,231

F (ϕ) =

∫
Ω

ξ 2

2
|∇ϕ |2+W(ϕ)+

σ
2

∣∣∣(−ΔN)−1/2(ϕ−ϕ)
∣∣∣2 dx (1.186)

is concerned with the micro-phase separation in diblock copolymers, where σ > 0 is a
parameter proportional to the inverse length of the polymer chain and

ϕ =
1
|Ω|

∫
Ω
ϕ .

If the region is separated into ϕ =±1 with the interfaceO(ξ ), then the third term of (1.186)
is not negligible because the variation derived from ϕ becomes large. This term of Ohta-
Kawasaki’s free energy is essentially the same as that of Helmholtz’ free energy defined by
(1.16)

F (u) =
1
2

∫
Ω
u(logu−1)− 1

2
〈
(−ΔJL)−1u,u

〉
.

It can be made small by the rapid oscillation that guarantees the convergence to ϕ of ϕ in
H1(Ω)′ which suggests a number of local minima of this functional.
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The free energy (1.186) induces the Nishiura-Ohnishi equation228

αϕt = −Δ(ξ 2Δϕ−W ′(ϕ)
)−σ(ϕ−ϕ) in Ω× (0,T)

∂
∂ν

{
ξ 2Δϕ−W ′(ϕ)

}
= 0 on ∂Ω× (0,T)

as a model (B) equation, where α = K−1. Similarly to the former cases, we impose

∂ϕ
∂ν

= 0 on ∂Ω× (0,T)

using all ϕ ∈ H1(Ω) to derive δF (ϕ), and then it holds that

ϕt = −Δ(ξ 2Δϕ−W ′(ϕ)
)−σ(ϕ−ϕ) in Ω× (0,T)

∂Δϕ
∂ν

=
∂ϕ
∂ν

= 0 on ∂Ω× (0,T ).

The stationary state is described by

−ξ 2Δϕ = ϕ−ϕ3− 1
|Ω|

∫
Ω
ϕ−ϕ3 dx+σ(−ΔJL)−1ϕ in Ω

∂ϕ
∂ν

= 0 on ∂Ω,

∫
Ω
ϕ = λ .

Then, the linearized stablity of this stationary state means the positivity of the first eigen-
value of the self-adjoint operator A in L20(Ω) defined by

Aψ = −ξ 2Δψ−ψ+3ϕ2ψ+σ(−ΔJL)−1ψ
with the domain

D(A) =

{
ψ ∈H2(Ω) | ∂ψ

∂ν
= 0 on ∂Ω,

∫
Ω
ψ = 0

}
.

We have also Γ-convergence of the functionalF = Fξ ,σ of (1.186) under several scalings
of (ξ ,σ), see.243,244

1.3.2. Gradient and Skew-Gradient Systems

There are several systems derived from Lagrangian and skew-Lagrangian without duality.
In this case, the stationary state is not reduced to the single equation.
In the gradient system, the Lagrangian L = L(u,v) acts as a Lyapunov function. If the
combination of model (A) - model (B) equations

ut = −Lu
τvt = −Lv,

for example, is adopted, then it holds that

d
dt
L(u,v) = −

∫
Ω
Lu(u,v)2+ τ−1Lv(u,v)2 dx

≤ 0,
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where τ > 0 is a constant. The stationary state (u,v) is defined by

Lu(u,v) = Lv(u,v) = 0,

and its linearized stability is described by the positivity of

A=

(
Luu(u,v) Luv(u,v)
Lvu(u,v) Lvv(u,v)

)

provided that L= L(u,v) is C2 because the linearized equation is given by

d
dt

(
u
v

)
+ JA

(
u
v

)
= 0, J =

(
1 0
0 τ−1

)
. (1.187)

This operator A is the same as the Hessian of L and the linearly stable stationary solu-
tion derived from this Lagrangian is dynamically stable. If Luv(u,v) = 0, then this lin-
earized stability is equivalent to the component-wise positivities of the operators Luu(u,v)
and Lvv(u,v),

Luu(u,v) > 0
Lvv(u,v) > 0. (1.188)

For the Toland duality withC2 Lagrangian

L(u,v) = F∗(u)+G(v)−〈v,u〉,
this stability holds if (F∗)′′(u) > 1 and G′′(v) > 1 as quadratic forms.
In the skew-gradient system using the skew-Lagrangian L= L(u,v), that is

ut = −Lu
τvt = Lv,

the stationary state is similarly defined by

Lu(u,v) = Lv(u,v) = 0,

while the linearized equation is indicated by (1.187) for

A=

(
Luu(u,v) Luv(u,v)
−Luv(u,v) Lvv(u,v)

)
.

In this case, the linearized stablity of (u,v) means that any eigenvalues of A is in the right-
half space, or, equivalently,

Re (JAw,w)J = Re (Aw,w) > 0 for all w=

(
u
v

)
�= 0 (1.189)

using the complex-valued trial functions {u,v} and the L2-inner product

(w1,w2) =

∫
Ω
u1u∗2+ v1v∗2 dx
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for

wi =
(
ui
vi

)
, i= 1,2,

where z∗ denotes the complex-conjugate of z ∈ C and
(w1,w2)J = (J−1/2w1,J−1/2w2).

Since (u,v) is real-valued, it holds that

Re (Aw,w) = 〈u,Luu(u,v)u〉+ 〈v,Lvv(u,v)v〉
〈w1,w2〉 =

∫
Ω
u∗1u2+ v

∗
1v2 dx

and, therefore, condition (1.189) is equivalent to (1.188) and such a stationary state is
dynamically stable if L= L(u,v) is C2, see.346,347

Eguchi-Oki-Matsumura Equation

An example of the gradient system without duality is the Eguchi-Oki-Matsumura equation
concerning phase separation of alloys.82 It is a combination of model (B) and model (A)
equations, using the Lagrangian

L(u,v) =

∫
Ω

1
2
|∇u|2+

ξ 2

2
|∇v|2+ f (u,v) dx,

where

f (u,v) =
a
2
u2− b

2
v2+

b′

4
v4+

g
2
u2v2

with τ,a,b,b′,g> 0 constants, stands for the bulk-energy and u and v are the concentration
of the main component and the order parameter, respectively. Thus, we obtain

τut = ∇ ·∇Lu(u,v)
vt = −Lv(u,v) in Ω× (0,T)

∂
∂ν
Lu(u,v) = 0 on ∂Ω× (0,T),

and hence
d
dt

∫
Ω
u= 0

d
dt
L(u,v) = −

∫
Ω
τ−1 |∇L(u,v)|2+ v2t dx≤ 0,

where τ > 0 is a constant.
Using all u ∈ H1(Ω) and v ∈ H1(Ω) in deriving Lu and Lv, we obtain

∂u
∂ν

=
∂v
∂ν

= 0 on ∂Ω× (0,T)
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as a natural boudary condition. Then the stationary state is described by

−Δu+au+guv2= constant,
∂u
∂ν

∣∣∣∣
∂Ω

= 0,
∫
Ω
u= λ

−ξ 2Δv−bv+b′v3+gu2v= 0,
∂v
∂ν

∣∣∣∣
∂Ω

= 0.

This system is difficult to reduce to single equations on u or v. There arise, however,
multiple stationary solutions.133

Gierer-Meinhardt Equation

Yanagida346,347 formulated the Gierer-Meinhardt equation and the HitzHugh-Nagmo equa-
tion, see §1.3.4, as skew-gradient systems. The former is concerned with the morphogene-
sis118 and is a combination of model (A) equations

rat = −La
qτht = Lh,

where r,q,τ > 0 are constants. It is derived from the skew-Lagrangian

L(a,h) =
∫
Ω

rε
2
|∇a|2− qD

2
|∇h|2−H(a,h) dx

with

H(a,h) = − r
2
a2+ rσa+ap+1hq+

q
2
h2

in the case of

p+1= r, q+1= s, (1.190)

where ε,D,σ > 0 are constants. If all a∈H1(Ω) and h ∈H1(Ω) are taken to derive La and
Lh, then we obtain

at = ε2Δa−a+
ap

hq
+σ

τht = DΔh−h+
ar

hs
in Ω× (0,T)

∂a
∂ν

=
∂h
∂ν

= 0 on ∂Ω× (0,T). (1.191)

The shadow system is obtained bymakingD→+∞ in the second equation. More precisely,
in this case h= h(t) is independent of x, and then it holds that

at = ε2Δa−a+ap/hq

τht = −h+
1
hs

· 1|Ω|
∫
Ω
ar in Ω× (0,T)

∂a
∂ν

=
∂h
∂ν

= 0 on ∂Ω× (0,T) (1.192)
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by operating 1
|Ω|

∫
Ω ·, where σ = 0 is assumed for simplicity. Then its stationary state is

defined by

ε2Δa−a+
ap

hq
= 0

hs+1 =
1
|Ω|

∫
Ω
ar in Ω

∂a
∂ν

= 0 on ∂Ω,

see.168,226 In the case of r = p+1 there is a variational functional

J(v) =
1
2

∫
Ω
ε2 |∇a|2+a2 dx− 1

(1− γ)r
(∫

Ω
ar
)1−γ

defined for v ∈ H1(Ω), where γ = r
s+1 . General case other than (1.190) is not formulated

by the skew-gradient system.
We have spiky stationary solutions, slow dynamics of spikes, and Hopf bifurcation to
(1.191), see.72,334,335 The skew-gradient system can thus be involved by the top-down
self-organization, while the stable stationary solutions take a role of the bottom-up self-
organization.

1.3.3. Skew-Gradient Systems with Duality

If the skew-Lagrangian is defined by the free energy using Kuhn-Tucker duality, then the
stationary states split into the particle and the field components provided with the structure
of dual variation. This property is a special case with the convexity of the functional, and
the global dynamics near the stationary state is not so complicated.
Let X be a Banach space over R, and F,G : X → (−∞,+∞] be proper, convex, lower semi-
continuous functionals. The Lagrangian in the Toland duality is defined by

L(x, p) = G(x)+F∗(p)−〈x, p〉
for (x, p) ∈ X ×X∗, see §1.2.3, where X∗ denotes the dual space and F∗ is the Legendre
transformation of F :

F∗(p) = sup
x∈X

{〈x, p〉−F(x)} .

It is associated with the ”free energy“

J∗(p) =

{
F∗(p)−G∗(p), p ∈ D(F∗)
+∞, otherwise

and the ”field functional“

J(x) =

{
G(x)−F(x), x ∈ D(G)

+∞, otherwise
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through

J∗(p) = inf
x∈X
L(x, p)

J(x) = inf
p∈X∗

L(x, p).

Then we obtain the unfolding-minimality (1.145)-(1.147). Furthermore, p and x are lin-
early stable critial points of J∗ and J, respectively, if and only if (x, p) is a linearly
stable critical point of L, and the former two conditions are equivalent each other by
p ∈ ∂G(x)∩∂F(x) and x ∈ ∂G∗(p)∩∂F∗(p).
Skew-Lagrangian with duality, on the other hand, is defined by

L(x, p) =

{
F∗(p)−G(x)+ 〈x, p〉 , p ∈ D(F∗), x ∈ X
+∞, otherwise

Then, putting

J(x) = G(x)+F(−x)
J∗(p) = F∗(p)+G∗(p),

we obtain a similar structure. In other words, we say that (x, p) ∈ X×X∗ is a critical point
of L if

0 ∈ Lx(x, p)
0 ∈ Lp(x, p),

which is equivalent for x and p to be critical points of J and J∗, respectively.

p ∈ ∂F(−x)∩∂G(x)
x ∈−∂F∗(p)∩∂G∗(p). (1.193)

These two relations of (1.193) are equivalent each other, and if one of them is satisfied then
it holds that

L(x, p) = J∗(p) = −J(x).
We have the unfolding

L|x∈∂G∗(p) = J∗

L|p∈∂F(−x) = −J
and the ”minimality“ in the sense of

J∗(p) ≤ L(x, p) ≤−J(x)
for any (x, p) ∈ X×X∗.
A critical point (x, p) is called a saddle if

L(x, p) ≤ L(x, p) ≤ L(x, p) (1.194)
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for any (x, p) in a neighborhood of (x, p). It is linearly stable if there is ε0 > 0 such that
any ε ∈ (0,ε0/4] admits δ > 0 such that

‖x− x‖X < ε0
‖p− p‖X∗ < ε0
L(x, p)−L(x, p) < δ
L(x, p)−L(x, p) < δ

⇒ ‖x− x‖X < ε
‖p− p‖X∗ < ε.

These conditions of stability split component-wisely, and (x, p) is a linearly stable saddle
of L if x and p are linearly stable critical points of J and J∗, respectively, and they are
equivalent each other. More precisely, these u and v are linearly stable if there exists ε0 > 0
such any ε ∈ (0,ε0/4] admits δ > 0 such that

‖x− x‖X < ε0
J(x)− J(x) < δ

⇒ ‖x− x‖X < ε

and

‖p− p‖X∗ < ε0
J∗(p)− J∗(p) < δ

⇒ ‖p− p‖X∗ < ε,

respectively.
The skew-gradient system

ṗ ∈ −Lp(x, p)
τ ẋ ∈ Lx(x, p) (1.195)

derived from the skew-Lagrangian L = L(x, p) with duality, defined above, has similar
properties to (1.165). Thus in the presense of the Hilbert space Y satisfying (1.166), the
solution (x(t), p(t)) in (1.167) satisfies

limsup
h↓0

1
h
{F∗(p(t))−F∗(p(t−h))} ≤ −〈x, ṗ〉−‖ṗ(t)‖2Y

limsup
h↓0

1
h
{G(x(t))−G(x(t−h))} ≤ 〈ẋ, p〉− τ ‖ẋ(t)‖2Y ,

and, therefore,

limsup
h↓0

1
h
{L(x(t), p(t))−L(x(t), p(t−h))} ≤ −‖ṗ(t)‖2Y

limsup
h↓0

1
h
{−L(x(t), p(t))+L(x(t−h), p(t))} ≤ −τ ‖ẋ(t)‖2Y .

Thus, if (x, p)∈Y×Y is a linearly stable saddle point of L and (1.195) is locally well-posed
in its neighborhood in the sense of (1.167), then this skew-gradient system is well-posed
globally in time there, (x, p) is dynamically stable, and it holds that (1.164).
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1.3.4. Semi-Unfolding-Minimality

As is described in the previous paragraph, if L is a skew-Lagrangian with duality, then both
J∗ and J are convex, and hence any critical point of L is a saddle. Several other systems,
however, are provided only with the semi-duality, and admit multiple stationary solutions.
In this paragraph, we describe the Lagrangian and the skew-Lagrangian combined with
convex and non-convex functionals, which are found in several phase field models provided
with the double-well potential, see §1.5.

Semi-Lagrangian

First, taking a Banach space X over R, we define the Lagrangian with semi-duality by

L(x, p) =

{
F∗(p)+G(x)−〈x, p〉 , x ∈ D(G)

+∞, otherwise,

where

G : X → (−∞,+∞]

is proper, convex, lower semi-continuous, while

F∗ : X∗ → [−∞,+∞]

is arbitrary. The semi-critical point (x, p) is defined by

Lp(x, p) = 0

or, equivalently,

p ∈ ∂G(x). (1.196)

Here, p ∈ ∂G(x) is equivalent to x ∈ ∂G∗(p), and then it holds that

G∗(p)−〈x, p〉 = −G(x).

Thus, we obtain the semi-unfolding-minimality

inf
x
L= L|x∈∂G∗(p) = J∗,

where

J∗(p) =

{
F∗(p)−G∗(p), p ∈ D(F∗)
+∞, otherwise.

(1.197)

Given a critical point of J∗, denoted by p, we define its linearized stability similarly, that is
p ∈ X∗ of

δJ∗(p) = 0

is linearly stable if there is ε0 > 0 such that any ε ∈ (0,ε0/4] admits δ > 0 such that

‖p− p‖X∗ < ε0
J∗(p)− J∗(p) < δ

⇒ ‖p− p‖X∗ < ε,
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and such p is dynamically stable. More precisely, if p is a linearly stable critical point of
J∗, then any ε > 0 admits δ > 0 such that if (x(t), p(t)) ∈ X×X∗ (0≤ t < T ) satisfies

t ∈ [0,T ) �→ p(t) ∈ X∗ continuous
t ∈ [0,T ) �→ L(x(t), p(t)) ∈ R non-increasing
‖p(0)− p‖X∗ < δ ,

then it holds that

sup
t∈[0,T )

‖p(t)− p‖X∗ < ε.

We have

L(x, p) = J∗(p)+ L̂(x, p)
L̂(x, p) = G∗(p)+G(x)−〈x, p〉 ≥ 0

and L̂(x, p) = 0 holds if and only if x ∈ ∂G∗(p), or, equivalently, p ∈ ∂G(x). Given a
critical point p ∈ X∗ of J∗, we take

x ∈ ∂G∗(p),

and now define its hyper-linear stability. Thus x ∈ ∂G∗(p) is hyper-linearly stable if there
is ε0 > 0 such that any ε ∈ (0,ε0/4] admits δ > 0 such that

‖x− x‖X < ε0
L̂(x, p)− L̂(x, p) < δ
‖p− p‖X∗ < δ

⇒ ‖x− x‖X < ε. (1.198)

Consequently, if p is a linearly stable critical point of J∗ and x ∈ ∂G∗(p) is hyper-linearly
stable, then any ε > 0 admits δ > 0 such that

t ∈ [0,T ) �→ (x(t), p(t)) ∈ X×X∗ continuous
t ∈ [0,T ) �→ L(x(t), p(t)) ∈ R non-increasing
‖x(0)− x‖X +‖p(0)− p‖X∗ < δ
⇒
sup
t∈[0,T )

{‖x(t)− x‖X +‖p(t)− p‖X∗} < ε.

Semi-Skew-Lagrangian

Skew-Lagrangian with semi-duality is defined by

L(x, p) =

{
F∗(p)−G(x)+ 〈x, p〉 , p ∈D(F∗)
+∞, otherwise,

(1.199)

where G : X → (−∞,+∞] is proper, convex, lower semi-continuos, while F∗ : X∗ →
[−∞,+∞] is arbitrary. A semi-critical point (x, p) of L is defined by (1.196), and there
is semi-unfolding-minimality,

sup
x
L= L|x∈∂G∗(p) = J∗ (1.200)
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for the free energy defined by

J∗(p) = F∗(p)+G∗(p). (1.201)

Linearized stability of a critical point p ∈ X∗ of J∗ is defined by (1.198). Here, we note
that the multiple existence of such p can occur because F∗ may not be convex. A stronger
concept of the robust stability of p indicates the existence of ε0 > 0 such that any ε ∈
(0,ε0/4] admits δ > 0 such that

‖x− x‖X +‖p− p‖X∗ < ε0
L(x, p)− J∗(p) < δ

⇒ ‖p− p‖X∗ < ε.

Although there is neither the Lyapunov function nor the anti-Lyapunov function in the
skew-gradient system, such p is stable as far as x(t) stays nearby x, where (x, p) is a semi-
critical point of L so that x ∈ ∂G∗(p). Thus, the driving force of leaving such (x, p) lies
in the x component. We emphasize that this ”semi-stability“ is different from the (full)-
stability of (x, p) defined in §1.3.3 forC2 skew-Lagrangian.
Since

L(x, p) = J∗(p)− L̂(x, p)
L̂(x, p) = G∗(p)+G(x)−〈x, p〉 ,

the hyper-linear stability of x ∈ ∂G∗(p) is defined similarly, where p is a critical point of
J∗ defined by (1.201). It holds that

L(x, p)− J∗(p) = J∗(p)− J∗(p)− L̂(x, p) < δ

and, therefore, if p ∈ X∗ is a linearly stable critical point of J∗ defined by (1.201) and
x ∈ ∂G∗(p) is hyper-linearly stable, then p is robust stable. The skew-gradient system
derived from this semi-skew-Lagrangian, on the other hand, has the properties

t ∈ [0,T ) �→ (x(t), p(t)) ∈ X×X∗ continuous
t ∈ [0,T ) �→ L(x, p(t)) ∈R non-increasing if ‖x− x‖X < ε0
t ∈ [0,T ) �→ L(x(t), p) ∈R non-decreasing if ‖p− p‖X∗ < ε0

with ε0 > 0, and, therefore, if x ∈ G∗(p) is hyper-linearly stable, then (x(t), p(t)) stays
nearby (x, p) as far as ‖p(t)− p‖X∗ < ε0 is kept.
Thus if p ∈ X∗ is a linearly stable critical point of J∗ defined by (1.201) and x ∈ ∂G∗(p)
is hyper-linearly stable, then (x, p) is dynamically stable, and, in this way, the stationary
solution and its full-stability split into each component in the skew-gradient system with
semi-duality. If L(x, p) is C2, then this condition is reduced to (1.188).

FitzHugh-Nagumo Equation

The FitzHugh-Nagumo equation concerning nerve impluse98,214 is a combination of model
(A) equations

ut = −Lu(u,v)
τvt = Lv(u,v),
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where τ > 0 is a constant. It is derived from the skew-Lagrangian

L(v,u) =

∫
Ω

ξ 2

2
|∇u|2+W(u)− σ

2
|∇v|2+uv dx

defined for

u ∈ H1(Ω), v ∈ H1(Ω),

∫
Ω
v= 0,

where ξ ,σ > 0 are constants and

W (u) =
1
4
(
u2−1)2 .

Thus, we obtain

ut = ξ 2Δu−W ′(u)− v
τvt = σΔv+u− 1

|Ω|
∫
Ω
u in Ω× (0,T)

∂u
∂ν

=
∂v
∂ν

= 0 on ∂Ω× (0,T )∫
Ω
v= 0, 0< t < T. (1.202)

The above skew-Lagrangian is provided with the semi-duality, and (1.199) holds with

F∗(u) =
∫
Ω

ξ 2

2
|∇u|2+W(u) dx, u ∈ X

G(v) =
σ
2
‖∇v‖22 , v ∈ X ,

∫
Ω
v= 0,

where X = H1(Ω). Then the free energy is defined by (1.197), that is

J∗(u) =
∫
Ω

ξ 2

2
|∇u|2+W(u) dx+

σ
2
〈
(−ΔJL)−1u,u

〉
,

which is nothing but Ohta-Kawasaki’s free energyF (u) defined by (1.186).
The stationary state of (1.202) is, in particular, given by

δF (u) = 0

and v= (−ΔJL)−1u. The former is equivalent to
−ξ 2Δu= u−u3+σ(−ΔJL)−1u in Ω
∂u
∂ν

= 0 on ∂Ω,

and we can confirm the semi-unfolding-minimality

sup
v,
∫
Ω v=0

L= L|v=(−ΔJL)−1u = F . (1.203)
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Since the FitzHugh-Nagumo equation (1.202) is skew-gradient, the linearized stability of
the stationary state (u,v) is reduced to the positivities of Luu(u,v) and Lvv(u,v). The latter
positivity is obvious because Lvv(u,v) is nothing but −Δ with the domain{

ψ ∈ H2(Ω) | ∂ψ
∂ν

= 0 on ∂Ω,
∫
Ω
ψ = 0

}
,

and, therefore, its linearized stability is described by the positivity of the first eigenvalue of

AFHN = −ξ 2Δ−1+3u2

with the domain

D(AFHN) =

{
ψ ∈ H2(Ω) | ∂ψ

∂ν
= 0 on ∂Ω

}
.

The first eigenvalue of this operator is denoted by μFHN(u).
The stationary state u is the same as that of the model (A) equation derived from Ohta-
Kawasaki’s free energy. In the latter case, its linearized stability is indicated by the positiv-
ity of the first eigenvalue of AOK defined by

AOKψ = −ξ 2Δψ−ψ+3u2ψ+σ(−ΔJL)−1ψ
with the domain

D(AOK) =

{
ψ ∈ H2(Ω) | ∂ψ

∂ν
= 0 on ∂Ω

}
.

Thus if its first eigenvalue is denoted by μOK(u), then we obtain

μOK(u) > μFHN(u).

This relation, combined with the semi-unfolding (1.203), indicates that the instability
around a stationary state (u,v) of the FitzHugh-Nagumo equation satisfying

μOK(u) > 0> μHFN(u)

occurs to v at the begining, casting the driving force to the self-organization.

1.3.5. Kuhn-Tucker Duality

Skew-Lagrangian with duality is regarded as a special case of the Kuhn-Tucker dual-
ity,83,106,321 and this paragraph is devoted to the description of the latter.
Let X be a Banch space over R and regard

L= L(x, p) : X×X∗ → [−∞,+∞]

as a skew-Lagrangian. In the context of game theory, L stands for the price which X and X∗

wish to increase and decrease, respectively. Then α = supx infp L(x, p) indicates the best
price of X when X∗ takes his own best strategy against X . Similarly, β = infp supx L(x, p) is
the best price of X∗ when X takes his own best strategy against X∗. It is obvious that α ≤ β ,
but a sufficient condition to α = β is the exsitence of the saddle (x, p) ∈ X×X∗ defined by



90 Chapter 1. Duality - Sealed Variation

(1.194). Then von Neumann’s theorem guarantees the existence of such a saddle, provided
that

x ∈ X �→ L(x, p)

is proper, concave, upper semi-continuous, and coercive from above for any p ∈ X∗, and
simultaneously,

p ∈ X∗ �→ L(x, p)

is proper, convex, lower semi-continuous, and coercive from below for any x ∈ X , see83,303
for instance.
If the cost function

ϕ = ϕ(x,y) : X×X → [−∞,+∞]

is given, then the principal and the dual problems are defined by

(P) inf
x∈X
ϕ(x,0)

(P∗) sup
q∈X∗

−ϕ∗(0,q),

where

ϕ∗(p,q) = sup
(x,y)∈X×X

{〈x, p〉+ 〈y,q〉−ϕ(x,y)}

denotes the Legendre transformation of ϕ(x,y). Then the duality theorem of Kuhn-Tucker
guarantees the same value of (P) and (P∗), provided that

y ∈ X �→Φ(y) = inf
x
ϕ(x,y)

is proper, convex, lower semi-continuous.
In fact, we have

ϕ∗(0,q) = sup
x,y∈X

{〈y,q〉−ϕ(x,y)}

= sup
y∈X

{〈y,q〉−Φ(y)} =Φ∗(q)

and hence

sup
q∈X∗

−ϕ∗(0,q) = sup
q∈X∗

−Φ∗(q) =Φ∗∗(0)

= Φ(0) = inf
x∈X
ϕ(x,0)

by Fenchel-Moreau’s duality.
Given the cost function ϕ = ϕ(x,y), we define the skew-Lagrangian by

L(x,q) = sup
y∈X

{〈y,q〉−ϕ(x,y)} , (1.204)

that is the Legendre transformation of

y ∈ X �→ ϕx(y) = ϕ(x,y).
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If this mapping is proper, convex, lower semi-continuous, then we obtain

ϕ(x,y) = ϕ∗∗
x (y) = sup

q∈X∗
{〈y,q〉−L(x,q)} ,

similarly, and, therefore, the principal problem is described by

inf
x∈X
ϕ(x,0) = −sup

x∈X
inf
q∈X∗

L(x,q).

We have, on the other hand,

ϕ∗(p,q) = sup
x∈X

{〈x, p〉+L(x,q)} (1.205)

and hence

sup
q∈X∗

−ϕ∗(0,q) = − inf
q∈X∗

sup
x∈X
L(x,q).

Using the duality theory mentioned above, thus, we obtain Kuhn-Tucker’s saddle point
theorem.

Theorem 1.25. If Φ=Φ(y) and ϕx = ϕx(y) defined above are proper, convex, lower semi-
continuous, and if the principal and the dual problems have the solutions x and p, respec-
tively, then (x, p) is a saddle of L.

Skew-Lagrangian with Duality

If p �→ L(x, p) is proper, convex, lower semi-continuous for each x, coversely, then the cost
function ϕ = ϕ(x,y) defined by

ϕ(x,y) = sup
p
{〈y, p〉−L(x, p)}

satisfies (1.204), and then equality (1.205) holds true. In this case, the principal and the
dual problems are formulated by

(P) inf
x
ϕ(x,0) = −sup

x
inf
q
L(x,q)

(P∗) sup
q
−ϕ∗(0,q) = − inf

q
sup
x
L(x,q),

and, in particular, these problems have the same value if L= L(x, p) has a saddle, (1.194).
The skew-Lagrangian with duality in §1.3.3 is described by

L(x, p) = F∗(p)−G(x)+ 〈x, p〉
with F,G : X → (−∞,+∞], proper, convex, lower semi-continuous. In this case, the cost
function ϕ(x,y) and its Legendre transformation ϕ∗(p,q) are defined by

ϕ(x,y) = sup
p
{〈y, p〉−L(x, p)} = F(y− x)+G(x)

ϕ∗(p,q) = sup
x,y

{〈x, p〉+ 〈y,q〉−ϕ(p,q)}= F∗(q)+G∗(p+q),
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and, therefore, the principal and the dual problems are described by

(P) inf
x
ϕ(x,0) = inf

x
{G(x)+F(−x)} = inf

x
J(x)

(P∗) sup
q
−ϕ∗(0,q) = inf

q
{F∗(q)+G∗(q)} = inf

q
J∗(q).

Concerning the existence of the saddle, we can apply the theorem of von Neumann, and
then obtain the following theorem.

Theorem 1.26. If X is a Banach space over R, and F,G : X → (−∞,+∞] are proper,
convex, lower semi-continuous, then the skew-Lagrangian

L(x, p) = F∗(p)−G(x)+ 〈x, p〉
has a saddle if

x �→G(x)−〈x, p〉
p �→ F∗(p)−〈x, p〉

are coercive for each (x, p). In this case, the associated variational problems

inf
x
J(x)

inf
p
J∗(p)

have the same value, where

J(x) = G(x)+F(−x)
J∗(p) = F∗(p)+G∗(p).

Linear Programing

Theorems 1.25-1.26 are applicable to the linear programing, where X = Rn and (d, p) ∈
X ×X∗ with d,r ≥ 0. The last relation means that any components of d and r are non-
negative.
In more precise, for a non-void closed convex set K ⊂ Rn, its indicator function is denoted
by

1K(x) =

{
0, x ∈ K
+∞, otherwise.

Then we define the skew-Lagrangian by

L(x,q) = −r · x−q · (d−Ax)−1x≥0(x)+1q≥0(q).

Since

sup
q≥0
z ·q=

{
0, z≤ 0
+∞, otherwise
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the cost function is defined by

ϕ(x,y) = sup
q
{y ·q−L(x,q)}= r · x+1K(x,y)

for

K = {(x,y) | x≥ 0, Ax≥ d+ y}

with the Legendre transformation

ϕ∗(p,q) = sup
x,y

{x · p+ y ·q−ϕ(x,q)}

= sup
x≥0, y−Ax+d≤0

{x · (p− r)+ (y−Ax+d) ·q+(Ax−d) ·q}

= 1q≥0(q)−q ·d+ sup
x≥0

(p− r+ tAq) · x

=

{−qd, if p− r+ tAq≤ 0, q≥ 0
+∞, otherwise.

Thus, the principal and the dual problems are given by

(P) minimize r · x for x≥ 0, Ax≥ d
(P∗) maximize q ·d for q≥ 0, tAq≤ r.

These problems have the same value from the duality theorem, and the solutions x, q con-
stitute of the saddle of L:

L(x,q) ≤ L(x,q) ≤ L(x,q)

for any (x,q).

Stokes System

The Stokes system

−Δu+∇p= f , ∇ ·u= 0 in Ω
u= 0 on ∂Ω (1.206)

is identified with the saddle of the skew-Lagrangian

L(p,u) =
1
2
‖∇u‖22− ( f ,u)+ (p,∇ ·u) (1.207)

defined for (p,u) ∈ Y ×X , where X = H10 (Ω)n, Y = L2(Ω), and (·, ·) denotes the L2-inner
product. In this case, (1.206) is degenerate in p-component, regarded as a saddle (u, p) of
L,

L(p,u) ≤ L(p,u) ≤ L(p,u), (1.208)
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where (p,u) ∈ Y ×X . The weak form of (1.206) is defined by
(p,u) ∈ Y ×X
(∇u,∇v)− (p,∇ · v) = ( f ,v), v ∈ X
(∇ ·u,q) = 0, q ∈Y,

and we obtain the following theorem.

Theorem 1.27. The Stokes system (1.206) is equivalent to (1.208).

Proof: Let (p,u) ∈Y ×X be a (weak) solution to (1.206) and take (p,u)∈Y ×X arbitrary.
Then it follows that

L(p,u)−L(p,u) = (p− p,∇ ·u) = 0

and

L(p,u)−L(p,u)
=
1
2
‖∇u‖22−

1
2
‖∇u‖22− ( f ,u−u)+ (p,∇ · (u−u))

= (∇u,∇(u−u))− ( f ,u−u)+ (p,∇ · (u−u))+
1
2
‖∇(u−u)‖22

=
1
2
‖∇(u−u)‖22 ≥ 0.

Let (p,u) ∈ Y ×X be a saddle of L, conversely. First, we have
L(p,u) ≥ L(p,u)

and hence (p− p,∇u) ≥ 0 for any p ∈ Y which implies
(∇ ·u, p) = 0

for any p ∈ Y . Next, we have
L(p,u) ≥ L(p,u), u ∈ X

which means that

(∇u,∇w)− ( f ,w)+ (p,∇ ·w)+
1
2
‖∇w‖22 ≥ 0, w ∈ X (1.209)

and, therefore, we obtain

(∇u,∇w)− ( f ,w)+ (p,∇ ·w) ≥ 0, w ∈ X ,

checking the degree in w of (1.209). Then it follows that

(∇u,∇w)− ( f ,w)+ (p,∇ ·w) = 0, w ∈ X ,

and (p,u) is a weak solution to (1.206). �
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The cost function ϕ(p,u) associated with the skew Lagrangian L(p,u) of (1.207) is defined
for (p,u) ∈ Y ∗ ×X :

ϕ(p,u) = sup
z∈Y

{〈z, p〉+L(z,u)}

= sup
z∈Y

{〈z, p〉+ 1
2
‖∇u‖22− ( f ,u)+ (∇ ·u,z)}

=
1
2
‖∇v‖22− ( f ,v)+1{p=−∇·u}(p),

and, therefore,

ϕ∗(w,q) = sup
v∈X

{〈v,w〉−L(q,v)}

= sup
p∈Y, v∈X

{〈v,w〉+(p,q)−ϕ(p,v)}

= sup
v∈X

{〈v,w〉− 1
2
‖∇v‖22+( f ,v)− (q,∇ · v)}

for (q,w) ∈ X∗ ×Y . The principal problem is thus given by

(P) inf{1
2
∥∥∇v‖22− ( f ,v) | v ∈ X , ∇ · v= 0

}
.

Theorem 1.28. The above (P) is equivalent to (1.206).

Proof: Defining B : H10 (Ω)n → Y = L2(Ω) by

Bv= ∇ · v,
we see that u solves (P) if and only if

u ∈ Ker B⊂ X
(∇u,∇v) = ( f ,v), v ∈ Ker B. (1.210)

If σ : X → X∗ denotes the duality map defined by

〈σ f ,v〉X∗ , X = ( f ,v), v ∈ X ,

then, (1.210) means

u ∈ Ker B
u−σ f ∈ (Ker B)⊥ = Ran B∗

The Poincaré inequality, on the other hand, implies

‖∇v‖22 ≥ δ‖v‖22, v ∈H10 (Ω)n, ∇ · v= 0

and, therefore, Ran B∗ is closed in X∗. Thus (p,u) solves (P) if and only if

u ∈ Ker B⊂ X
u−σ f = B∗p

for some p ∈Y , and hence (1.206). �
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In the abstract formulation, we take

L(y,x) = F(x)+ (y,Bx)Y
for (y,x) ∈Y×X , where X andY are Banach and Hilbert spaces overR, F : X→ (−∞,+∞]

is proper, convex, and lower semi-continuous, and B : X → Y is bounded linear with
Ran(B∗) closed in X∗, see106 for more details.

1.3.6. Summary

We have examined several mathematical models concerning self-assembly, which are pro-
vided with the variational structure derived from the free energy or (skew) Lagrangian.

(1) Closed Systems

(a) Model (A) equation describes thermally closed system.
(b) Model (B) equation describes thermally and materially closed system.

(2) (Skew) Gradient Systems

(a) Several model (C) equations are formulated as (skew) gradient flows derived from
the (skew) Lagrangian. A typical example is the gradient system provided with the
Toland duality.

(b) If the skew-Lagrangian is provided with a duality, then the dynamics and the struc-
ture of the stationary solutions are simple.

(c) Skew-gradient system is involved by the dissipative structure, but the dynamics
around the stationary solution is controlled by the calculus of variation.

(3) Non-convex evolution

(a) Several free energies are involved by the double-well potential. Then, the associ-
ated (skew-) Lagrangian is provided with the semi-duality.

(b) If the (skew)-Lagrangian is providedwith semi-duality, then the linearized stability,
the robust stability, and the hyper-linear stability of the critial point are defined.

(c) A hyper-linearly stable critical point is dynamically stable in the gradient system
with semi-Lagrangian. This property is a case of the skew-gradient system with
semi-skew-Lagrangian, while a linearly but not hyper-linearly stable semi-crtical
point casts the driving force of the far-from-equilibrium.

1.4. Thermodynamics

Having examinedmodel (A) andmodel (B) equations in the previous section, this section is
devoted to the physical principles that derive model (C) equations consistent with the non-
equilibrium thermodynamics. Several systems of phenomenological equations are thus
derived from the free energy and duality. Similar to entropy, free energy is a fundamental
concept of thermodynamics in accordance with the thermal equilibrium. This section is
devoted to the theory of non-equilibrium thermodynamics from the viewpoint of dynamical
systems.
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1.4.1. Stefan Problem

We begin with the two-phased Stefan problem and its mathematical structures by examin-
ing first its free-boundary and interface problem, secondly, the reduction to a degenerate
parabolic equation associated with the enthalpy, third, the application of the nonlinear semi-
group theory to this equation, and finally, the phase field approach of the Ginzburg-Landau
theory using order parameter.

Level Set Approach

Let θ be the relative temparature, and assume that the heat conductor is water and ice if
θ > 0 and θ < 0, respectively. Then we obtain the heat equation (1.7),

cρθt = ∇ · (κ∇θ ) in {θ �= 0}. (1.211)

The region {x ∈Ω | θ (x,t) = 0} is comprised of an interface, denoted by Γt , where the
phase transition occurs and the latent heat is exchanged. Usually, the density ρ = ρ(θ )

depends continuously on θ ∈ R, but the specific heat c = c(θ ) and the conductivity κ =

κ(θ ) have the discontinuity of the first kind at θ = 0.
To describe the motion of Γt , we take first the level-set approach, and introduce the C1

functionΦ=Φ(x,t) satisfying

Γt :Φ(·,t) = 0. (1.212)

Let ν be the outer unit normal vector of Γt from {θ < 0} at x ∈ Γt . If x moves νΔh during
the small time interval Δt, then it holds that

Φ(x+νΔh,t+Δt) = 0.

Taking the infinitesimal approximation of this relation, we obtain

(ν ·∇Φ)Δh+ΦtΔt = 0 on Γt . (1.213)

Meanwhile, �Δh is radiated from the unit area on Γt as the latent heat, where � = λρ with
λ standing for the latent heat per unit weight, and, therefore, Newton-Fourier-Fick’s heat
energy balance law guarantees the relation

�Δh= −
[
κ
∂θ
∂ν

]+

−
Δt, (1.214)

where

[A]+− = A+−A−
A±(x) = lim

y∈{±θ>0}, y→x
A(y).

Combining (1.213) with (1.214), thus, we obtain the Stefan condition

�Φt =
∂Φ
∂ν

·
[
κ
∂θ
∂ν

]+

−
on Γt , (1.215)

which comprises of the Stefan problem with (1.211) and (1.212).
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Enthalpy Formulation

Here, we use the Kirchhoff transformation

u=

∫ θ
0
κ(θ ′)dθ ′

and the enthalpy H = H(u) defined by

H(u) =

{∫ θ
0 ρ(θ ′)c(θ ′)dθ ′ − �, u< 0∫ θ
0 ρ(θ ′)c(θ ′)dθ ′, u> 0,

which satisfies

H ′(u) =
ρ(θ )c(θ )

κ(θ )
, u �= 0

H(+0)−H(−0) = �.

Concerning u= u(x,t), we obtain

∇u= κ∇θ
H(u)t =

ρc
κ

·θt ·κ
and, therefore,

H(u)t = Δu in
⋃
0<t<T (Ω\Γt)×{t}

�Φt = [∇u ·∇Φ]+− on
⋃
0<t<T Γt ×{t} (1.216)

by (1.211) and (1.214).
Now, we show

d
dt

∫
ω
H(u)dx=

∫
∂ω

∂u
∂ν
dS (1.217)

for each ω ⊂ Ω with C1 boundary ∂ω . In fact, we can assume ω ∩Γt �= /0 by (1.216) and,
furthermore, that this portion is a cylinder with the small base area σ on Γt and the height
2Δh cut by St±Δt for 0< Δt� 1, similarly to the proof of the divergence formula of Gauss
(§1.1.1). If ν denotes the outer unit vector on Γt from {θ < 0}, then (1.215) means

�
Δh
Δt

= −
[
∂u
∂ν

]+

−
(1.218)

similarly to (1.214). Relation (1.217), on the other hand, implies
∫
ω
H(u)dx

∣∣∣∣
t+Δt

t−Δt
=
∫ t+Δt

t−Δt
dt ·

∫
ω

∂u
∂ν
dS. (1.219)

Here, the right-hand and left-hand sides are identified with∫
ω

[H(u(x,t+Δt))−H(u(x,t−Δt))]dx = 2Δh ·σ · [H(u)−−H(u)+]

= −2Δh ·σ · �,
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and

2Δt ·σ ·
[
∂u
∂ν

]+

−
,

respectively, and, therefore, it holds that (1.217).
Using the divergence formula (1.1) again, we obtain

H(u)t = Δu in Ω× (0,T) (1.220)

by (1.217), which re-formulates the Stefan problem with the initial-boudary condition

u|t=0 = u0(x)
u|∂Ω = g(ξ ,t). (1.221)

Here, H =H(u) takes the discontinuity of the first kind at u= 0. If ρ is constant and c and
κ are piecewise constant, then it holds that

H ′(u) =

{
c+κ+, u> 0
c−κ−, u< 0

H(+0)−H(−0) = �.

In any case, we define the maximummonotone graph, still denoted by H =H(u) in R×R,
puttingH(0) = [H(−0),H(+0)]. Then we obtain the unique existence of the weak solution

u= u(x,t) ∈ L∞(Ω× (0,T ))

to (1.220)-(1.221) globally in time.160,237 More precisely, there is h = h(x,t) such that
h ∈ H(u) a.e. and∫∫

Q
(uΔϕ+hϕt)dxdt−

∫∫
Γ
g
∂ϕ
∂ν
dSdt+

∫
Ω
u0ϕ(·,0)dx= 0

for any ϕ = ϕ(x,t) ∈C2,1(Ω× [0,T ]) with ϕ |t=T = 0, where

Q=Ω× (0,T)

Γ= ∂Ω× (0,T ).

Nonlinear Semi-Group Theory

Using the single-valued maximal monotone graph f (v) = H−1(v), we can derive

vt = Δ f (v) in Ω× (0,t)

from (1.220), and then the nonlinear semi-group theory16,202 is applicable. In more detail,
if f :R→R is a non-decreasing continuous function satisfying f (0) = 0, then the operator
Av= −Δ f (v) with the domain

D(A) =
{
v ∈ L1(Ω) | f (v) ∈W 1,1

0 (Ω), Δ f (v) ∈ L1(Ω)
}
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is maximum monotone,33 and hence generates a contraction semi-group69 in X = L1(Ω),
detoted by {Tt}t≥0. Then v(·,t) = Ttv0 is regarded as a solution to

vt = Δ f (v) in Ω× (0,T)

v|t=0 = v0 in Ω, (1.222)

and in this sense the problem (1.222) is well-posed in X = L1(Ω) globally in time.

Phase Field Model

Classical Stefan problem is the origin of the phase field theory. First, assuming that the
physical coefficients are piecewise constant for simplicity, we replace (1.220) by

H(u)t = κΔu in Ω× (0,T), (1.223)

where

H(u) = u+
�

2
ϕ

ϕ =

{
+1, u> 0
−1, u< 0.

This ϕ is regarded as the phase, which is equal to +1 and −1 if the material is water and
ice, respectively.
In the Ginzburg-Landau theory, however, this phase is replaced by the order parameter
which varies continuously in space and time. This order parameter is controlled by the free
energy F (ϕ), indicating a macroscopic quantity describing the microscopic freedom of
the system. In other words, the system retains high freedom of microscopic states when
the value of this free energy is high, and it becomes a minimum if the system falls in the
equilibrium. Thus, the system passages to the state with the local minimum free energy,
and model (A) or model (B) equation defined in §1.3.1 realizes such a principle.
If ϕ = ϕ(x) is subject to Ginzburg-Landau’s free energy (1.180),

F (ϕ) =
∫
Ω

ξ 2

2
|∇ϕ |2+W(ϕ) dx,

then the phase of this system is almost water and ice if ϕ ≥ 1 and ϕ ≤ −1, respectively,
while mushy region is defined by

{(x,t) ∈Ω× (0,T) | −1< ϕ(x,t) < +1} .

In the Fix-Caginalp equation,38,65,99,178 the above free energy is modified in accordance
with u, regarded as a relative temperature, that is

Fu(ϕ) =

∫
Ω

ξ 2

2
|∇ϕ |2+W(ϕ)−2uϕ dx,
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and, therefore, this system is provided with the high free energy if uϕ < 0, and passages to
u= 0 with ϕ = ±1 eventually. Then we obtain

αϕt = ξ 2Δϕ+(ϕ−ϕ3)+2u

ut +
�

2
ϕt = κΔϕ in Ω× (0,T), (1.224)

using model (A) equation for ϕ and the entalpy equation (1.223) with

H = u+
�

2
ϕ .

In the classical theory of thermodynamics, however, decrease of the free energy occurs
under the constant temperature, and in this sense this model is not valid if u is far from
zero.

1.4.2. Thermal Equilibrium

This paragraph is devoted to a review of equilibrium thermodynamics, and clarify what is
described at the end of the previous paragraph.

Quantity of State

First, we confirm that the objects of thermodynamics are the quantity of state, independent
of the history of the system. The (absolute) temperature T , the pressure p, and the volume
V are the quantities of state of the ideal gas, subject to the state equation

f (p,T,V ) = 0.

A thermodynamical quantity of state A, therefore, is a function of two variables of p, T ,
and V , denoted by x and y, satisfying ∫

γ
dA= 0

for any closed path γ in the xy plane, where

dA= Xdx+Ydy

with

X =
∂A
∂x

, Y =
∂A
∂y

.

Thus, this one-form Xdx+Ydy is completely integrable, and it holds that

∂X
∂y

=
∂Y
∂x

.

Energy Balance
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The first law of thermodynamics is the energy balance described by

dU = Q− pdV,

where the left-hand side indicates the energy variation of the system in accordance with the
volume variation in the right-hand side caused by the outer thermal energy Q. Here, it is
emphasized that heat or work is not a quantity state.

Entropy Increasing

The second law of thermodynamics is the entropy increasing. If the process is reversible
and d′Q denotes the energy variation, then we can examine∫

γ

d′Q
T

= 0

for any closed path γ , and thus we can define the entropy variation dS by

dS=
d′Q
T

in this case. This relation allows us to re-fomulate entropy as a state quanity valid even in
the irreversible system. Then, the Clausius-Duhem’s inequality

dS>
d′Q
T

(1.225)

is obtained if the process is irreversible.
Entropy decomposition is obtained by introducing the inside thermal energy transport d′Q∗

caused by the thermal energy contact, denoted by d′Qir, to the outer system. More pre-
cisely, the entropy variation and the inner entropy production arising at this contact are
defined by

deS =
d′Qir
T

and

diS =
d′Q∗

T
,

respectively, and then inequality (1.225) is replaced by the equality

dS= deS+diS.

Thus, the second law of thermodynamics is re-formulated by diS ≥ 0 with the equality if
and only if the process is reversible.

Free Energy

The first and second laws of thermodynamics are thus summarized by

dU = d′Q− pdV
dS =

d′Q
T

+diS. (1.226)
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Then, Helmholtz’ free energy A, Gibbs’ free energy G, and the enthalpy H are defined by

A=U−TS
G= H−TS
H =U+ pV.

If the process is iso-thermal and iso-volumetric, then it holds that

dA= dU−TdS= −TdiS ≤ 0
with the equality if and only if it is reversible. Similarly, if the process is iso-thermal and
iso-baric, then it holds that

dG= dH−TdS= dU+ pdV −TdS= −TdiS ≤ 0
with the equality if and only if it is reversible.
In the reversible process of diS = 0, it follows that

dU = TdS− pdV,

which guarantees

dH = TdS+Vdp
dA= −SdT − pdV
dG= −SdT +Vdp (1.227)

and, therefore,

T =

(
∂U
∂S

)
V

, p= −
(
∂U
∂V

)
S

T =

(
∂H
∂S

)
p
, V =

(
∂H
∂ p

)
S

S = −
(
∂A
∂T

)
V

, p= −
(
∂A
∂V

)
T

S = −
(
∂G
∂T

)
p
, V = −

(
∂G
∂ p

)
T
.

These equalities result in(
∂T
∂V

)
S
= −

(
∂ p
∂S

)
V

,

(
∂T
∂ p

)
S
=

(
∂V
∂S

)
p(

∂S
∂V

)
T

=

(
∂ p
∂T

)
V

,

(
∂S
∂ p

)
T

= −
(
∂V
∂T

)
p
,

called Maxwell’s relation. Here and henceforth, ∗ in ( )∗ indicates the fixed variable in
taking derivatives.

Chemical Potential
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In the open system provided with the material transport between the outer system, Gibbs’
free energy is a function of the numbers of moleculars comprising the following system

G= G(T, p,n1,n2, . . .).

In this case, dG of (1.227) shifts to

dG= −SdT +Vdp+∑
i
μidni,

where

μi =
(
∂G
∂ni

)
T,p,n j �=i

is called the chemical potential. It is assumed to be a partial molal quantity, which means

μi =
(
∂U
∂ni

)
S,V,n j �=i

=

(
∂H
∂ni

)
S,p,n j �=i

=

(
∂A
∂ni

)
T,V,n j �=i

,

or, equivalently,

dU = TdS− pdV +∑
i
μidni

dH = TdS+Vdp+∑
i
μidni

dA= −SdT − pdV +∑
i
μidni. (1.228)

If the system is iso-thermal and iso-baric, then we obtain

dG=∑
i
μidni. (1.229)

Therefore, if the material composition is constant, furthermore, then it follows that

G=∑
i
μini

and hence

∑
i
nidμi = 0.

It is called Gibbs-Duhem’s equality.
If ξ denotes the extent of reaction, then

dni = νidξ

is the variance of the i-component of the material, when the chemical reaction proceeds
from ξ to ξ + dξ , where νi denotes the stoichiometric coefficient. Its time variance is
defined by

dni
dt

= νi
dξ
dt

,
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or
dni
dt

=∑
k
νik
dξk
dt

(1.230)

if this component is associated with the other reactions.

Equilibrium

If two interacting systems A and B are in equilibrium and are isolated totally, then the total
entropy, the total inner energy, the total volume, and the total quatntity of i component are
constant.

SA+SB = constant, UA+UB = constant
VA+VB = constant, niA+niB = constant.

From dSA+dSB = 0, it follows that(
dUA
TA

+
pA
TA
dVA−∑

i

μiA
TA
dniA

)
+

(
dUB
TB

+
pB
TB
dVB−∑

i

μiB
TB
dniB

)
= 0.

Then, using

dUA+dUB = 0
dVA+dVB = 0
dniA+dniB = 0,

we obtain (
1
TA

− 1
TB

)
dUA+

(
pA
TA

− pB
TB

)
dVA−∑

i

(
μiA
TA

− μiB
TB

)
dniA = 0,

which results in

TA = TB
pA = pB
μiA = μiB.

Thus, the equilibrium of this contact is described by the balance of the temperature, the
pressure, and the chemical potential of two systems.
In the iso-thermal and iso-baric system, we have (1.229). In the chemical reaction system

aA+bB� cC+dD,

for example, the free energy variation is given by

ΔG= cμC+dμD−aμA−bμB.
The chemical potential of ideal solution, on the other hand, is equal to

μi = μ0i +RT logci, (1.231)
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where R, ci, and μ0i are the gas constant, the concentration, and the normal chemical po-
tential, respectively. Thus in the equilibrium of ΔG= 0, it holds that

ΔG0 = −RT logK

K =
[C]ceq[D]deq
[A]aeq[B]beq

G0 = cμ0c +dμ0D−aμ0A−bμ0B,
where [ ]eq denotes the equilibrium concentration andK is called the equilibrium coefficient
of reaction.
In the chemical reaction of

ν1R1+ν2R2+ . . .+ν jR j → ν j+1p1+ν j+2p2+ . . .νc pc,

we replace−νi by νi for i≥ j+1, and define the chemical affinity by

A= −
j

∑
i=1
νiμi.

The inner entropy production of this process is given by

d′Q∗ = TdiS = −dG= −∑
i
μidni = Adξ (1.232)

from νidξ = dni.

1.4.3. Penrose-Fife Theory

If the temperature varies, it is preferable to use the equation provided with the increase of
entropy other than the decrease of free energy. This property is realized by the Penrose-Fife
theory,252 and then the Penrose-Fife and the coupled Cahn-Hilliard equations are obtained
for the phase transition and the phase separation, respectively.
First, we infer

f (T ) = inf
e

(e−Ts(e)) (1.233)

from A=U−TS and the minimum energy principle, where e, s(e), and f (T ) are the energy
density, the entropy density, and the free energy density, respectively. Since e �→ s(e) is
concave, this (1.233) is regarded as the Legendre transformation. The minimum is attained
by e= e(T ) satisfying

∂ s
∂e

=
1
T

, (1.234)

and hence it holds that
f (T )

T
=
e(T )

T
− s(e(T )) .

Using (1.234), we obtain
d( f (T )/T )

d(1/T )
= e(T )+

1
T
de(T )

d(1/T )
− ∂ s
∂e

· de(T )

d(1/T )
= e(T ).
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Thus, the minimum of (1.233) is attained by

e=
d( f (T )/T )

d(1/T)
, (1.235)

and, therefore, it holds that

e= f −T fT . (1.236)

Writing (1.233) as

f (T )

T
= inf

e

(
e · 1
T
− s(e)

)
,

we obtain

s(e) = inf
T

{
e
T
− f (T )

T

}
(1.237)

by Fenchel-Moreau’s duality. Furthermore, the minimum of (1.237) is attained by T =

T (e), that is, the inverse function of e= e(T ) defined by (1.234). These relations are valid
even when f depends on the order parameter ϕ , and we can define the entropy s by (1.237),
namely,

f (T,ϕ) = inf
e
{e−Ts(e,ϕ)}

s(e,ϕ) = inf
T

{
e
T
− f (T,ϕ)

T

}
. (1.238)

If T = T (e,ϕ) attains the second minimum of (1.238), then it holds that

∂ s(e,ϕ)

∂e
=

1
T (e,ϕ)

(1.239)

similarly to (1.234). Here, we apply the transformation of variables

(e,ϕ) �→ (1/T,ϕ)

for

s(e,ϕ) =
e
T
− f
T

f = f (T,ϕ)

T = T (e,ϕ),

and obtain

∂ s(e,ϕ)

∂ϕ
= e · ∂

∂ϕ

(
1
T

)
−
{
∂ ( f/T )

∂ (1/T )
· ∂ (1/T )

∂ϕ
+
1
T
∂ f
∂ϕ

}

= − 1
T (e,ϕ)

∂ f (T (e,ϕ),ϕ)

∂ϕ
. (1.240)
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Using ϕ = ϕ(x), the free energy functional is now defined by

F (T,ϕ) =

∫
Ω
f (T,ϕ(x))+

ξ 2

2
|∇ϕ(x)|2 dx

=

∫
Ω
inf
e

[e−Ts(e,ϕ(x))]+
ξ 2

2
|∇ϕ(x)|2 dx

= inf
e(·)

∫
Ω
e(x)−Ts(e(x),ϕ(x))+

ξ 2

2
|∇ϕ(x)|2 dx

= inf
e(·)

{U(e)−TS(e,ϕ)} ,

where

U(e) =

∫
Ω
e(x)dx

and

S(e,ϕ) =

∫
Ω
s(e(x),ϕ(x))− κ1

2
|∇ϕ(x)|2 dx

are the energy and the entropy functionals, respectively, and κ1 = ξ 2/T . Here, taking
variations of this entropy functional, we obtain

δS(e,ϕ)

δe
=
∂ s
∂e

(e(x),ϕ(x)) =
1

T (e,ϕ)
(1.241)

and

δS(e,ϕ)

δϕ
=
∂ s
∂ϕ

(e(x),ϕ(x))+
ξ 2

T (e(x),ϕ(x))
Δϕ(x)

=
1

T (e,ϕ)

(
− ∂ f
∂ϕ

(T (e,ϕ),ϕ)+ ξ 2Δϕ
)

= − 1
T
∂ f
∂e

+κ1Δϕ , (1.242)

by (1.239) and (1.240), respectively.
Concerning the time evolution of the order parameter, model (A) equation is adopted by
the entropy increasing,

ϕt = K1
δS
δϕ

(e,ϕ). (1.243)

On the other hand, model (B) equation is adopted for the energy density evolution by the
entropy increasing and the energy conservation,

et = −∇ ·
(
M2∇

δS
δe

(e,ϕ)

)
. (1.244)

Finally, we assume the energy density by

e= u(T )ν(ϕ)+λ (ϕ),
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where λ (ϕ) is a potential, and

u(T ) =
1
2
kT

with the Boltzmann constant k and the degree of microscopic state freedom ν(ϕ) per unit
volume.252 In this case, the first term of e indicates the kinetic energy, and it holds that

f (T,ϕ) = ν(ϕ)u1(T )+λ (ϕ)−Ts0(ϕ)

u1(T ) = T
∫
u(T )d(1/T ) (1.245)

with the integration constant s0(ϕ). Thus, we obtain

s(e,ϕ) = ν(ϕ)y(T (e,ϕ))+ s0(ϕ)

y(T ) =
u(T )−u1(T )

T
=

∫ du
T

by (1.238), and then (1.243)-(1.244) reads as follows.

ϕt = K1
(
−u1(T )ν ′(ϕ)

T
− λ

′(ϕ)

T
+ s′0(ϕ)+κ1Δϕ

)

utν(ϕ)+uν ′(ϕ)ϕt +λ ′(ϕ)ϕt = −∇ ·
(
M2∇

1
T

)
. (1.246)

Sometimes ν(ϕ) and s0(ϕ) are assumed to be a constant and 14
(
ϕ2−1)2, respectively. In

this case, it follows that

ϕt = K1
(
κ1Δϕ+ϕ−ϕ3−T−1λ ′(ϕ)

)
k
2
Tt +λ (ϕ)ϕt = −∇ ·

(
M2∇

(
1
T

))
. (1.247)

Alt-Pawlow6,7 obtained this equation using the renormalized free energy density f̃ (e,T ) =

f (e,T )/T , where the heat flux q = κ(e,T )∇(1/T ) is defined by Newton-Fourier-Fick’s
law concerning the energy balance, and the increase of entropy is derived from Clausius-
Duhem’s inequality.34

1.4.4. Non-Equilibrium

Although the system of balance laws can describe open systems, local equilibrium prin-
ciple guarantees the Prigogine paradigm near the stable equilibrium, whereby the non-
equilibrium stationary state is defined. In the range where the phenomenological relation
is valid, this stationary state thus realizes the minimum entropy production rate. Then the
detailed balance law implies Onsager’s reciprocity, and the irreducible process is identi-
fied with null dissipation.75,224 A useful application of this theory is the understanding of
motion of the free boundary associated with a phase transition.329

Balance Laws
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First, local equilibrium principle assures that the entropy, the inner energy, and the material
desnity per unit volume v are state quantities, denoted by sv = s/v, uv = u/v, and ci = ni/v,
1≤ i≤ n, respectively. Their balance laws are described by

∂ sv
∂ t

= −∇ · Js+σ
∂ci
∂ t

= −∇ · Ji+νiJch
∂qv
∂ t

= −∇ · Jq. (1.248)

Here, the first equation of (1.248) indicates the entropy balance, where Js and σ are the
entropy flux and the local entropy production rate, respectively, and hence it holds that

diS
dt

=

∫
σdV.

In the second equation, Ji and Jch = dξ
dt are the diffusion flux and the chemical reaction rate,

respectively, and, therefore,

νiJch =
dni
dt

stands for the production rate of the chemical material. In the third equation, Jq and qv
denote the total heat flux and the local heat quantity, respectively.

Dissipation Function

Above mentioned local equilibrium principle induces

Tdsv = duv−∑
i
μidci

by (1.228), if the process is iso-volumetric. It also holds that duv = dqv and dU = d′Q by
(1.226), and hence

∂ sv
∂ t

=
1
T
∂qv
∂ t

−∑
i

μi
T
∂Ci
∂ t

.

Using (1.248), we obtain

−∇ · Js+σ = − 1
T
∇ · Jq−∑

i

μi
T

(−∇ · Ji+νiJch).

Here, in the right-hand side, we have

1
T
∇ · Jq = ∇ · Jq

T
− Jq ·∇ 1T

μi
T
∇ · Ji = ∇ · μiJi

T
− Ji ·∇μiT ,
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and, therefore,

−∇ · Js+σ = −∇ · Jq−∑i μiJi
T

+Jq ·∇ 1T +∑
i
Ji ·∇

(
−μi
T

)
+ Jch

A
T

, (1.249)

where A= −∑iνiμi is the chemical affinity.
Taking regards to (1.249), we put

Js =
Jq−∑i μiJi

T

σ = Jq ·∇ 1T +∑
i
Ji∇

(
−μi
T

)
+ Jch

A
T

.

Then, using

∇
1
T

= − 1
T 2
∇T

∇
(
−μi
T

)
= − 1

T
∇μi+

μi
T 2
∇T,

we obtain

σ = −Jq−∑i μiJi
T 2

·∇T −∑
i

Ji
T
·∇μi+ Jch AT

=
Js
T
·∇(−T )+∑

i

Ji
T
·∇(−μi)+ Jch

A
T

.

This equality allows us to define the dissipation function

Φ= Tσ = Js ·∇(−T )+∑
i
Ji ·∇(−μi)+ JchA=

n+1

∑
i=0
Ji ·Xi,

where Ji and Xi are regarded as the flux and the general force, respectively. In more detail,
J0 = Js is the entropy flux subject to X0 = −∇T with the temperature T , Ji, i≤ n, is the i-th
diffusion flux subject to Xi = −∇μi with the chemical potential μi, and Xn+1 = Jch is the
chemical velocity subject to the chemical affinity Xn+1 = A.

Entropy Production Rate

In the iso-thermal system with diffusion and chemical reaction, we can define the entropy
production rate by

P= T
diS
dt

=

∫
ΦdV ≥ 0 (1.250)

using the dissipation function. Here, the equality means the equilibrium of the system. We
have, on the other hand,

Φ= −
n

∑
i=1
Ji ·∇μi+∑

k
Akvk
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in this case, and hence it holds that

dP
dt

=

∫ n+1

∑
i=1
Ji
∂Xi
∂ t

+
n+1

∑
i=1
Xi
∂Ji
∂ t
dV

≡ dXP
dt

+
dJP
dt

.

Using (1.230), then we obtain

dXP
dt

=

∫
−∑

i
Ji ·∇∂μi∂ t +∑

k
vk
∂Ak
∂ t

dV

=

∫
−∑

i
Ji ·∇∂μi∂ t −∑

i,k
νikvk

∂μi
∂ t

dV,

and, therefore,

dXP
dt

=

∫
∑
i
∇ · Ji ∂μi∂ t −∑

i,k
νikvk

∂μi
∂ t

dV

=
∫
∑
i, j

∂μi
∂c j

∂c j
∂ t
∇ · Ji−∑

i, j,k
νikvk

∂μi
∂c j

∂c j
∂ t

dV

under suitable boundary conditions. Then the second equation of (1.248) guarantees

dXP
dt

= −
∫
∑
i, j

∂μi
∂c j

∂ci
∂ t
∂c j
∂ t

dV.

This quantity is non-negative around the stable equilibrium by (1.232), and thus, the sta-
tionary state near a linearly stable equilibrium is defined by the zero of this value.

Phenomenological Relation

Near from the equilibrium, the flux is proportional to the associated force; the diffusion
flux is the product of the concentration gradient and the diffusion coefficient; the elecrtic
current is that of the electro-static potential and the electric conductivity; and the heat flux
is that of the thermal gradient and thermal conductivity, and so forth, referred to as Newton-
Fourier-Fick’s law or Ohm’s law.
These relations are summarized as

Ji = LiXi,

or

Ji =∑
j
Li jXj,

regarding the effect of interaction, where Li j’s are constant. Then Onsager’s reciprocity
relation is indicated by

Li j = Lji, (1.251)
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and (1.250) reduces to

Φ=∑
i
JiXi =∑

i, j
Li jXiXj ≥ 0.

Here, the equality indicates the equilibrium again. Thus, we obtain

∑
i
Xi
dJi
dt

=∑
i, j
Li jXi

dXj
dt

=∑
i, j
Li jXj

dXi
dt

=∑
i
Ji
dXi
dt

and hence
dXP
dt

=
dJP
dt

=
1
2
dP
dt

,

which is non-negative near a linearly stable equilibrium.

Principle of Detailed Balance

In the reaction system

A

k1
→
←
k−1

B (1.252)

the phenomenological coefficient L defined by Jch = LA is equal to

L=
k1cA
RT

, (1.253)

where cA denotes the equilibrium concentration of A.
In fact, this system is described by

dcA
dt

= −k1cA+ k−1cB

dcB
dt

= k1cA− k−1cB,
and the chemical reaction rate from A to B is equal to

Jch = −dcA
dt

=
dcB
dt

.

In the equilibrium, we have

k1cA = k−1cB, (1.254)

where cA and cB are equilibrium concentrations, regarded as local densities. Here, we
define the equilibrium constant by

K =
k−1
k1

=
cA
cB

.
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Fluctuations from the equilibrium of these concentrations are denoted by

αA = cA− cA
αB = cB− cB,

where it is assumed that ∣∣∣∣αAcA
∣∣∣∣ ,

∣∣∣∣αBcB
∣∣∣∣� 1.

Using mass conservation

cA+ cB = cA+ cB

and (1.254), we obtain

Jch = k1cA− k−1cB = k1αA− k−1αB
= αA(k1+ k−1) = k1αA(1+K).

Chemical affinity, on the other hand, is defined by

A= μA− μB
because νA = 1 and νB = −1 follow from (1.252).
Since μA = μB, we have

μ0A+RT logcA = μ0B+RT logcB

by (1.231). Then it holds that

A = μA− μB
= μ0A+RT logcA+RT log

(
1+

αA
cA

)

−μ0B−RT logcB−RT log
(
1+

αB
cB

)

= RT
[
log

(
1+

αA
cA

)
− log

(
1+

αB
cB

)]

∼ RT
(
αA
cA

− αB
cB

)

= RT
αA
cA

(1+K). (1.255)

Thus, we obtain (1.253) by Jch = LA.
If there is

B

k2
→
←
k−2

C, C

k3
→
←
k−3

A
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besides (1.252), then we obtain three chemical reaction rates and three chemical affinities
denoted by

J1 = k1cA− k−1cB
J2 = k2cB− k−2cC
J3 = k3cC− k−3cA (1.256)

and

A1 = μA− μB
A2 = μB− μC
A3 = μC− μA,

respectively. It holds that

A1+A2+A3 = 0

and the dissipation function is defined by

Φ= J1A1+ J2A2+ J3A3 = (J1− J3)A1+(J2− J3)A2.
Thus, the phenomenological relation guarantees

J1− J3 = L11A1+L12A2
J2− J3 = L21A1+L12A2. (1.257)

In the equilibrium, we have μA = μB= μC = 0 and, therefore,A1=A2 = 0 and J1 = J2= J3.
However, principle of detailed balance requires

J1 = J2 = J3 = 0 (1.258)

in the equilibrium. This equality implies

k1cA = k−1cB
k2cB = k−2cC
k3cC = k−3cA.

Using the perturbations αi from the equilibrium ci, we obtain

J1 = k1αA− k−1αB
J2 = k2αB− k−2αC
J3 = k3αC− k−3αA (1.259)

by (1.256). Since (1.255) reads

A1 =
RT
k1cA

(k1αA− k−1αB),

it holds that

J1 =
k1cA
RT

A1,
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by (1.255) and similarly

J2 =
k2cB
RT

A2

J3 =
k3cC
RT

(A1+A2).

It holds that

J1− J3 =
k1cA+ k3cC

RT
A1+

k3cC
RT

A2

J2− J3 =
k3cC
RT

A1+
k2cB+ k3cC

RT
A2, (1.260)

and hence we obtain L12 = L21 by comparing (1.257) and (1.260). Thus the principle of
detailed balance (1.258) implies reciprocity, (1.251).

1.4.5. Summary

We have described mathematical modelling of phase transition, reviewing the theory of
non-equilibrium thermodynamics.

(1) The Fix-Caginalp equation is a combination of the enthalpy equation of the two-phase
Stefan problem and the model (A) equation using a modified Ginzburg-Landau’s free
energy.

(2) Since this system is not consistent with the theory of thermodynamics, the Penrose-
Fife theory is adopted if the temperature is far-from-equilibrium. Then we obtain the
Penrose-Fife equation and the coupled Cahn-Hilliard equation for the non-isothermal
phase transition and phase separation, respectively.

(3) Theory of non-equilibrium thermodynamics is concerned with the open system pro-
vided with the chemical reaction. It formulates the balance laws of the entropy, the
inner energy, and the material density per unit volume, using the local equilibirum
principle. Consequently, the solution to this system has a different feature from that of
model (A), model (B), and model (C) equations.

(4) The stationary state of this system of balance laws casts the driving force to the non-
equilibrium from the equilibrium, but its control region is restricted to near-from-
equilibrium because the variational structure is lost in far-from-equilibrium.

1.5. Phase Fields

Regarding the order parameter as the ”field component,“ we can see the semi-dual vari-
ational structure in several phase field equations concerning critical phenomena. Particu-
larly, the nonlinear eigenvalue problem with non-local term arises as the stationary state
of the closed system. Illustrating the profile of the total set of stationary solutions and
distinguishing their stability and instability are the first step to clarify the process of self-
organization. This section concludes the first chapter by examining these variational struc-
tures sealed in several mathematical models of self-assembly.
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1.5.1. Fix-Caginalp Equation

If the system is involved by the quantity other than the order parameter, several model (C)
equations are formulated in phenomenology. This section is devoted to the mathematical
study of several model (C) equations. Actually, some of them take the Lyapunov func-
tion, and then we obtain the semi-unfolding-minimality concerning the order parameter,
which provides stability of the linearly stable order parameter. This property is the case of
the Penrose-Fife equation for phase transition,252 the coupled Cahn-Hilliard equation for
phase separation,7,252 and the Falk-Pawlow equation for shape memory alloys.91,92,249,250

Although the well-posedness of these equations have been studied by several authors,34,355

this variational structure provides a new point of view to the global dynamics of these
equations.

Thermally Open System

Historically, the first model (C) equationwas the Fix-Caginalp equation described in §1.4.1,
concerning non-isothermal phase transition. IfΩ⊂Rn, n= 2, 3, is a bounded domain with
smooth boundary ∂Ω, it is defined by

τϕt = ξ 2Δϕ+(ϕ−ϕ3)+2u

ut +
�

2
ϕt = κΔu in Ω× (0,T), (1.261)

where τ = K−1 > 0, � > 0, κ > 0, ϕ = ϕ(x,t), and u = u(x,t) denote the relaxization
time, the latent heat, the conductivity, the order parameter, and the relative temperature,
respectively. It is a coupling of the model (A) equation using the free energy

Fu(ϕ) =
∫
Ω

ξ 2

2
|∇ϕ |2+W(ϕ)−2uϕ dx

and the enthalpy equation of the two-phase Stefan problem(
u+

�

2
ϕ
)
t
= κΔu,

where W (ϕ) = 1
4
(
ϕ2−1)2. This free energy prescribes that the equilibrium is ϕ = ±1

with u = 0, while we can show the semi-duality in the stationary state. Let us recall that
( , ) denotes the L2-inner product.
First, if this system is thermally open, then it holds that

∂ϕ
∂ν

= u= 0 on ∂Ω× (0,T). (1.262)

In this case, we have

τ ‖ϕt‖22 = −ξ
2

2
d
dt

‖∇ϕ‖22−
d
dt

∫
Ω
W (ϕ)+2(u,ϕt)

1
2
d
dt

‖u‖22+
�

2
(ϕt ,u) = −κ ‖∇u‖22
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and, therefore,

d
dt

{
1
2
‖u‖22+

�ξ 2

8
‖∇ϕ‖22+

�

4

∫
Ω
W (ϕ)

}
= −τ�

4
‖ϕt‖22−κ ‖∇u‖22

≤ 0. (1.263)

Thus

L(u,ϕ) =
1
2
‖u‖22+

�ξ 2

8
‖∇ϕ‖22+

�

4

∫
Ω
W (ϕ) (1.264)

acts as a Lyapunov function. The functional L= L(u,ϕ) is not provided with the hook term∫
Ω
uϕ ,

and the Fix-Caginalp equation is not a gradient system derived from L(u,ϕ).
In the stationary state, we have

u= u≡ 0
by putting ∂t · = 0 in the enthalpy equation(

u+
�

2
ϕ
)
t
= κΔu in Ω× (0,T), u= 0 on ∂Ω× (0,T),

and, therefore, the stationary ϕ = ϕ is defined by

−ξ 2Δϕ = ϕ−ϕ3 in Ω,
∂ϕ
∂ν

= 0 on ∂Ω, (1.265)

putting ∂t · = 0 in the order parameter equation.
This elliptic problem concerning the stationary order parameter has the variational structure
defined by Ginzburg-Landau’s free energy,

F (ϕ) =
∫
Ω

ξ 2

2
|∇ϕ |2+W (ϕ) dx, ϕ ∈ H1(Ω),

and, therefore, it is equivalent to δF (ϕ) = 0 for ϕ ∈ H1(Ω). Then we can confirm the
semi-unfolding-minimality

L(u,ϕ) ≥ L(u,ϕ) =
�

4
F (ϕ).

From the argument described in §§1.2.6 and 1.3.4, this property implies that (ϕ ,u) = (ϕ ,u)
is dynamically stable in ϕ component if ϕ is a linearly stable critical point ofF (ϕ) defined
for ϕ ∈ H1(Ω).

Thermal Analysis

If this system is thermally closed, then it holds that

∂ϕ
∂ν

=
∂u
∂ν

= 0 on ∂Ω× (0,T) (1.266)
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instead of (1.262). Equality (1.263) is valid even in this case, and L(u,ϕ) of (1.264) is
again a Lyapunov function of this system. Total enthalpy, on the other hand, is preserved
in this case, and it holds that

d
dt

∫
Ω
u+

�

2
ϕ dx= 0.

From the enthalpy equation(
u+

�

2
ϕ
)
t
= κΔu in Ω× (0,T),

∂u
∂ν

= 0 on ∂Ω× (0,T),

the stationary u state of this closed system is a constant. This unknown constant u = u is
determined by the prescribed total enthalpy,∫

Ω
u+

�

2
ϕ dx= a.

Thus, the stationary state is defined by

−ξ 2Δϕ = ϕ−ϕ3+2u in Ω,
∂ϕ
∂ν

= 0 on ∂Ω

u |Ω|+ �

2

∫
Ω
ϕ = a

or, equivalently,

−ξ 2Δϕ = ϕ−ϕ3+ 2
|Ω|

(
a− �

2

∫
Ω
ϕ
)

in Ω

∂ϕ
∂ν

= 0 on ∂Ω. (1.267)

Regarding this a as an eigenvalue, we see that this physically closed stationary state of
Fix-Caginalp equation is realized as a nonlinear eigenvalue problem with non-local term
similar to (1.25).
The problem (1.267) has a variational function

Fa(ϕ) =
ξ 2

2
‖∇ϕ‖22+

∫
Ω
W (ϕ)+

2
� |Ω|

(
a− �

2

∫
Ω
ϕ
)2

(1.268)

defined for ϕ ∈H1(Ω), and it is equivalent to δFa(ϕ) = 0, that is this ϕ ∈H1(Ω) satisfies

d
ds

Fa(ϕ+ sψ)

∣∣∣∣
s=0

= 0

for any ψ ∈ H1(Ω). Then the semi-unfolding is obtained by

L(u,ϕ) =
�ξ 2

8
‖∇ϕ‖22+

�

4

∫
Ω
W (ϕ)+

1
2
u2 |Ω|

=
�ξ 2

8
‖∇ϕ‖22+

�

4

∫
Ω
W (ϕ)+

1
2 |Ω|

(
a− �

2

∫
Ω
ϕ
)2

=
�

4
Fa(ϕ),
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using ∫
Ω
u+

�

2
ϕ dx= a.

This property implies the semi-minimality

L(u,ϕ) =
�

4
Fa(ϕ) ≤ L(u,ϕ),

by ∫
Ω
u+

�

2
ϕ dx= a(

1
|Ω|

∫
Ω
u
)2

≤ 1
|Ω|

∫
Ω
u2.

Thus, a linearly stable critical function ϕ of Fa is dynamically stable. More precisely, if
the self-adjoint operator Aa in L2(Ω) with the domain

D(Aa) =

{
ψ ∈ H1(Ω) | ∂ψ

∂ν
= 0 on ∂Ω

}
(1.269)

defined by

Aaψ = −ξ 2Δψ+ϕ3ψ−ϕψ− 1
|Ω|

∫
Ω
(a− �

2
ϕ)ψ

is positive, then each ε > 0 admits δ > 0 such that

L(u0,ϕ0)−L(u,ϕ) < δ

a= u |Ω|+ �

2

∫
Ω
ϕ =

∫
Ω
u0+

�

2
ϕ0 dx

⇒ sup
t≥0

‖ϕ(·,t)−ϕ‖H1 < ε.

Enthalpy Analysis

If we regard

L=
1
2
‖u‖22+

�ξ 2

8
‖∇ϕ‖22+

�

4

∫
Ω
W (ϕ)

as a functional of H = u+ �
2ϕ and ϕ , then the above structure of semi-duality is derived

from the formulation of §1.3.4.
In fact, in this case we obtain the hook term with

L(H,ϕ) =
1
2

∥∥∥∥H− �

2
ϕ
∥∥∥∥
2

2
+

�ξ 2

8
‖∇ϕ‖22+

�

4

∫
Ω
W (ϕ)

=
1
2
‖H‖22−

�

2
(H,ϕ)+

�2

8
‖ϕ‖22+

�ξ 2

8
‖∇ϕ‖22+

�

4

∫
Ω
W (ϕ).
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Moreover, since

Lϕ = − �

2
H+

�2

4
ϕ− �ξ 2

4
Δϕ+

�

4
(
ϕ3−ϕ)

= − �

4
{
ξ 2Δϕ+ϕ−ϕ3+2u}

LH = H− �

2
ϕ = u,

the materially closed Caginalp-Fix equation is the combination of model (A) and model
(B) equations derived from this Lagrangian, that is

�α
4
ϕt = −Lϕ

Ht = κ∇ ·∇LH in Ω× (0,T)

∂
∂ν
LH =

∂ϕ
∂ν

= 0 on ∂Ω× (0,T).

This Lagrangian takes the form
2
�
L(H,ϕ) = G(ϕ)+F∗(H)−〈H,ϕ〉

for

G(ϕ) =
ξ 2

4
‖∇ϕ‖22+

1
2

∫
Ω
W (ϕ)+

�

4
‖ϕ‖22

F∗(H) =
1
�
‖H‖22 ,

∫
Ω
H = a,

and this F∗ is regarded as a proper, convex, lower semi-continuous functional defined on
L2(Ω). These relations imply

inf
H

2
�
L(H,ϕ) =

2
�
L(H,ϕ) = J(ϕ),

where

J(ϕ) = G(ϕ)−F(ϕ)

ϕ ∈ ∂F∗(H) ⇔ H ∈ ∂F(ϕ),

and it holds that

F(ϕ) = sup
H,

∫
ΩH=a

{〈ϕ ,H〉−F∗(H)}

=
�

4

∥∥∥∥ϕ− 1
|Ω|

∫
Ω
ϕ
∥∥∥∥
2

2
− 1

�
· a

2

|Ω| .

Thus we obtain

J(ϕ) =
ξ 2

4
‖∇ϕ‖22+

1
2

∫
Ω
W (ϕ)+

�

4
|Ω|

(
1
|Ω|

∫
Ω
ϕ
)2

+
1
�
· a

2

|Ω|
=
1
2
Fa(ϕ),
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and, therefore,

�

4
Fa(ϕ) ≤ L(H,ϕ),

∫
Ω
H = a.

These structures motivate us to examine the hyper-stability of the critical point, see §1.3.4.
In fact, it holds that

L =
�

4
Fa(ϕ)+

1
2
‖u‖22−

1
2
‖u‖22

=
�

4
Fa(ϕ)+

1
2
‖u−u‖22

for

u=
1
|Ω|

(
a− �

2

∫
Ω
ϕ
)

=
1
|Ω|

∫
Ω
u,

and, therefore, the following theorem is obtained.203,312

Theorem 1.29. If ϕ is a linearly stable critical point of Fa defined by (1.268) for ϕ ∈
H1(Ω), then each ε > 0 admits δ > 0 such that

‖u0−u‖2+‖ϕ0−ϕ‖H1 < δ∫
Ω
u0+

�

2
ϕ0 dx= a

⇒
sup
t∈[0,T )

{‖u(·,t)−u‖2+‖ϕ(·,t)−ϕ‖H1} < ε,

where (u(·,t),ϕ(·,t)) ∈C([0,T ),H1(Ω)×L2(Ω)
)
is a solution to (1.261)-(1.266),

u=
1
|Ω|

(
a− �

2

∫
Ω
ϕ
)

,

and T > 0 is arbitrary.

1.5.2. Penrose-Fife Equation

Penrose-Fife equation (1.247) is formulated by

θt +λ (ϕ)t−Δα(θ ) = 0
ϕt −κΔϕ+g(ϕ)−α(θ )λ ′(ϕ) = 0 in Ω× (0,T)

∂α
∂ν

(θ ) =
∂ϕ
∂ν

= 0 on ∂Ω× (0,T )

θ |t=0 = θ0(x) > 0 (1.270)
ϕ |t=0 = ϕ0(x) in Ω, (1.271)
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where Ω⊂ Rn, n = 1, 2, 3, is a bounded domain with smooth boundary ∂Ω, ϕ and θ > 0
are order parameter and absolute temperature, respectively,

λ (ϕ) = a1ϕ2+a2ϕ
g(ϕ) = ϕ3−ϕ
α(θ ) = − 1

θ
,

κ > 0, a1 < 0, and a2 are constants, and λ (ϕ) stands for the latent heat.
We note that this is a materially and thermodynamically closed system, and, consequently,
there is a Lyapunov function, provided with the semi-unfolding-minimality. More pre-
cisely, first, the total energy is preserved,

d
dt

∫
Ω
θ +λ (ϕ) dx= 0,

and then

L(θ ,ϕ) =
κ
2
‖∇ϕ‖22−

∫
Ω
logθ +

∫
Ω
W (ϕ)

acts as the Lyapunov function:
d
dt
L(θ ,ϕ) = −‖ϕt‖22−‖∇α(θ )‖22 ≤ 0.

Again, this functional L(θ ,ϕ) is not provided with the hook term, and (1.271) is not a
gradient system derived from this functional.
In the stationary state, θ = θ > 0 is a constant by (1.271), and ϕ = ϕ is a solution to

−κΔϕ+g(ϕ)+
λ ′(ϕ)

θ
= 0 in Ω,

∂ϕ
∂ν

= 0 on ∂Ω (1.272)

satisfying

|Ω|θ +

∫
Ω
λ (ϕ) = a (1.273)

for

a=
∫
Ω
θ0+λ (ϕ0) dx. (1.274)

Thus, it is formulated as a nonlinear eigenvalue problem with non-local term,

−κΔϕ+g(ϕ)+
|Ω|λ ′(ϕ)

a− ∫
Ωλ (ϕ)

= 0 in Ω,
∂ϕ
∂ν

= 0 on ∂Ω

comparable to (1.267).
This problem has a variational structure, and it is the Euler-Lagrange equation of

Fa(ϕ) =
κ
2
‖∇ϕ‖22+

∫
Ω
W (ϕ)−|Ω| log

(
a
|Ω| −

1
|Ω|

∫
Ω
λ (ϕ)

)

defined for ϕ ∈ H1(Ω) satisfying ∫
Ω
λ (ϕ) < a,
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whereW (ϕ) = 1
4
(
ϕ2−1)2. If

a= |Ω|θ +
∫
Ω
λ (ϕ),

then it holds that

L(θ ,ϕ) =
κ
2
|∇ϕ |22+

∫
Ω
W (ϕ)−|Ω| log

(
a
|Ω| −

1
|Ω|

∫
Ω
λ (ϕ)

)
= Fa(ϕ).

This fact means the semi-unfolding. On the other hand, we obtain

L(θ ,ϕ)−L(θ ,ϕ) = −
∫
Ω
logθ + |Ω| logθ ,

provided that ∫
Ω
θ +λ (ϕ) dx= a,

and then the semi-minimality

L(θ ,ϕ) ≤ L(θ ,ϕ)

follows from Jensen’s inequality
1
|Ω|

∫
Ω
− logθ ≥− log

(
1
|Ω|

∫
Ω
θ
)

.

To perform the rigorous analysis, we say that [θ ,ϕ ] : [0,T ] → L2(Ω)×V is an H1-solution
to (1.271) if

e= θ +λ (ϕ) ∈ L∞(0,T ;L2(Ω))∩H1(0,T ;V ∗)

ϕ ∈ L2(0,T ;H2(Ω))∩L∞(0,T ;V )∩H1(0,T ;L2(Ω))

θ > 0, α = − 1
θ
∈ L2(0,T ;V )

for V = H1(Ω),

〈z,et〉V,V∗ +(∇z,∇α) = 0
(z,ϕt)+κ(∇z,∇ϕ)+

(
z,g(ϕ)−αλ ′(ϕ)

)
= 0

a.e. t ∈ (0,T ) for each z ∈V , and
e|t=0 = θ0+λ (ϕ0)
ϕ |t=0 = ϕ0.

Comparison theorem and standard parabolic regularity are not valid to (1.271), and, there-
fore, deriving θ > 0 in the classical sense needs rather strong regularities of the solution.
Here, we use the fact that the inverse function of α = α(θ ) is realized as a maximum
monotone graph

ρ(s) =

{− 1
s , s< 0

+∞, s≥ 0
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inR×R. Then realizing the relationα =−1/θ in a function space, we obtain the following
theorem.

Theorem 1.30 (154). If

0< θ0 = θ0(x) ∈ L2(Ω)

logθ0 ∈ L1(Ω)

α0 = − 1
θ0

∈V

ϕ0 = ϕ0(x) ∈ H2(Ω),

then there is a unique H1 solution to (1.271) for any T > 0.

Using the above mentioned well-posedness, we confirm the generation of a dynamical
system, which is useful to classify the asymptotic profile of the solution.

Theorem 1.31 (154). System (1.271) generates a weakly continuous dynamical system in
the space

X = {(θ ,ϕ) ∈ L2(Ω)×H2(Ω) | ∂ϕ
∂ν

= 0 on ∂Ω

θ > 0, logθ ∈ L1(Ω),
1
θ
∈V}.

We have

α ∈C([0,∞);L2(Ω))

ϕ ∈C([0,∞);V )

lim
t↑+∞

‖∇α(·,t)‖2 = lim
t↑+∞

‖wt(·,t)‖2 = lim
t↑+∞

‖θt(·,t)‖V∗ = 0

sup
t≥0

{‖α(·,t)‖V +‖ϕ(·,t)‖H2} < +∞

for α(·, t) = α(θ )(·,t), and, therefore, the orbit
O = {(α(·,t),ϕ(·,t))}t≥0 ,

described by (α,ϕ), is continuous and compact in L2(Ω)×V, and in particular, it has a
non-empty, connected, and compactω-limt setω(α0,ϕ0) composed of stationary solutions.

More precisely, we define

ω(α0,ϕ0) = {(α ,ϕ) | there exists tk ↑ +∞ such that
(α(·,tk),ϕ(·,tk)) → (α,ϕ) in L2(Ω)×V}

and call (α ,ϕ) ∈ L2(Ω)×V a stationary solution if and only if θ = − 1
α > 0 is a constant

and it holds that (1.272)-(1.274) for ϕ = ϕ . The set of stationary states, denoted by E ,
is discrete if n = 1, see.190 For the other case, convergence to the stationary solution of
(α(·,t),ϕ(·,t)) in L2(Ω)×V is not obvious.
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Here, the linearized stability of the stationary ϕ = ϕ is indicated by the positivity of the
self-adjoint operator Aa in L2(Ω) with the domain (1.269) defined by

Aaψ = −κΔψ+

(
3ϕ3−1+

|Ω|λ ′′(ϕ)

a− ∫
Ωλ (ϕ)

)
ψ+

|Ω|∫Ωλ ′(ϕ)ψ
(a− ∫

Ωλ (ϕ))2
.

In this case, we obtain its dynamical stability as well as the asymptotic stability.

Theorem 1.32 (154). If ϕ is a linearly stable critical point ofFa, and θ > 0 is a constant
determined by (1.273) for ϕ = ϕ , then each ε > 0 admits δ > 0 such that

‖∇(ϕ0−ϕ)‖2 < δ∣∣∣∣ 1|Ω|
∫
Ω
logθ0− logθ

∣∣∣∣< δ
a=

∫
Ω

(θ0+λ (ϕ0)) (1.275)

implies

sup
t≥0

‖∇(ϕ(·,t)−ϕ)‖2 < ε

sup
t≥0

∣∣∣∣ 1|Ω|
∫
Ω
logθ (·,t)− logθ

∣∣∣∣< ε.

As is mentioned, each linearly stable critical point ofFa is isolated in V , and we have

(α(·,t),ϕ(·,t)) → (α ,ϕ) in L2(Ω)×V
as t ↑ +∞ under the assumption of the above theorem, where α = − 1

θ with θ > 0. Classi-
fication of the stable stationary states, however, is not complete.
We can regard L as a functional of (e,ϕ), using the energy density e= θ +λ (ϕ),

L(e,ϕ) =
κ
2
‖∇ϕ‖22−

∫
Ω
log(e−λ (ϕ))+

∫
Ω
W (ϕ).

Then, (1.271) is formulated by a combination of model (A) - model (B) equations:

ϕt = −Lϕ
et = ∇ ·∇Le in Ω× (0,T)

∂
∂ν
Le =

∂
∂ν
α = 0 on ∂Ω× (0,T).

In this case, we obtain

inf
e
L(e,ϕ) = L(e,ϕ)

e= λ (ϕ)− 1
|Ω|

∫
Ω
λ (ϕ)+

a
|Ω|

L(e,ϕ) = Fa(ϕ),
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and this confirms the semi-unfolding-minimality

Fa(ϕ) ≤ L(e,ϕ),

∫
Ω
e= a

again. However, this L is not formulated as the convex-non-convex functional described in
§1.3.4, and the hyper-stability to guarantee θ -stability is not certain to hold in spite of the
second relation of (1.275).

1.5.3. Coupled Cahn-Hilliard Equation

The coupled Cahn-Hilliard equation describes non-isothermal phase separation using the
absolute temperature θ = θ (x,t) > 0 and the order parameter ϕ = ϕ(x,t) (7,252). In this
case, we use the combination of model (B) - model (B) equations, and thus it holds that

ϕt =M1Δ
(
−K1Δϕ+

fϕ
θ

)

et = −M2Δ
(
1
θ

)
in Ω× (0,T)

∂
∂ν
θ−1 =

∂ϕ
∂ν

= 0

∂
∂ν

(
−κ1Δϕ+

fϕ
θ

)
= 0 on ∂Ω× (0,T), (1.276)

where M1, M2, and K1 are positive constants. In fact, Penrose-Fife’s relations (1.239),
(1.240), and (1.236) are summarized by

S(e,ϕ) =

∫
Ω
s(e(x),ϕ(x))− K1

2
|∇ϕ |2 dx

∂ s
∂ϕ

= − fϕ
θ

∂ s
∂e

=
1
θ

e= f −θ fθ ,
and, therefore,

S(e,ϕ) =

∫
Ω

K1
2

|∇ϕ |2+ fθ dx.

Then, (1.276) is obtained by

ϕt = −M1Δ δSδϕ
et = −M2ΔδSδe in Ω× (0,T)

∂
∂ν
δS
δϕ

=
∂
∂ν
δS
δe

= 0

∂ϕ
∂ν

= 0 on ∂Ω× (0,T).
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Thus this system is associated with two conservation laws and the entropy increasing.
In fact, first, (1.276) describes a kinetically and thermo-dynamically closed system, and we
obtain

d
dt

∫
Ω
e= 0

d
dt

∫
Ω
ϕ = 0. (1.277)

Next, we have ∫
Ω
ϕt
(
−K1Δϕ+

fϕ
θ

)
= −M1

∫
Ω

∣∣∣∣∇
(
−K1Δϕ+

fϕ
θ

)∣∣∣∣
2

=
K1
2
d
dt

‖∇ϕ‖22+
∫
Ω

ϕt fϕ
θ

and ∫
Ω

ϕt fϕ
θ

=

∫
Ω

ft −θt fθ
θ

=

∫
Ω

et +θ ( fθ )t
θ

= M2
∫
Ω

∣∣∣∣∇ 1θ
∣∣∣∣
2
+
d
dt

∫
Ω
fθ ,

and hence it holds that
d
dt

{
K1
2

‖∇ϕ‖22+
∫
Ω
fθ
}

= −M1
∫
Ω

∣∣∣∣∇
(
−K1Δϕ+

fϕ
θ

)∣∣∣∣
2
−M2

∫
Ω

∣∣∇θ−1∣∣2
≤ 0. (1.278)

Thus, the total heat energy and the total order parameter are preserved,∫
Ω
f −θ fθ dx= a∫

Ω
ϕ = c,

and the entropy acts as the Lyapunov function, re-formulated by

L(θ ,ϕ) =
K1
2

‖∇ϕ‖22+
∫
Ω
fθ .

The temperature is constant in the stationary state. It is denoted by θ = θ > 0, and then it
follows that

−K1Δϕ+
1
θ
fϕ (θ ,ϕ) = constant in Ω

∂ϕ
∂ν

= 0 on ∂Ω∫
Ω
f (θ ,ϕ)−θ fθ (θ ,ϕ) dx= a∫

Ω
ϕ = c. (1.279)
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Here, we use the free energy density of252 described by

f (θ ,ϕ) = −cv(θ logθ + δ )− α
2
ϕ2−βϕ+ γ−θ s0(ϕ)

with concave s0(ϕ), say,

s0(ϕ) = −ϕ
4

4
,

where cv, α , β , δ , and γ are positive constants. In this case, it holds that

f −θ fθ = cvθ − α2 ϕ
2−βϕ+ γ− δcv,

and the above stationary θ is prescribed by

cv |Ω|θ = (δcv− γ) |Ω|+
∫
Ω

α
2
ϕ2+βϕ dx+a.

Thus writing

A(ϕ) =
α
2
ϕ2+βϕ+ δcv− γ,

we obtain

cvθ =
a
|Ω| +

∫
Ω
A(ϕ) (1.280)

and

f (θ ,ϕ) = −cvθ logθ −A(ϕ)−θ s0(θ )+ constant,

which guarantees

fϕ (θ ,ϕ) = −A′(ϕ)−θ s′0(ϕ). (1.281)

Relations (1.279), (1.280), and (1.281) are summarized by

−K1Δϕ =
cv |Ω|A′(ϕ)

a+
∫
ΩA(ϕ)

+ s′0(ϕ)− cv
∫
ΩA′(ϕ)

a+
∫
ΩA(ϕ)

− 1
|Ω|

∫
Ω
s′0(ϕ) in Ω

∂ϕ
∂ν

= 0 on ∂Ω,

∫
Ω
ϕ = c (1.282)

similarly to (1.272)-(1.273). Then, we see that (1.282) is the Euler-Lagrange equation of

Fa(ϕ) =
K1
2

‖∇ϕ‖22− cv |Ω| log
(
a+

∫
Ω
A(ϕ)

)
−
∫
Ω
s0(ϕ)

−cv |Ω| log(cv |Ω|)
defined for

ϕ ∈H1(Ω),

∫
Ω
ϕ = c

a+

∫
Ω
A(ϕ) > 0. (1.283)
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On the other hand, for the stationary θ = θ defined by (1.280), it holds that

L(θ ,ϕ) =
K1
2

‖∇ϕ‖22+
∫
Ω
fθ (θ ,ϕ)

with

fθ (θ ,ϕ) = −cv(logθ +1)− s0(ϕ)

cv |Ω| logθ = cv |Ω|
{
log

(
a+

∫
Ω
A(ϕ)

)
− log(cv |Ω|)

}
.

This property implies the semi-unfolding,

L(θ ,ϕ) = Fa(ϕ).

Finally, we have

fθ (θ ,ϕ)− fθ (ϕ ,θ ) = −cv(logθ − logθ )

1
|Ω|

∫
Ω
θ = θ

by (1.280), while Jensen’s inequality implies
1
|Ω|

∫
Ω
− logθ ≥− 1

|Ω|
∫
Ω
θ = − logθ .

Thus, we obtain ∫
Ω
fθ (θ ,ϕ)− fθ (θ ,ϕ) dx≥ 0,

and hence the minimality

L(θ ,ϕ) ≥ Fa(ϕ) (1.284)

for ϕ satisfying (1.283). These structures are sufficient to motivate the study of stationary
solutions from the dynamical point of view. We obtain an analogous result to Theorem
1.32 if the friction term μΔut is added to the right-hand side of the first equation to (1.276),
see.155

1.5.4. Shape Memory Alloys

Hysteresis of the shape memory alloys is modelled by91,92 for the one-dimensional case of
Ω= (0,1), where u, ε , σ , e, q, h, and g denote the displacement, the strain, the stress, the
inner energy, the heat flux, the load density, and the heat source density, respectively. More
precisely, momentum and energy balances described by

utt −σx+ μxx = h(x,t)
et +qx−σεt − μεxt = g(x,t)

are coupled with the structural relation

ε = ux, σ =
∂ f
∂ε

, μ =
∂ f
∂εx

, e= f −θ fθ , (1.285)
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where f = f (ε,εx,θ ) denotes the free energy density defined by

f = f0(θ )+α1(θ −θ1) f1(ε)+ f2(ε)+
γ
2
ε2x

f0(θ ) = −cvθ
(
log

θ
θ2

−1
)

+ c̃

f1(ε) = ε2

f2(ε) = −α2ε4+α3ε6,

and furthermore, Newton-Fourier-Fick’s law is adopted:

q= −κθx.
Here, the thermodynamical relation

A=U−TS
S = −

(
∂A
∂T

)
V

in §1.4.2 is used in the last equation of (1.285), see (1.236). Then we obtain

utt −
(
∂ f
∂ε

)
x
+ γ∂ 4x u= h

et −κθxx−
(
∂ f
∂ε

)
εt −

(
∂ f
∂εx

)
εxt = g in Ω× (0,T)

∂u
∂ν

=
∂uxx
∂ν

=
∂θ
∂ν

= 0 on ∂Ω× (0,T). (1.286)

Since
∂
∂ t
f (ε,εx,θ ) =

(
∂ f
∂ε

)
εt +

(
∂ f
∂εx

)
εxt +

(
∂ f
∂θ

)
θt

et = ft −θt fθ −θ ∂∂ t fθ ,

it holds that

et −
(
∂ f
∂ε

)
εt −

(
∂ f
∂εx

)
εxt = −θ ∂

∂ t
fθ ,

and the second equation of (1.286) is described by

θ
∂
∂ t
fθ +κθxx = g.

This equation is equivalent to

cνθt −κθxx−α1θ (ε2)t = g

because

fθ = f ′0(θ )+α1 f1(ε) = −cν log θθ2 +α1ε2,
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and, therefore, (1.286) means

utt −
(
∂ f
∂ε

)
x
+ γ∂ 4x u= h

cνθt −κθxx−α1θ
(
ε2
)
t = g in Ω× (0,T)

∂u
∂ν

=
∂uxx
∂ν

=
∂θ
∂ν

= 0 on ∂Ω× (0,T). (1.287)

See34,351 for more on physical backgrounds and the well-posedness of (1.286).

Three-Dimensional Model

Three dimensional model250 is concerned with the bounded domain Ω ⊂ R3 with smooth
boundary ∂Ω. Thus u = (ui)i=1,2,3 and θ > 0 again stand for the displacement and the
absolute temperature, respectively. Then it is described by

utt − γQut+ κ4QQu= ∇ ·F/ε(ε,θ )+h

c(ε,θ )θt −κΔθ = θF/θε(ε,θ ) : εt + γAεt : εt +g
in Ω× (0,T) (1.288)

for

Q(u) = ∇ ·Aε(u), Aε = λ (tr ε)I+2με,

where λ and μ are the Lamé constants satisfying

μ > 0, λ +
2
3
μ ≥ 0, (1.289)

κ > 0 is the conductivity, and γ ≥ 0 is the visicosity. Here, ε = (εi j) denotes the stress
tensor defined by

εi j(u) =
1
2
(
ui/ j+u j/i

)
for ·/i= ∂

∂xi ·, and

εt = ε(ut), F/ε =

(
∂F
∂εi j

)
i j

, F/θε =
∂
∂θ
F/ε

(ai j) : (bi j) =∑
i, j
ai jbi j.

Furthermore, F = F(ε,θ ) is the (elastic) free energy density and A is a fourth order linear
elastic tensor determined by Hooke’s law, and

c(ε,θ ) = cv−θF/θθ(ε,θ )

is the specific heat ratio. Thus (1.288) is a natural three-dimensional extension of (1.287).
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We assume h = 0 and g = 0 in (1.288), and take the kinetically and thermodynamically
closed system provided with the boundary condition

μ
∂u
∂ν

+(λ + μ)ν∇ ·u= 0

κ
4

{
μ
∂
∂ν
Qu+(λ + μ)ν∇ ·Qu

}
−ν ·F/ε = 0

∂θ
∂ν

= 0 on ∂Ω× (0,T). (1.290)

In this case, we obtain the total momentum conservation
d
dt

∫
Ω
u̇=

∫
Ω
utt = 0. (1.291)

Using

Aa : a=

(
λ +

2μ
3

)
(tr a)2+

4μ
3
|a|2 ≥ 0,

valid to any symmetric second order tensor a = (ai j) with a ji = ai j, we obtain the entropy
increasing

d
dt

∫
Ω
cv logθ −F/θ dx≥ 0. (1.292)

In fact, the second equation of (1.288) is described by

cvθt −κΔθ = θ
∂
∂ t
F/θ + γAεt : εt (1.293)

and hence it holds that
d
dt

∫
Ω
cv logθ −F/θ dx =

∫
Ω
κθ−1Δθ + γθ−1Aεt : εt dx

=
∫
Ω
κθ−2 |∇θ |2+ γθ−1Aεt : εt dx

≥ 0.
This inequality means (1.292).
Since

Qu= ∇ · (Aε(u)) (1.294)

by the definition of A, we obtain the energy identity

d
dt

{
1
2
‖u̇‖22+

κ
8
‖Qu‖22+

∫
Ω
F−F/θθ + cvθ dx

}
= 0. (1.295)

In fact, using the first equation of (1.288), we obtain

d
dt

{
1
2
‖u̇‖22+

κ
8
‖Qu‖22

}
= (utt ,ut)+

κ
4

(Qu,Qut)

= γ(Qut ,ut)−
∫
Ω
F/ε : ∇ut ,
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where (1.293) is applicable to the second term of the right-hand side. More precisely,∫
Ω
F/ε : ∇ut =

∫
Ω
F/ε : ∇εt =

d
dt

∫
Ω
F− (

F/θ ,θt
)

=
d
dt

∫
Ω
F−F/θθ dx+

∫
Ω
θ
(
F/θ

)
t

=
d
dt

∫
Ω
F−F/θθ + cvθ dx− γ

∫
Ω
Aεt : εt ,

and, therefore,
d
dt

{
1
2
‖u̇‖22+

κ
8
‖Qu‖22+

∫
Ω
F−F/θθ + cvθ dx

}
= γ {(Qut ,ut)+ (Aεt ,εt)}
= γ

∫
Ω
−Aεt : ∇ut +Aεt : εt dx

= γ
∫
Ω
−Aεt : εt +Aεt : εt dx= 0

by (1.289) and (1.294). This equality means (1.295).
The stationary state is described by the constant temperature θ = θ > 0 and

κ
4
QQu= ∇ ·F/ε(ε,θ ) in Ω

μ
∂u
∂ν

+(λ + μ)ν∇ ·u= 0

κ
4

{
μ
∂
∂ν
Qu+(λ + μ)ν ·∇Qu

}
−ν ·F/ε = 0 on ∂Ω. (1.296)

Then

b=
1
2
‖u̇‖22+

κ
8
‖Qu‖22+

∫
Ω
F−F/θθ + cvθ dx (1.297)

is preserved, and this b is determined by the initial data. Since u̇= 0 in the stationary state,
we obtain the coupling of (1.296) and

b=
κ
8
‖Qu‖22+

∫
Ω

(
F−F/θθ + cvθ

)∣∣
θ=θ (1.298)

to assign the stationary state.
The problem (1.296) has the variational functional

Fθ (u) =
κ
8
‖Qu‖22+

∫
Ω
F(ε,θ )

defined for u ∈ X = H2(Ω)3 because it is equivalent to
κ
4

(Qu,Qv)+

∫
Ω
F/ε(ε,θ ) : ∇w= 0

for any v ∈ H2(Ω)3 and w= 1
2(v+

tv). Then the second term is equal to∫
Ω
F/ε(ε,θ ) : ∇v,
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and thus (1.296) is equivalent to δFθ (u) = 0.
Regarding

L(θ ,u) =

∫
Ω
F/θ − cv logθ dx

as a Lyapunov function, we can confirm the semi-unfolding. In fact, first, (1.298) implies

L(θ ,u) = A(ε)− cv |Ω| log
(
b−Fθ (u)+θA(ε)

)
+ cv |Ω| log(cv |Ω|) (1.299)

for

A(ε) =

∫
Ω
F/θ (θ ,ε).

Next,

Lu(θ ,u) = 0

means

δA(ε)− cv |Ω| ·
−δFθ (u)+θδA(ε)
b−Fθ (u)+θA(ε)

= 0

or, equivalently,

δFθ (u)+

(
b−Fθ(u)+θA(ε)

cv |Ω| −θ
)
δA(ε) = 0.

Here, the second term of the right-hand side vanishes by (1.298), and, therefore, it holds
that

Lu(θ ,u) = 0 ⇔ δFθ (u) = 0.

To examine the semi-minimality, let (θ ,u, u̇) be in (1.297), and θ > 0 be a constant satis-
fying (1.298). Then it holds that

cv
∫
Ω
θ +Fθ (u)+

∫
Ω
F−F/θθ − F|θ=θ dx≤ b,

and, therefore, using

− log
(
1
|Ω|

∫
Ω
θ
)
≤ 1

|Ω|
∫
Ω

(− logθ ) ,

we obtain

L(θ ,u) =
∫
Ω
F/θ − cv logθ dx

≥
∫
Ω
F/θ − cv |Ω| log

(
1
|Ω|

∫
Ω
θ
)

≥
∫
Ω
F/θ − cv |Ω| log

(
b−Fθ (u)−

∫
Ω
F−F/θθ − F |θ=θ dx

)
+cv |Ω| log(cv |Ω|) .
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Thus, it follows that

L(θ ,u) ≥ L(θ ,u),

provided that ∫
Ω
F/θ ≥

∫
Ω
F/θ

∣∣
θ=θ∫

Ω
F−F/θθ dx≥

∫
Ω

(
F−F/θθ

)∣∣
θ=θ . (1.300)

Here, we note that inequalities (1.300) are valid if F = F(ε,θ ) is linear in θ , as is defined
by.93 Only F/ε appears in system of equations (1.288), and, therefore, it suffices to exist F̃
linear in θ such that F̃/ε = F/ε .
Based on these considerations, we assign b by (1.297) using the initial value. In the case
that θ > 0 is a constant and u is a linearly stable critical point of Fθ = Fθ (u) satisfying
(1.300) and (1.298) for u = u, then the stationary state (θ ,u, u̇) = (θ ,u,0) is dynamically
stable. It is formal if γ = 0 because these quantities are not sufficient to contol the well-
posedness of this problem, see.352,353

One-Dimensional Case

In the case of one-space dimension, however, all the processes are justified. We re-
formulate the Falk model (1.287) as

utt + γuxxxx = (F ′
1(ux)θ +F ′

2(ux))x
cvθt −κθxx = θF ′

1(ux)utx in Ω× (0,T)

ux = uxxx = θx = 0 on ∂Ω× (0,T)

u|t=0 = u0, ut |t=0 = u1, θ |t=0 = θ0 in Ω, (1.301)

where Ω= (0,1) and F1, F2 areC4-functions satisfying

F ′
1(0) = 0
F2 ≥−C.

If

(u0,u1,θ0) ∈ H4(Ω)×H2(Ω)×H2(Ω), (1.302)

then there is a unique solution (u,θ ) global in time such that

u ∈C([0,+∞),H4(Ω)), ut ∈C([0,+∞),H2(Ω))

θ ∈C([0,+∞),H2(Ω)), θt ∈ L2loc(0,+∞;H1(Ω)),

see.313

In the stationary state, θ is a constant denoted by θ , which is detemined by the energy
conservation,

cvθ +
γ
2
‖uxx‖22+

∫
Ω
F2(ux) = b,
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where

b=
1
2
‖u1‖22+

γ
2
‖u0xx‖22+

∫
Ω
F2(u0x)+ cvθ0 dx. (1.303)

Thus the stationary state to u= u(x) is formulated as the Euler-Lagrange equation

δJb(ux) = 0,

where

Jb(ux) =
1
cv

∫
Ω
F1(ux)− log

(
b− γ

2
‖uxx‖22−

∫
Ω
F2(ux)

)
ux ∈ H1(Ω). (1.304)

Then the stationary solution (u,θ ) to (1.301) is called linearly stable if u= u(x) is a stable
critical point of Jb, that is its second derivative is positive definite. From the momentum
conservation, finally, we impose ∫

Ω
u1 = 0 (1.305)

for the stability of (u,θ ) to hold because this equality is the case of the stationary state by
ut = 0.

Theorem 1.33 (313). Let (1.302) hold in (1.301), and assume

inf
Ω
θ0 ≥ θ∗

and (1.305), where θ∗ > 0 is a constant. We take b> 0 of (1.303) and suppose that u= u(x)
is a linearly stable critical point of Jb = Jb(ux) defined by (1.304). Let θ > 0 be a constant
satisfying

cvθ +
γ
2
‖uxx‖22+

∫
Ω
F2(ux) = b.

Then, this (u,θ ) is dynamically stable in the sense that any ε > 0 admits δ > 0 such that

sup
t≥0

‖(u(·,t)−u)x‖H1(Ω) < ε

sup
t≥0

∣∣∣∣
∫ 1

0
logθ (·,t)− logθ

∣∣∣∣< ε
provided that

sup
t≥0

‖(u0−u)x‖H1(Ω) < δ∣∣∣∣
∫ 1

0
logθ0− logθ

∣∣∣∣< δ .
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1.5.5. Time Map

Method of the time map is applicable to the stationary phase field models for the one-
dimensional space domain.270,271 This paragraph is devoted to the simplest application,
(1.265) with Ω= (0,1). See312 for (1.267).
First, in the general case of

ξ 2v′′ + f (v) = 0, 0< x< 1
v′(0) = v′(1) = 0 (1.306)

with ξ > 0, we take the solution v= v(x,a) to

ξ 2v′′ + f (v) = 0, 0< x< 1,
v′(0) = 0, v(0) = a,

assuming f (a) > 0 without loss of generarity. This assumption implies v′(x) < 0 for 0 <

x� 1, and we define the first zero of v′ = 0, denoted by x0 ∈ (0,1], if it exists. Then, from
the reflection argument we obtain the solution to (1.306) if and only if

x0 =
1
k

(1.307)

for some k= 1,2, . . ., standing for the mode of the solution.
Here, we have

1
2
ξ 2(v′)2+F(v) = F(a)

for

F(s) =

∫ s

0
f (s′)ds′,

and, therefore, such x0 exists if and only if there is b(a) such that

b(a) < a, F(b(a)) = F(a), F |(b(a),a) < F(a). (1.308)

In this case, it holds that∫ a

v(x)

dv√
2(F(a)−F(v))

=
x
ξ

, 0≤ x≤ x0 (1.309)

by

ξ
dv
dx

= −
√
2(F(a)−F(v)), 0≤ x≤ x0,

and (1.307) is equivalent to

T (a) =
1
ξ k

, (1.310)

where

T (a) =

∫ a

b(a)

dv√
2(F(v)−F(a))

,
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called the time map.
Since f (v) = v− v3 in (1.265), we obtain

D(T ) ≡ {a | f (a) > 0, b(a) > −∞} = (0,1)
b(a) = −a,

and (1.309)-(1.310) are reduced to
∫ 1

−1
dy√

(1− y2)(1− �2y2)
=
1
ξ k

·
√
1− a

2

2∫ 1

v(x)/a

dy√
(1− y2)(1− �2y2)

=
x
ξ
·
√
1− a

2

2

for � = a√
2−a2

. Using Jacobi’s elliptic function y= sn(w, �) defined by

w=
∫ 1

y

dy√
(1− y2)(1− k2y2) ,

thus we obtain the k-mode solution to (1.265) by

sn

(
1
ξ k

·
√
1− a

2

2
,

a√
2−a2

)
= −1

v(x) = a · sn
⎛
⎝ x
ξ
·
√
1− a

2

2
,

a√
2− a2

2

⎞
⎠ , 0≤ x≤ 1/k,

where 0 < a < 1. Then we can perform the asymptotic analysis as a ↓ 0 and a ↑ 1 to
illustrate the solution set, see.190

1.5.6. Summary

Several phenomenological equations are provided with the Lyapunov function, and this
functional induces a semi-dual variational structure to the stationary state, especially to
the field component. The particle component, on the other hand, is sometimes trivial in
the stationary state, which guarantees the dynamical stability of linearly stable stationary
states. If the system is materially closed, then this stationary state is realized as a non-
linear eigenvalue problem with non-local term. In some cases, we obtain the hyper-linear
stability of the field component, which guarantees the stability of the particle component
simultaneously.

(1) The structure of semi-dual variation is observed, especially in materially closed sys-
tems of phenomenology.

(2) Among them are the Caginalp-Fix equation, the Penrose-Fife equation, the coupled
Cahn-Hilliard equation, and the Falk-Pawlow equation and the stationary state is de-
scribed by the nonlinear eigenvalue problem with non-local term.
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(3) Consequently, a stationary field state has a variational functional associated with a non-
local term, and a linearly stable stationary state is dynamically stable.

(4) Besides the calculus of variation, the method of time map is applicable to the stationary
state of these equations if the domain is one-dimensional.



Chapter 2

Scaling - Revealing Hierarchy

Details of the self-organization are hierarchical achievements between self-assembly and
dissipative structures.345 The latter is top-down and occurs in a far-from-equilibrium for-
mulation of an open system that involves dissipation of entropy and is characterized by
periodic structures, sprial waves, travelling waves, self-similar evolutions, and so forth.227

The former is, as described in the previous chapter, bottom-up and controlled by the sta-
tionary state of the closed system which is involved by condensates, collapses, spikes,
quantizations, free energy transmissions, variational structures, and so forth.
The control of the total set of stationary states to the global dynamics, however, is not
restricted to thermodynamics. This profile is observed widely in mathematical models
involved by the mean field hierarchy and sometimes referred to as the nonlinear spectral
mechanics.304 In more precise terms, there is a unified mathematical principle in each mean
field hierarchy provided with the underlying physical principle, such as the conservation
laws, decrease of the free energy, and so forth.
This chapter describes the quantized blowup mechanismwhich is one of the leading princi-
ple of self-assembly. It arises in self-interacting fluid, turbulence in the context of the prop-
agation of chaos, mean field hierarchy derived from the friction-fluctuation self-interaction
in the molecular kinetics, and gauge field concerning condensate of microscopic states.
Actually, this profile of quantization is revealed by a blowup analysis which is one of the
important products of the method of scaling and is valid even to the higher-space dimen-
sion.

2.1. Self-Interacting Continuum

The macroscopic state of particles that constitute the self-interacting fluid is formulated
by the system of equations provided with the self-duality between the particle density and
the field distribution. Here, the formation of the field is physical and is associated with
the Poisson type equation. The stationary state is then described by the nonlinear eigen-
value problem with a non-local term because of the mass conservation, and this problem
is provided with the variational structure from the energy conservation. Then the method
of scaling detects the critical exponents for mass quantization. This section is devoted to
the variational and scaling properties of the systems of self-interacting fluid such as the
Euler-Poisson equation and the plasma confinement problem.

T. Suzuki, Mean Field Theories and Dual Variation, Atlantis Studies in Mathematics for Engineering 
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2.1.1. Self-Gravitating Fluids

Several fundamental equations of self-interacting fluids are provided with the semi-
unfolding-minimality.

Euler-Poisson Equation

With the prescribed velocity v= v(x) ∈ R3, x ∈ R3 of the particle, we can define the local
flow {Tt} by (1.2). Thus x(t) = Ttx0 indicates the solution to

dx
dt

= v(x), x|t=0 = x0.

If f (x) stands for the observer of particles, then

u(x,t) = f (T−t x)

indicates the distribution of particles detected by it at the time −t. From the semi-group
property, it follows that

u(Tty,t) = f (T−tTty) = f (y)

for any y ∈ R3, and, therefore,

0 =
∂
∂ t
u(Tty,t) =∇u(Tty,t) · ∂∂ t Tty+ut(Tty,t)

= v(Tty) ·∇u(Tty,t)+ut(Tty,t),

or
∂u
∂ t

+ v ·∇u= 0 in R3× (0,T ).

Thus we obtain
Du
Dt

= 0

for u(x,t) = f (T−t x).
We call

D
Dt

=
∂
∂ t

+ v ·∇,

the material derivative, which indicates the differention in t of the transported quantity
subject to v, and, therefore, the acceleration vector of this fluid is defined by

Dv
Dt

.

From this observation, we obtain the Euler equation of motion,

ρ
Dv
Dt

= ρF−∇p, (2.1)

where ρ , p, and F denote the density, the pressure, and the outer force, respectively, and
also the equation of continuity

ρt +∇ · (ρv) = 0 (2.2)
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because j = ρv is nothing but the flux of ρ .
The self-gravitating fluid is associated with

F = ∇Γ∗ρ
using the Newton potential

Γ(x) =
1

4π |x| .

These relations are combined with the state equation, and thus it holds that

ρt +∇ · (ρv) = 0
ρ (vt +(v ·∇)v)+∇p+ρ∇Φ= 0
ΔΦ= ρ , p= Aργ in R3× (0,T ) (2.3)

using Φ = −F , where A > 0 is a constant determined by the entropy, and 1 < γ < 2 is
the adiabatic constant. Here, we have γ = 5/3,7/5, . . . when the gas is mono-atomic, bi-
atomic, and so on, and γ = 4/3 in the case of the excellent radiational pressure.46

Conservation Laws

From the first equation of (2.3), we obtain the non-negativity ρ ≥ 0 from that of the initial
value, ρ |t=0 ≥ 0. The total mass conservation,

M =

∫
R3
ρ ,

follows also from this equation, while the total energy conservation

E =
∫
R3

ρ
2
|v|2+ p

γ−1 dx−
1
8π

∫∫
R3×R3

ρ(x)ρ(x)
|x− x′| dxdx

′ (2.4)

is derived as follows.
First, we replace the second equation of (2.3) by

(ρv)t +∇ · (ρv⊗ v)+∇p+ρ∇Φ= 0, (2.5)

using the first equation, where

v⊗ v= (viv j) for v= (v j)1≤ j≤3.

Here, it holds that∫
R3

[∇ · (ρv⊗ v)] · v =
∫
R3

[
∂ j(ρviv j)

]
vi = −

∫
R3
ρv jvi∂ jvi

= −1
2

∫
R3
ρv j∂ j |v|2 =

1
2

∫
R3

|v|2∇ · (ρv)

= −1
2

∫
R3

|v|2ρt



144 Chapter 2. Scaling - Revealing Hierarchy

and ∫
R3

(ρv)t · v =

∫
R3
ρt |v|2+ρvt · v dx

=

∫
R3
ρt |v|2+ 12ρ∂t |v|

2 dx,

and, therefore, ∫
R3

[(ρv)t +∇ · (ρv⊗ v)] · v =
1
2

∫
R3

|v|2ρt +ρ∂t |v|2 dx

=
1
2
d
dt

∫
R3

|v|2ρ . (2.6)

Next, we have ∫
R3
∇p · v = Aγ

∫
R3
ργ−1∇ρ · v=

Aγ
γ−1

∫
R3
∇ργ−1 ·ρv

= − Aγ
γ−1

∫
R3
ργ−1∇ · (ρv) =

Aγ
γ−1

∫
R3
ργ−1ρt

=
d
dt

∫
R3

p
γ−1 (2.7)

and ∫
R3
ρ∇Φ · v = −

∫
R3
Φ∇ · (vρ) =

∫
R3
Φρt

= − 1
8π
d
dt

∫∫
R3×R3

ρ(x,t)ρ(x′,t)
|x− x′| dxdx′. (2.8)

Thus (2.4) follows from (2.5)-(2.8).

Makino’s Solution

Putting w= 2(Aγ)1/2
γ−1 ·ρ (γ−1)/2, we can replace (2.3) by

wt +(v ·∇)w+
γ−1
2
w(∇ · v) = 0

vt +(v ·∇)v+
γ−1
2

(w ·∇)w+∇Φ= 0

ΔΦ= w2/(γ−1) in R3× (0,T ), (2.9)

where

∂t∇Φ= ∂t∇Δ−1ρ = ∇Δ−1ρt = −∇Δ−1∇ · (ρv)
is applicable.193,196 More precisely, the Calderón-Zygmund operator, denoted by Op, is
defined by the symbol (

ξiξ j
|ξ |2

)
1≤i, j≤3

,
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and then we obtain

∇Φ= ∇Φ0+

∫ t

0

(
γ−1
2(Aγ)1/2

)2/(γ−1)
Op

[
w2/(γ−1)v

]
(·,s)ds.

Using this formula, (2.9) is formulated as a quasilinear symmetric hyperbolic system,
and then the general theory162 guarantees the unique existence of the solution locally in
time.23,112 Particularly, based on Hardy-Littlewood’s maximal function, we can construct
the semi-group solution satisfying

(ρ(·,t)(γ−1)/2,v(·,t)) ∈C([0,T ),Hs(R3)4
)
,

where s > 5/2 and 1 < γ < 9/5. This property means the well-posedness of (2.9) in this
space locally in time, and the existence time T > 0 is estimated from below by∥∥∥(ρ (γ−1)/2

0 ,v0
)∥∥∥

Hs(R3)4
.

The space Hs(R3)4 with s > 5/2 contains the equilibrium, to be defined in the next para-
graph, in the case of γ = 6/5. The assumption s> 5/2, on the other hand, is optimal in this
approach of quasilinear symmetric hyperbolic system, in the sense that it comes from the
fact that H�(R3) is an algebra if � > 3/2 and � �∈ N. However, if

(w,v) ∈C1 ([0,T )×R3)4
is a non-trivial radially symmetric solution to (2.9) with the support ρ(·,t) compact for
each t ∈ [0,T ), then we obtain T < +∞, using the Lagrangian coordinate.195

Second Moment

Weak formulation to (2.3) is described by

d
dt

∫
R3
ρϕ =

∫
R3
ρv ·∇ϕ

d
dt

∫
R3
ρv ·ψ =

∫
R3
ρv⊗ v ·∇ψ+ p∇ ·ψ dx

+
1
2

∫∫
R3×R3

(
ψ(x)−ψ(x′)

) ·∇Γ(x− x′)ρ(x,t)ρ(x′,t)dxdx′

for ϕ ∈C∞0 (R3) and ψ ∈C∞0 (R3)3, and hence it follows that

d2

dt2

∫
R3
ρϕ =

∫
R3
ρv⊗ v ·∇2ϕ+ pΔϕ dx

+
1
2

∫∫
R3×R3

[
∇ϕ(x)−∇ϕ(x′)

]
·∇Γ(x− x′)ρ(x,t)ρ(x′,t)dxdx′. (2.10)

Putting ϕ = |x|2 in (2.10) is justified, for example, if ρ = ρ(x,t) and ρv= (ρv)(x,t) have
compact support and are continuous in x∈R3 and continuously differentialble in t ∈ (0,T ).
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In this case, it follows that

d2

dt2
∫
R3
ρ |x|2 =

∫
R3
2ρ |v|2+6p dx− 1

4π

∫∫
R3×R3

ρ(x,t)ρ(x′,t)
|x− x′| dxdx′

≥ 2E+2
(
3− 1

γ−1
)∫

R3
p. (2.11)

In particular, if E > 0 and 4/3 < γ < 2, then its support radius must go to +∞ as t ↑ +∞,
see.195,197,286

2.1.2. Equilibrium

The classical equilibrium of (2.3) is defined by putting v= 0 and ∂t · = 0. This formulation
means

Aγ
γ−1∇ρ

γ−1+∇Φ= 0 in {ρ > 0},

and, therefore,
Aγ
γ−1ρ

γ−1−Γ∗ρ = constant in each component of {ρ > 0}

ρ ≥ 0 in R3,
∫
R3
ρ =M (2.12)

Putting

q=
1
γ−1

u=

(
γ−1
Aγ

)(γ−1)/(γ−2)
ργ−1

Ω= {u> 0}
thus we obtain

−Δu= uq, u> 0 in Ωi
u= 0, Γ∗ uq = constant on ∂Ωi∫
R3
uq =

(
Aγ
γ−1

)1/(γ−2)
M, (2.13)

where Ωi (i= 1,2, . . .) are the connected components of Ω.
Conversely, if (2.13) holds, then u−Γ∗uq is harmonic inΩi and is a constant on ∂Ωi. This
property implies the first equation of (2.13), and in this sense, (2.13) is equivalent to (2.12).

Radially Symmetric Equilibrium

If

−Δu= uq, u> 0 in B, u= 0 on ∂B (2.14)
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is satisfied for B = B(0,R), then u = u(|x|) follows from the general theory of Gidas-Ni-
Nirenberg,114 and, therefore, the first two lines of (2.13) are valid to Ω = Ωi = B. It is
known, on the other hand, that (2.14) has a solution if and only if 1< q < 5, that is 6/5<

γ < 2, and, then, the solution denoted by

u= uR(x),

is unique.222

We have the self-similarity in (2.14). If u= u(x) solves

−Δu= uq,

then so does uμ = uμ(x) for μ > 0, where

uμ(x) = μ2/(q−1)u(μx).

Thus it holds that

uR(x) = R−2/(q−1)U(R−1x) (2.15)

for the unique solutionU =U(y) to (2.14) with B= B(0,1), that isU = u1.
We have ∫

B(0,R)
uqR(x)dx= R3−

2q
q−1

∫
B(0,1)

U(y)qdy,

and, therefore, if q �= 3 and 1 < q < 5, then any M > 0 admits R > 0 such that (2.13)
has a unique solution for Ω = B(0,R). Taking zero extension outside Ω, we obtain the
equilibrium (ρ ,v) = (ρ,0) to (2.3) from this u= u(x) ≥ 0 and

ρ =

(
Aγ
γ−1

)1/(2−γ)
uq. (2.16)

Therefore, if γ �= 4/3 and 6/5 < γ < 2, then (2.3) admits an equilibrium (ρ ,v) = (ρ ,0)
for each prescribed total mass M > 0. This ρ = ρ(x) ≥ 0 is radially symmetric and has a
compact support. Also, its total energy is defined by

E =

∫
R3

Aργ

γ−1 −
1
8π

∫∫
R3×R3

ρ(x)ρ(x′)
|x− x′| dxdx

′

= aR−
4
q−1+1

∫
R3
U(y)q+1dy−bR− 4

q−1+1
∫∫
R3×R3

U(y)qU(y′)q

|y− y′| dydy′

for

a=
Acγ

γ−1

b=
c2

8π

c=

(
Aγ
γ−1

) 1
γ−2

.
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However,

w= ρ(γ−1)/2 ≈ u1/2

does not belong to H1(R3) because this u extended 0 outside B= B(0,R) has a derivative
gap on ∂B by the Hopf lemma.
In the case of γ = 4/3, on the other hand, there is λ∗ > 0 such that if λ = λ ∗ then the
problem (2.13) admits a unique solution for Ω = B(0,R) with R > 0 arbitrary, and in the
other case of λ �= λ ∗, there is no radially symmetric solution to (2.13), where

λ =

(
Aγ
γ−1

)1/(γ−2)
M.

Again, the equilibrium defined by this solution is not consistent to the function space de-
scribed in the previous paragraph for the well-posedness of the Cauchy problem, Hs(R3),
s> 5/2 for (ρ (γ−1)/2,v). In fact, there is a derivative gap of w= ρ(γ−1)/2 on the interface.
If q≥ 5, then

−Δv= vq, v> 0 in Ω, v= 0 on ∂Ω (2.17)

admits no solution if Ω is star-shaped.256 Radially symmetric solution, on the other hand,
exists for any q > 1 if Ω = {c< |x| < d} (167). This solution, however, does not satisfy
(2.13) because the values of Γ∗ uq on |x| = c and |x| = d are different.
While

−Δu= uq, u> 0 in R3 (2.18)

admits no solution if 1< q< 5, see,116 it has a unique radially symmetric solution u= u(|x|)
if q≥ 5. In the case of q> 5= n+2

n−2 , it holds that

|x| 2
q−1 u(|x|) → L=

[
2
q−1

(
n−2− 2

q−1
)] 1

q−1
, |x| → ∞, (2.19)

see.126 This relation implies ∫
R3
uq = +∞

and, therefore, (2.3) admits no radially symmetric finite total mass equilibrium in the case
of 1< γ < 6/5.
If q= 5, finally, the solution to (2.18) is classified,37 and it holds that

u(x) =

(
μ
√
3

μ2+ |x|2
)1/2

with μ > 0 up to the translation. Total mass defined by this solution is thus not finite.
Consequently, givenM > 0, we obtain no radially symmetric equilibrium of (2.3) with the
total mass M in the case of γ = 6/5. In this way, the radially symmetric equilibrium of
the Euler-Poisson equation (2.3) has different profiles according to γ ∈ (1,6/5), γ = 4/3,
γ = 6/5, γ ∈ (6/5,2)\ {4/3}, and γ = 4/3.
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The general entire solution to

−Δv= vq, v> 0 in Rn (2.20)

associated with the critical Sobolev exponent q= n+2
n−2 with n≥ 3 was studied earlier by,115

and it is proven that the solution v= v(x) has the form of

vx0,μ(x) =
[n(n−2)μ2](n−2)/4(
μ2+ |x− x0|2

)(n−2)/2 (2.21)

for some x0 ∈Rn and μ > 0, provided that

v(x) = O
(
|x|2−n

)
as |x| → ∞. (2.22)

In the context of differential geometry, this property means that any metric conformal to
the standard metric ds0 on Sn with the same mean curvature is a pull-back of ds0 by the
conformal transformation on Sn, see.229

Similarly to the case n= 3 described above, the assumption (2.22) is not necessary to derive
(2.21) from (2.20) for q = n+2

n−2 , see.
37 Furthermore, it is proven also that the solution to

(2.20) does not exist in the case of 1< q< n+2
n−2 , see.

116 The latter result guarantees a priori
bounds of the solution to the elliptic and parabolic problems with sub-critical nonlinearity
defined on the bounded domain, see117,119 and §§2.3.3 and 2.4.1. This property is actually
proven by the blowup analysis, and §2.3.3 describes the details of the elliptic case.
Although radial symmetry of the general solution to (2.20) does not follow in the super-
critical case q> n+2

n−2 , see,
127,356 the total set of entire radial solutions has remarkable struc-

tures, and relation (2.19) is just an example of this significance. See222 and the references
therein.

Variational Equilibrium

We re-formulate the equilibrium using the calculus of variation. More precisely, the total
energy is reduced to

F (ρ) =
∫
R3

p
γ−1 −

1
2
〈Γ∗ρ ,ρ〉

in the case of v= 0, and this (variational) equilibrium is defined by v= 0 and δF (ρ) = 0,
under the constraint of

ρ ≥ 0,
∫
R3
ρ =M.

We obtain the semi-unfolding

E(v,ρ) ≥ F (ρ)

by the definitition, and, therefore, the linearized stability of the variational equilibrium
implies its dynamical stability naturally, see §2.1.4. The above functional, furthermore,
has the form

F =
Aγ
γ−1F

∗ −G∗
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for

F∗(ρ) =
1
γ

∫
R3
ργ , ρ ≥ 0

G∗(ρ) =
1
8π

∫∫
R3×R3

ρ(x)ρ(x′)
|x− x′| dxdx

′,
∫
R3
ρ =M,

and hence we can develop the theory of Toland duality.
To realize these functionals, F∗ and G∗, as the Legendre transformation of proper, convex,
lower semi-continuous functionals, first, we take X = Ḣ1(R3)⊕R and define

G(μ) =
1
2
‖∇ξ‖22+Mc

for μ = ξ ⊕ c ∈ X , where

Ḣ1(R3) =
{
μ ∈ L6(R3) | ∇μ ∈ L2(R3)

}
.

This functional is proper, convex, lower semi-continuous, and it holds that

ρ ∈ ∂G(μ) ⇔ −Δμ = ρ in R3,
∫
R3
ρ =M

for (μ ,ρ) ∈ X×X∗ and furthermore,

G∗(ρ) = sup
μ∈X

{〈μ ,ρ〉−G(μ)}

= sup
ξ∈Ḣ1(R3), c∈R

{
〈ξ ,ρ〉− 1

2
‖∇ξ‖22+ c〈1,ρ〉−Mc

}

=
1
2
〈
(−Δ)−1ρ ,ρ

〉
+ χ{〈ρ ,1〉=M}

for ρ ∈ X∗, under the agreement that Δ : Ḣ1(R3)→ Ḣ1(R3)∗ is an isomorphism and X∗ ↪→
Ḣ1(R3)∗ by Ḣ1(R3) ↪→ X .
Next, we define

F(μ) =
γ−1
γ

∫
ξ

γ
γ−1
+

for μ = ξ ⊕ c ∈ X , which is also proper, convex, lower semi-continuous. Then we obtain
ρ ∈ ∂F(μ) ⇔ ξ+ = ργ−1

for (μ ,ρ) ∈ X×X∗ with μ = ξ ⊕c, and, in particular, 0≤ ρ ∈ Lγ (R3) follows in this case.
These results are summarized by

F∗(ρ) = sup
μ∈X

{〈μ ,ρ〉−F(μ)}

=

{
1
γ
∫
R3 ργ , ρ ≥ 0

+∞, otherwise

for ρ ∈ X∗.
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Variational equilibrium is now formulated by

Aγ
γ−1∂F

∗(ρ)∩∂G∗(ρ) �= /0

with ρ ∈ X∗, and thus it holds that

−Δμ = ρ in R3, ρ =

[
γ−1
Aγ

ξ
]1/(γ−1)

+∫
R3
ρ =M

for

μ = ξ ⊕ c ∈ Aγ
γ−1∂F

∗(ρ)∩∂G∗(ρ).

This relation implies

−Δξ =

[
γ−1
Aγ

ξ
]q

+

in R3

∫
R3

[
γ−1
Aγ

ξ
]q

+

dx=M (2.23)

with q= 1/(γ−1), and, therefore, the variational equilibrium is defined by

ρ =

[
γ−1
Aγ

ξ
]q

+

,

using the solution ξ = ξ (x) to (2.23).

Putting ξ = αu and α =
(
γ−1
Aγ

) 1
2−γ , we obtain (2.13) for

Ω=
{
x ∈ R3 | u(x) > 0

}
,

and thus, a variational equilibrium is a classical equilibrium. This ξ = ξ (x) is defined on
the whole space, has the C2,θ -regularity, and can be negative somewhere. Therefore, the
construction of the solution ξ = ξ (x) to (2.23) from that of ρ = ρ(x) of (2.12) or u= u(x)
of (2.13) will be difficult, and, therefore, (2.23) is regarded as a different description of the
equilibrium to (2.3).
Problem (2.23) arises also in the plasma confinement as we are describing, and furthermore,
uniform boundedness and radial symmetry of the solution ξ = ξ (x) to (2.23) with bounded
Morse indices are known for 1 < q < (n+2)/(n−2) if n ≥ 4 and for 2 < q < 5 if n = 3,
see.135,136
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2.1.3. Plasma Confinement

Given a bounded domainΩ⊂ R3 with smooth boundary ∂Ω, we consider
ρt +∇ · (ρv) = 0
ρ (vt +(v ·∇)v)+∇p+ρ∇Φ= 0
ΔΦ= ρ , p= Aργ in Ω× (0,T)

ν · v= 0, Φ= 0 on ∂Ω× (0,T), (2.24)

and obtain the non-negativity, total mass conservation, and total energy conservation indi-
cated by

ρ ≥ 0,
∫
Ω
ρ =M

E =

∫
Ω

ρ
2
|v|2+ p

γ−1 dx−
1
2
〈
(−ΔD)−1ρ ,ρ

〉
(2.25)

similarly. In this case, the variational equilibrium is formulated by v= 0 and δF (ρ) = 0,
where

F (ρ) =

∫
Ω

p
γ−1 −

1
2
〈
(−ΔD)−1ρ ,ρ

〉
defined for

ρ ≥ 0,
∫
Ω
ρ =M.

This functional is nothing but the Berestycki-Brezis functional21 concerning the plasma
confinement. Damlamian71 observed the Toland duality in this free boundary problem
between the above described formulation and that of Temam,320 where the Nehari principle
is involved in the latter case.219,220

First, the problem

−Δv= vq+ in Ω
v= constant on Γ= ∂Ω∫
Ω
vq+ = λ (2.26)

arises in plasma confinement, see,319 where Ω ⊂ Rn, n = 2,3, is a bounded domain with
smooth boundary ∂Ω, q> 1, and λ > 0 is a constant. We note that the above v= v(x) is a
scalar function and is different from v = v(x,t) in (2.24). Then, the associated variational
functions21,320 are defined by

J(v) =
1
2
‖∇v‖22−

1
q+1

∫
Ω
vq+1+ +λvΓ, v ∈ H1c (Ω),

∫
Ω
vq+ = λ

J∗(u) =
q
q+1

∫
Ω
u
q+1
q − 1

2
〈
(−ΔD)−1u,u

〉
, u≥ 0,‖u‖1 = λ , (2.27)

where

H1c (Ω) =
{
v ∈H1(Ω) | v= constant on Γ

}
.
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Henceforth, we describe only the sub-critical case of 1 < q < n+2
(n−2)+ . Then, the solution

v= v(x) to (2.26) is C2,θ on Ω from the elliptic regularity, and the Toland duality is exam-
ined similarly to the the whole space case described in §2.1.2. As is confirmed there, the
stationary problem (2.38) with q = 4/3 is scaling invariant and actually is provided with
the mass quantization, see §2.4.3.

Field Variation

First, putting

G(v) =
1
2
‖∇v‖22+λvΓ

F(v) =
1
q+1

∫
Ω
vq+1+

for v ∈ X = H1c (Ω), we obtain

u ∈ ∂G(v) ⇔ (∇v,∇w)+λwΓ = 〈w,u〉, w ∈ X
⇔ 〈1,u〉 = λ , v− vΓ = (−ΔD)−1u (2.28)

and

u ∈ ∂F(v) ⇔ u= vq+ (2.29)

for (u,v) ∈ X×X∗. Thus, the problem (2.26) is equivalent to

u ∈ ∂F(v)∩∂G(v),

or

δJ(v) = 0, u= vq+,

because

u= vq+, v ∈ X
implies

0≤ u ∈ Lq+1q ↪→ X∗.

It holds that D(J) = X and

J(v) = G(v)−F(v)

=
1
2
‖∇v‖22+λvΓ−

1
q+1

∫
Ω
vq+1+ ,

and, therefore, the constraint
∫
Ω v

q
+ = λ is superfluous to derive (2.26). This propertymeans

that the Nehari principle, see,303 is involved in the original formulation (2.27).

Particle Variation
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Given u ∈ X∗, we obtain

G∗(u) = sup
v∈X

{〈v,u〉−G(v)}

= sup
v∈X

{
〈v− vΓ,u〉+ vΓ 〈1,u〉− 12 ‖∇(v− vΓ)‖22−λvΓ

}

= χ{〈1,u〉=λ}+ sup
v∈H10 (Ω)

{
〈v,u〉− 1

2
‖∇v‖22

}

= χ{〈1,u〉=λ}+
1
2
〈
(−ΔD)−1u,u

〉
and

F∗(u) = sup
v∈X

{〈v,u〉−F(v)}

=

{
q
q+1

∫
Ω u

q+1
q , 0≤ u ∈ Lq+1q (Ω)

+∞, otherwise

because

u ∈ ∂F(v) ⇔ v ∈ ∂F∗(u) ⇔ u= vq+

for (u,v) ∈ X×X∗. Thus the ”free energy” is defined by

D(J∗) = D(G∗)∩D(F∗)

=
{
u ∈ X∗ | 0≤ u ∈ Lq+1q (Ω), ‖u‖1 = λ

}
and

J∗(u) =

{
q
q+1

∫
Ω u

q+1
q − 1

2
〈
(−ΔD)−1u,u

〉
, u ∈D(J∗)

+∞, otherwise,

and this structure of variation is nothing but Berestycki-Brezis’ formulation to (2.26).

Duality

If the critical point v= v(x) of the Temam functional J = J(v) defined on X =H1c (Ω) is not
positive-definite on Ω, then the mapping v �→ u defined by u ∈ ∂F(v) around v= v, that is
(2.29) is not faithful. The relation u ∈ ∂G(v), on the other hand, induces an isomorphism
between u ∈ X∗ with 〈1,u〉= λ and v− vΓ ∈H10 (Ω) for v ∈ X = H1c (Ω). Even in this case,
the Nehari constraint

∫
Ω v

q
+ = λ is not efficient to assign vΓ from v− vΓ if supp v ⊂ Ω.

Thus, the argument in §1.2.5 does not work, but still we have ”semi-spectral equivalence“
using the above isomorphism, as is described in the following paragraph.
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2.1.4. Stable Equilibrium

This paragraph is devoted to the stability of the variational equilibrium defined for (2.24).
Although the Euler-Poisson equation (2.3) is not formulated by the gradient system, its
equilibrium is associated with the duality between the Plasma confinement problem, and
the structure of semi-duality controls its dynamical stability.
To begin with, again, we confirm the abstract theory of Toland duality described in §1.2.6;
X denotes a Banach space over R, F,G : X → (−∞,+∞] are proper, convex, lower semi-
continuous, and

L(u,v) = F∗(u)+G(v)−〈v,u〉

is the Lagrangian. It holds that

J∗(u) = inf
v∈X
L(u,v) = F∗(u)−G∗(u) = L(u,v)

J(v) = inf
u∈X∗

L(u,v) = G(v)−F(v) = L(u,v)

D(J∗) = D(F∗)∩D(G∗) ⊂ X∗

D(J) = D(G)∩D(F) ⊂ X

for v ∈ ∂G∗(u) and u ∈ ∂F(v), that δJ(v) = 0 and δJ∗(u) = 0 mean ∂G(v)∩ ∂F(v) �= /0
and ∂G(u)∩∂F∗(u) �= /0, respectively, and that

u ∈ ∂G(v)∩∂F(v) ⇔ v ∈ ∂G∗(u)∩∂F∗(v). (2.30)

If one of the conditions of (2.30) is satisfied, then

J∗(u) = L(u,v) = J(v)

follows, and, furthermore, if u ∈ ∂G(v), or equivalently v ∈ ∂G∗(u), it holds that

J∗(u) = L(u,v) ≤ J(v).

Thus, we obtain

u ∈ ∂G(v) ⇒ J∗(u)− J∗(u) ≤ J(v)− J(v), (2.31)

and similarly,

u ∈ ∂F(v) ⇒ J(v)− J(v) ≤ J∗(u)− J∗(u). (2.32)

Temam Functional

Turning to the plasma confinement (2.26), we note that Temam’s functional J(v) of (2.27)
is twice-differentiable by q > 1. If the constraint

∫
Ω v

q
+ = λ is taken into account, then the

linearized stability of a critical point v∈ X =H1c (Ω) of J = J(v) is defined by the positivity
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of the self-adjoint operator in L2(Ω) associated with the quadratic form on X0×X0 defined
by

Q(ϕ ,ϕ) =
1
2
d2

ds2
J(v+ sϕ)

∣∣∣∣
s=0

= ‖∇ϕ‖22−
∫
Ω
c(x)ϕ2,

where c(x) = qvq−1+ and

X0 =

{
ϕ ∈ X |

∫
Ω
c(x)ϕ = 0

}
.

This condition means

inf
{
Q(ϕ ,ϕ) | ϕ ∈ H1c (Ω),

∫
Ω
c(x)ϕ = 0, ‖ϕ‖2 = 1

}
> 0 (2.33)

and, then, there is ε0 > 0 such that each ε ∈ (0,ε0/4] admits δ > 0 such that

‖v− v‖X < ε0∫
Ω
vq+ = λ

J(v)− J(v) < δ

⇒ ‖v− v‖X < ε.

Using (2.32), we see that if v ∈ X is a linearly stable critical point of J and u = vq+, then
there is ε0 > 0 such that each ε ∈ (0,ε0/4] admits δ > 0 such that

u= vq+
v ∈ X = H1c (Ω)∫
Ω
vq+ = λ

‖v− v‖X < ε0
J∗(u)− J∗(u) < δ

⇒ ‖v− v‖X < ε. (2.34)

A different linearized stability is obtained by the positivity of the self-adjoint operator in
L2(Ω) associated with the quadratic form on H10 (Ω)×H10 (Ω) defined by

Q(ϕ ,ϕ) = ‖∇ϕ‖22−
∫
Ω
c(x)ϕ2.

This condition means

inf
{
Q(ϕ ,ϕ) | ϕ ∈ H10 (Ω), ‖ϕ‖2 = 1

}
> 0 (2.35)

and then it follows that
u= vq+
v ∈ X = H1c (Ω)

vΓ = vΓ
‖v− v‖X < ε0
J∗(u)− J∗(u) < δ

⇒ ‖v− v‖X < ε. (2.36)
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Berestycki-Brezis Functional

The variational equilibrium, on the other hand, is defined by the functional

J∗(ρ) =

∫
Ω

p
γ−1 −

1
2
〈
(−ΔD)−1ρ ,ρ

〉
,

in the Euler-Poisson equation (2.24) with n = 3. For later convenience, we formulate this
functional in a slightly different manner from the whole space case, that is J∗ = F∗ −G∗,
where

D(F∗) =
{
ρ ∈ Lq+1q (Ω) | ρ ≥ 0

}

F∗(ρ) =

{
A
γ−1 · q+1q · q

q+1
∫
Ωρ

q+1
q , ρ ∈D(F∗)

+∞, otherwise

and

D(G∗) = {ρ ∈ X∗ | 〈1,ρ〉=M}
G∗(ρ) =

1
2
〈
(−ΔD)−1ρ ,ρ

〉
for

ρ ∈ X∗ ⊂ H−1(Ω) = H10 (Ω)∗

q=
1
γ−1 ∈ (1,5).

Since

A
γ−1 ·

q+1
q
ρ
q+1
q = (Bρ)

q+1
q

B=

(
Aγ
γ−1

)1/γ
,

it holds that

F(μ) = sup
ρ∈X∗

{〈
B−1ρ ,Bρ

〉−F∗(ρ)
}

=
1
q+1

∫
Ω

(
B−1μ+

)q+1
and, therefore, the dual functional is defined by

J(μ) = G(μ)−F(μ)

=
1
2
‖∇μ‖22+MμΓ− a

q+1

∫
Ω
μq+1+ (2.37)
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for μ ∈ X = H1c (Ω), where a = (B−1)q+1 =
(
γ−1
Aγ

)1/(γ−1)
. Using this functional, the vari-

ational equilibrium of (2.24) is now defined by v= 0 and ρ = aμq+, where

−Δμ = aμq+ in Ω
μ = constant on ∂Ω∫
Ω
aμq+ =M. (2.38)

Let μ = μ(x) be a solution to (2.38), and (v,ρ) = (0,ρ) be the equilibrium of (2.24) defined
by ρ = aμq+. Then, the total energy (2.24) is described by

E(v,ρ) =
∫
Ω

ρ
2
|v|2 dx+ J∗(ρ),

and hence it holds that

E(v0,ρ0)−E(0,ρ) = E(v,ρ)−E(0,ρ)
≥ J∗(ρ)− J∗(ρ) (2.39)

for (v0,ρ0) = (v,ρ)|t=0. Therefore, applying (2.34) and (2.36), we obtain the following
theorems concerning the cases that the plasma region occupies Ω and is enclosed in Ω,
respectively.

Theorem 2.1. Let 6/5 < γ < 2 and μ = μ(x) be a solution to (2.38), positive on Ω, and
linearly stable in the sense of (2.33) for c(x) = aqμq−1. Then, each ε > 0 admits δ > 0
such that

‖v0‖2+
∥∥∥ργ−10 −ργ−1

∥∥∥
H1

< δ

ρ0 ≥ 0,
∫
Ω
ρ0 =M

⇒
sup
t∈[0,T )

{‖v(·,t)‖2+∥∥ρ(·,t)γ−1−ργ−1∥∥H1}< ε,

where (v,ρ) = (v(·,t),ρ(·,t)) is a solution to (2.24) satisfying (2.25) and
ρ(·,t)γ−1 ∈C([0,T ),H1(Ω)

)
, (2.40)

ρ = aμq, and T > 0 is arbitrary.

Theorem 2.2. Let 5/6 < γ < 2 and μ = μ(x) be a solution to (2.38), supp μ ⊂Ω, and
linearly stable in the sense of (2.35) for c(x) = aqμq−1+ . Then, each ε > 0 admits δ > 0
such that

‖v0‖2+
∥∥∥ργ−10 −ργ−1

∥∥∥
H1

< δ

ρ0 ≥ 0, supp ργ−10 ⊂Ω
⇒
sup
t∈[0,T )

{‖v(·,t)‖2+
∥∥ρ(·,t)γ−1−ργ−1

∥∥
H1
}

< ε

supp ρ(·,t)γ−1 ⊂Ω,
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where (v,ρ) = (v(·,t),ρ(·,t)) is a solution to (2.24) satisfying (2.25) and (2.40), ρ = aμq+,
and T > 0 is arbitrary.

2.1.5. Related Problems

This paragraph is devoted to several remarks on the Euler-Poisson equation and the plasma
confinement. Let Ω⊂ R3 be a bounded domain with smooth boundary ∂Ω.

Neumann Case

In the case that X = H1(Ω), 1< q< 5, and

G(v) =
1
2
‖∇v‖22+

λ
|Ω|

∫
Ω
v

F(v) =
1

q+1

∫
Ω
vq+1+ ,

it holds that

u ∈ ∂G(v) ⇔ (∇v,∇w)+
λ
|Ω|

∫
Ω
w= 〈w,u〉 , w ∈ X

⇔ 〈1,u〉 = λ , v− 1
|Ω|

∫
Ω
v= (−ΔJL)−1u.

Introducing the anti-free energy by

J(v) = G(v)−F(v)

with D(J) = X , we obtain δJ(v) = 0, or equivalently u ∈ ∂G(v)∩ ∂F(v) with u ∈ X∗, if
and only if

u= vq+
v ∈ X = H1(Ω)

v− 1
|Ω|

∫
Ω
v= (−ΔJL)−1u.

Thus δJ(v) = 0 means

−Δv= vq+ − λ
|Ω| in Ω,

∂v
∂ν

= 0 on ∂Ω∫
Ω
v= 0. (2.41)
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Given u ∈ X∗, we obtain

G∗(u) = sup
v∈X

{〈v,u〉−G(v)}

= sup
v∈X

{〈v− 1
|Ω|

∫
Ω
v,u〉+ 1

|Ω|
∫
Ω
v · 〈1,u〉− 1

2
‖∇v‖22−

λ
|Ω|

∫
Ω
v}

= sup
v∈X ,

∫
Ω v=0

{〈v,u〉− 1
2
‖∇v‖22}+1{〈1,u〉=λ}(u)

= 1{〈1,u〉=λ}(u)+
1
2
〈(−ΔJL)−1u,u〉,

and, therefore, the dual variation to (2.41) is defined by

D(J∗) =
{
u ∈ X∗ | 0≤ u ∈ Lq+1q (Ω), ‖u‖1 = λ

}

J∗(u) =

{
q
q+1

∫
Ω u

q+1
q − 1

2
〈
(−ΔJL)−1u,u

〉
, u ∈D(J∗)

+∞, otherwise

The associated Euler-Poisson equation is described by

ρt +∇ · (vρ) = 0
ρ (vt +(v ·∇)v)+∇p+ρ∇Φ= 0

ΔΦ= ρ− 1
|Ω|

∫
Ω
ρ , p= Aργ in Ω× (0,T)

ν · v= 0,
∂Φ
∂ν

= 0 on ∂Ω× (0,T)∫
Ω
Φ= 0, 0< t < T (2.42)

for 6/5< γ < 2. We obtain

ρ ≥ 0,
∫
Ω
ρ =M

E =

∫
Ω

ρ
2
|v|2+ p

γ−1 dx−
1
2
〈
(−ΔJL)−1ρ ,ρ

〉
, (2.43)

and the variational equilibrium is derived from

J∗(ρ) =
∫
Ω

p
γ−1 −

1
2
〈
(−ΔJL)−1ρ ,ρ

〉
,

that is, ρ = aμq+ for

−Δμ = aμq+− M
|Ω| in Ω,

∂μ
∂ν

= 0 on ∂Ω∫
Ω
μ = 0, (2.44)

where a=
(
γ−1
Aγ

)1/(γ−1)
.
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The linearized stability of this equilibrium is defined by

inf
{
Q(ϕ ,ϕ) | ϕ ∈ H1(Ω),

∫
Ω
ϕ = 0, ‖ϕ‖2 = 1

}
> 0, (2.45)

where

Q(ϕ ,ϕ) = ‖∇ϕ‖22−
∫
Ω
c(x)ϕ2

c(x) = aqμq−1+ ,

and in this case we obtain the following theorem.

Theorem 2.3. Let 6/5< γ < 2 and μ = μ(x) be a solution to (2.44), linearly stable in the
sense of (2.45) for c(x) = aqμq−1+ . Then, each ε > 0 admits δ > 0 such that

‖v0‖2+
∥∥∥ργ−10 −ργ−1

∥∥∥
H1

< δ

ρ0 ≥ 0,
∫
Ω
ρ0 =M

⇒
sup
t∈[0,T )

{‖v(·,t)‖2+∥∥ρ(·,t)γ−1−ργ−1∥∥H1}< ε,

where (v,ρ) = (v(·,t),ρ(·,t)) is a solution to (2.42) satisfying (2.43) and (2.40), ρ = aμq+,
and T > 0 is arbitrary.

Navier-Stokes-Poisson Equation

There are several technical difficulties in mathematical study of the Euler equation for both
compressible and incompressible cases.186,187 Theorems 2.1-2.3 also are not satisfactory
because well-posedness of the problem is only established in Hs(R3)4 with s > 5/2 for
(ρ (γ−1)/2,v). Obviously, this function space has a serious discrepancy in the function space
describing stability, H1(R3)×L2(R3)3 for (ργ−1,v). We can construct, on the other hand,
weak solutions to the Navier-Stokes-Poisson equation in more moderate function spaces
by the method of compensated compactness.94

This system is associated with the Lamé constants λ > 0 and σ in σ + 2
3λ ≥ 0 and is

described by

ρt +∇ · (ρv) = 0
ρ (vt +(v ·∇)v)+ρ∇Φ+∇p= λΔv+(σ+λ )∇(∇ · v)
ΔΦ= ρ− 1

|Ω|
∫
Ω
ρ , p = Aργ in Ω× (0,T)

v= 0,
∂Φ
∂ν

= 0 on ∂Ω× (0,T)∫
Ω
Φ= 0, 0< t < T. (2.46)
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In this case, if 32 < γ < 2, then there is a solution,81,172 denoted by (v,ρ) = (v(·,t),ρ(·,t)),
satisfying

0≤ ρ ∈C∗ ([0,+∞),Lγ(Ω))

v ∈ L2loc
(
0,+∞;H10 (Ω)

)
ρv ∈C∗

(
[0,+∞),L

2γ
γ+1 (Ω)

)
such that

E =

∫
Ω

(
ρ
2
|v|2+ p

γ−1
)
− 1
2
〈
(−ΔJL)−1ρ ,ρ

〉 ∈W 1,1
loc [0,T )

dE
dt

+λ ‖∇v‖22+(σ+λ )‖∇ · v‖22 ≤ 0∫
Ω
ρ(·,t) =M,

and the additional properties which comprise of the renormalized solution.172

We formulate the variational equilibrium, using

J∗(ρ) =

∫
Ω

p
γ−1 −

1
2
〈
(−ΔJL)−1ρ ,ρ

〉
defined for

0≤ ρ ∈ Lγ (Ω),

∫
Ω
ρ =M. (2.47)

Although this functional is not twice-differentiable, we define the linearlized stability of its
critical function ρ = ρ(x) by the existence of ε0 > 0 such that each ε ∈ (0,ε0/4] admits
δ > 0 such that

‖ρ−ρ‖γ < ε0∫
Ω
ρ =

∫
Ω
ρ

J∗(ρ)− J∗(ρ) < δ

⇒ ‖ρ−ρ‖γ < ε (2.48)

for ρ = ρ(x) satisfying (2.47).
If

limsup
s↓t

‖ρ(·,s)‖γ ≤ ‖ρ(·,t)‖γ (2.49)

for any t ≥ 0, then t ∈ [0,+∞) �→ ρ(·,t) ∈ Lγ (Ω) is right-continuous. In this case, such ρ
is dynamically stable and each ε > admits δ > 0 such that

ρ0 ≥ 0∫
Ω
ρ0 =

∫
Ω
ρ

‖v0‖2+‖ρ0−ρ‖γ < δ
⇒ sup

t≥0

{
‖v(·,t)‖2+‖ρ(·,t)−ρ‖γ

}
< ε.

Inequality (2.49) has not been established in the framework of the renormalized solution
to (2.46), and furthermore, (2.48) is not able to reduce to a similar problem concerning the
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twice-differentiable ”anti-free energy functional” although the above argument provides a
guidline to the classification of the stable stationary state.

Self-Similar Blowup

The Euler-Poisson equation (2.3) with γ = 4/3 is involved by the quantized blowup mech-
anism defined by §1.1, and here we describe the situation briefly. First, the ”free energy
functional” determing the equilibrium to (2.3),

F (ρ) =

∫
R3

p
γ−1 −

1
2
〈Γ∗ρ ,ρ〉, ρ ≥ 0,

∫
R3
ρ =M,

has the scaling homogeneity in this case of γ = 4/3. More precisely, it holds that

F (ρμ) = μF (ρ), ρμ ≥ 0,
∫
R3
ρμ =

∫
R3
ρ

for ρμ(x) = μ3ρ(μx) with μ > 0, and this property leads to the quantized blowup mech-
anism at the equilibrium level.331,332,340 See308 and §2.4.3 for the connection to the two-
dimensional mass quantization. There is another non-equilibrium associated with this free
energy. It is formulated by the degenerate parabolic equation derived from the kinetic the-
ory, see §2.2.6.
Next, radially symmetric solution to (2.3) is described by

ρ = ρ(r,t), v= ωw(r,t), r = |x| , ω =
x
r
,

and then it holds that

ρt +wρr+ρwr+
2
r
ρw= 0

ρ(wt +ωw)+ pr+
ρ
r2

∫ r

0
ρ(s,t)s2ds= 0

p= Aργ , γ = 4/3 in R3× (0,T).

Using this formulation, we can detect the self-similar solution in the form of

ρ(r,t) = αy(r/a(t))3/a(t)3

v=
ȧ(t)
a(t)

x,

where

d2a
dt2

= − β
a2

, a= a(t) > 0

d2y
dx2

+
2
r
dy
dx

+ y3 = μ

y|x=0 = 1,
dy
dx

∣∣∣∣
x=0

= 0 (2.50)
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for α = A3/2
8 , β > 0, and μ = 3β

8A3/2 , see.
292 The first equation of (2.50) is provided with the

invariant

E =
ȧ2

2
− β
a

,

and if a(0) = a0 > 0, ȧ(0) = a1, and a1 <
√
2λ/a0, then this a = a(t) has the extinction

time T > 0, that is a(T −0) = 0. We can show, on the other hand, that the solution y= y(x)
to (2.50) has a compact support if |μ | � 1 (194), and, therefore, ρ = ρ(r,t) develops the
delta function singularity in finite time in this case. We note that this self-similar solution
is not a stationary solution to the backward self-similar transformaion, and, therefore, its
blowup rate is of type (II).

Quantized Blowup Mechanism

The ε-regularity of (2.3) with γ = 4/3 also holds,78 and if the total mass is sufficiently
small then it holds that

‖(√ρv)(·,t)‖2+‖ρ(·,t)‖γ ≤C, 0≤ t < T. (2.51)

In fact, Sobolev’s inequality guarantees

‖∇v‖22 ≥ S0 ‖v‖26
for v ∈ Ḣ1(R3) ↪→ L6(R3) with S0 > 0, which implies

1
2
|〈Γ∗ρ ,ρ〉| ≤ 1

2S0
‖ρ‖26/5 ≤

1
2S0

‖ρ‖2/31 ‖ρ‖4/34/3

by the duality L6/5(R3) ↪→ Ḣ1(R3)∗ and the interpolation

‖ρ‖6/5 ≤ ‖ρ‖1−θ1 ‖ρ‖θγ ,
1−θ
1

+
θ
γ

=
5
6
,

that is θ = 2
3 . Using total energy, now we obtain∫

R3

ρ
2
|v|2+

Aργ

γ−1 dx≤ E+
M1/3

2S0
‖ρ‖γγ ,

and hence (2.51) in the case of

M <

(
2AS0
γ−1

)3
=M∗.

If (2.51) holds, then it follows that∣∣∣∣ d2dt2
∫
R3
ρϕ

∣∣∣∣≤Cϕ , 0≤ t < T

from (2.10) for ϕ ∈C∞0 (R3) because∣∣(ψ(x)−ψ(x′) ·∇Γ(x− x′)
∣∣≤CψΓ(x− x′)
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holds for ψ ∈ C∞0 (R3)3. This inequality guarantees the existence of a Radon measure
denoted by μ(dx,T ) such that μ(R3,T ) ≤M and

ρ(x,t)dx⇀ μ(dx,T ).

inM (R3) as t ↑ T < +∞.
Localizing the above profile, first, we modify the proof of (2.4) and deduce

d
dt

{∫
R3

ρ
2
|v|2+ p

γ−1ϕ dx

− 1
8π

∫∫
R3×R3

ϕ(x)+ϕ(x′)
|x− x′| ρ(x,t)ρ(x′,t)dxdx′

}

=

∫
R3

(
ρ |v|2+ Aγ

γ−1 p+ρΦ
)

(v ·∇)ϕ (2.52)

for ϕ ∈C∞0 (R3). In fact, it holds that∫
R3

[(ρv)t +∇ · (ρv⊗ v)] · vϕ =
1
2
d
dt

∫
R3

|v|2ρϕ−
∫
R3
ρ |v|2 (v ·∇)ϕ∫

R3
∇p · vϕ =

d
dt

∫
R3

p
γ−1ϕ−

Aγ
γ−1

∫
R3
ργv ·∇ϕ∫

R3
ρ∇Φ · vϕ = −

∫
R3
Φϕρt −

∫
R3
Φρv ·∇ϕ

= − 1
8π

∫∫
R3×R3

ϕ(x)+ϕ(x′)
|x− x′| ρ(x,t)ρ(x′,t)dxdx′ −

∫
R3
Φρ(v ·∇)ϕ

similarly.
Then, we obtain

1
8π

∫∫
R3×R3

ϕ(x)+ϕ(x′)
|x− x′| ρ(x,t)ρ(x′,t)dxdx′ = 〈Γ∗ϕρ ,ρ〉

= 〈Γϕρ ,ϕρ〉+ 1
4π

∫∫
R3×R3

ϕ(x)(1−ϕ(x′))
|x− x′| ρ(x,t)ρ(x′,t)dxdx′

and

0≤ ϕ(x)(1−ϕ(x′))
|x− x′|

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

= 0, |x′| ≤ R/2 or |x| ≥ R
≤ 4/R, |x′| > R/2, |x| < R/4
≤ 1

|x−x′ | , R/2≤ |x′| < 2R, R/4≤ |x| < R
≤ 1/R, |x′| ≥ 2R, R/4≤ |x| < R,

which results in

0≤ 〈Γ∗ϕρ ,ρ〉

≤ 1
S0

‖ϕρ‖26/5+
M2

πR
+
1
4π

∫∫
AR(x0)×AR(x0)

ρ(x,t)ρ(x′,t)
|x− x′| dxdx′

≤ 1
S0

‖ϕρ‖2/31 ‖ϕρ‖4/34/3+
M2

πR
+
1
4π

∫∫
AR(x0)×AR(x0)

ρ(x,t)ρ(x′,t)
|x− x′| dxdx′
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for AR(x0) = B(x0,2R)\B(x0,R/4).
Now we take

0≤ ϕ = ϕx0,R(x) ≤ 1,
supported on B(x0,R), equal to 1 on B(x0,R/2), and satisfying

|∇ϕ | ≤Cϕ1/2

as in §1.1. If

ρ ∈C∗
(
[0,T ),L4/3loc (R3)

)
limsup
t↑T

‖v(·,t)‖L∞(AR(x0)) < +∞, (2.53)

then it holds that

limsup
t↑T

‖ρ(·,t)‖L4/3(ÃR(x0)) < +∞ (2.54)

by the first equation of (2.46), where ÃR(x0)=B(x0,R)\B(x0,R/2). Under the assumptions
of (2.53) and

limsup
t↑T

∫∫
AR(x0)×AR(x0)

ρ(x,t)ρ(x′,t)
|x− x′| dxdx′ < +∞, (2.55)

thus we obtain

〈Γ∗ϕρ ,ρ〉 ≤C
{
1+

∥∥ϕ2ρ∥∥2/31 ∥∥ϕ2ρ∥∥4/34/3} . (2.56)

It holds also that∫
R3

(
ρ
2
|v|2+

p
γ−1

)
ϕ− 1

8π

∫∫
R3×R3

ϕ(x)+ϕ(x′)
|x− x′| ρ(x,t)ρ(x′,t)dxdx′

≥ 1
2

∥∥∥ϕ1/2√ρv∥∥∥2
2
+

A
γ−1

∥∥∥ϕ3/4ρ∥∥∥4/3
4/3

− 1
S0

‖ϕρ‖2/31
∥∥∥ϕ3/4ρ∥∥∥4/3

4/3
−C

and ∣∣∣∣
∫
R3

(
ρ |v|2+

Aγ
γ−1 p+ρΦ

)
(v ·∇)ϕ

∣∣∣∣ ≤ C{1+
〈
Γ∗ϕ1/2ρ ,ρ

〉}

≤
{
1+‖ϕρ‖2/31

∥∥∥ϕ3/4ρ∥∥∥4/3
4/3

}

by (2.56). From these relations, it follows that∥∥∥ϕ1/2√ρv∥∥∥2
2
+
(
ε2/30 −‖ϕρ‖2/31

)∥∥∥ϕ3/4ρ∥∥∥4/3
4/3

≤C (2.57)

withC > 0 and 0< ε0� 1 independent of t ∈ [0,T ).
Similarly, we obtain ∣∣∣∣ d2dt2

∫
R3
ρϕ

∣∣∣∣≤C
(
1+‖ϕρ‖1+

∥∥∥ϕ3/4ρ∥∥∥4/3
4/3

)
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by (2.10) under the same assumptions, and, therefore,(
ε2/30 −‖ϕρ‖2/31

)
+

∣∣∣∣ d2dt2 ‖ϕρ‖1
∣∣∣∣≤C (1+‖ϕρ‖1) .

Thus, there is δ > 0 such that

‖(ϕρ)(·,t0)‖1 < ε0/4
t0 ∈ [T − δ ,T )

⇒ sup
t∈[t0 ,T )

‖(ϕρ)(·,t)‖1 < ε0/2,

which results in

liminf
t↑T

‖(ϕρ)(·,t)‖1 < ε0/4 ⇒ limsup
t↑T

‖(ϕρ)(·,t)‖1 < ε0/2

and

limsup
t↑T

{∥∥∥ϕ1/2(√ρv)(·,t)∥∥∥2
2
+
∥∥∥ϕ3/4ρ(·,t)

∥∥∥4/3
4/3

}
< +∞.

In other words,

S =
⋂
R>0

{
x0 ∈R3 | limsup

t↑T
ER(x0,t) = +∞, limsup

t↑T
HR(x0,t) < +∞

}

is finite, and

liminf
t↑T

‖ρ(·,t)‖L1(B(x0,r)) ≥ ε0/4

holds for any x0 ∈ S and 0< r� 1, where

ER(x0,t) = ‖(√ρv)(·,t)‖L2(B(x0,R)) +‖p(·,t)‖L1(B(x0,R))

HR(x0,t) = ‖v(·,t)‖L∞(AR(x0)) +
∫∫
AR(x0)×AR(x0)

ρ(x,t)ρ(x′,t)
|x− x′| dxdx′.

In spite of several restrictions to S , this result may be a first step to clarify the non-
stationary quantized blowup mechanism in higher-dimensions.

Murakami-Nishihara-Hanawa System

System (2.3) with the heat radiation taken into account arises as a hydrodynamical approx-
imation in the theory of star formation. It is described by

ρt +∇ · (ρv) = 0
ρ (vt +(v ·∇)v)+∇p+ρ∇Φ= 0
ρ(εt +(v ·∇)ε)+ p∇ · v= ∇ · (ν∇T )

ΔΦ= ρ , ν = ν0Tn/ρm, p = Aργ

(z+1)kB
μ

T =
p
ρ

= (γ−1)ε in R3× (0,T ), (2.58)
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where n, m, ν0 are physical constants and ε , T , kB, μ , γ , and Z are the specific internal
energy, the temperature, the Boltzmann constant, the mean atomic mas, the specific heat
ratio, and the ionization state, respectively. Similar to (2.3), there is a type (II) self-similar
blowup, see.208 To take the first mathematical approach, we assume the case of ν0 = 0.
Then, system (2.58) is reduced to

ρt +∇ · (ρv) = 0
et +∇ · (ev) = 0
(ρv)t +∇ · (ρv⊗ v)+∇p+ρ∇Φ= 0
ΔΦ= ρ , p= (γ−1)eγ−1ρ in R3× (0,T ), (2.59)

using ε = eγ−1, and, therefore,
dM
dt

=
dE
dt

=
dH
dt

= 0

holds for

M =

∫
R3
ρ

E =

∫
R3
e

H =
∫
R3

ρ
2
|v|2+ p

γ−1 dx−
1
2
〈Γ∗ρ ,ρ〉.

We define the variational equilibrium by the critical state of the variational functional

H(ρ ,e) =

∫
R3
ρeγ−1− 1

2
〈Γ∗ρ ,ρ〉

constrained by

e≥ 0,
∫
R3
e= E

ρ ≥ 0,
∫
R3
ρ =M.

First, He = 0 with
∫
R3 e= E implies

ρeγ−2 = constant in R3∫
R3
e= E

and hence

e=
Eρ

1
2−γ∫

R3 ρ
2
2−γ

.

Next, Hρ = 0 with
∫
R3 ρ =M implies

Γ∗ρ = eγ−1+ constant in R3∫
R3
ρ =M.
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Thus, it holds that

Γ∗ρ =
Eγ−1ρ

γ−1
2−γ(∫

R3 ρ
1
2−γ

)γ−1 + constant in R3 (2.60)

ρ ≥ 0,
∫
R3
ρ =M. (2.61)

To define the equilibrium on the bounded domain, we replace Γ∗ by (−ΔD)−1. Problem

(2.61) has a similar form to (2.12) except for the non-local term, and we obtain ρ = v
2−γ
γ−1
+

similarly. It follows that

−Δv= E−γ+1
(∫

Ω
v

1
γ−1
+

)γ−1
v
2−γ
γ−1
+ in Ω, v= constant on ∂Ω

∫
Ω
v
2−γ
γ−1
+ =M (2.62)

Putting γ = 1+ 1
q and v= cwwith a constant c> 0, we see that (2.62) has the dimensionless

form comparable to (2.26),

−Δw= wq−1+ in Ω, w= constant on ∂Ω∫
Ω
wq+ = λ (2.63)

unless q= 2, that is γ = 3/2, where λ =M
q−1
q−2E−q+2. Then, the variational functionals are

defined by

J(w) =
1
2
‖∇w‖22+

1
q

∫
Ω
wq+ +λwΓ, w ∈ H1c (Ω)

J∗(u) =
1
γ ′
∫
Ω
uγ

′ − 1
2
〈
(−ΔD)−1u,u

〉
, u≥ 0,

∫
Ω
u= λ ,

where γ ′ = 1+ 1
q−1 . Then, we can detect the critical exponent for mass quantization to

(2.63), q= 2n
n−2 , see.

306 A close result is known for

−Δv= |v| 4
n−2 v in Ω, v= 0 on ∂Ω∫

Ω
|v| 2nn−2 = λ

by.294

2.1.6. Summary

We have observed semi-duality and the quantized blowup mechanism in the fundamental
equations of fluid dynamics.

(1) There is a duality between self-gravitating fluid and plasma confinement.
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(2) The Nehari principle is involed by Temam’s variational formulation of the plasma con-
finement, while there is a semi-correspondence of Morse indices between Berestycki-
Brezis’ formulation. Then, several stabilities of the linearized stable equilibrium of the
Euler-Poisson equation are obtained by this semi-duality.

(3) A quantized blowup mechanism is observed in the non-stationary Euler-Poisson equa-
tion of the excellent radial pressure case. There are, however, several other possibilities
of the blowup mechanism due to the lack of well-posedness of the problem or that of
blowup criteria.

2.2. Particle Kinetics

The equilibrium statistical mechanics provides the derivation of the mean field limit of
many self-interacting particles in the equilibrium state. In this section, first, we describe the
theory of statistical mechanics in accordancewith the vortex system and then the method of
Kramers-Moyal and the kinetic theory. The Smoluchowski-Poisson equation (1.8) is then
formulated again with its relatives in higher-dimension.

2.2.1. Vortex

If the vector field

v=

⎛
⎝ v1(x)v2(x)
v3(x)

⎞
⎠ ∈ R3, x= (x1,x2,x3) ∈R3

denotes the velocity of the fluid, its rotation,

∇× v=

⎛
⎜⎜⎝
∂v3
∂x2

− ∂v2
∂x3

∂v1
∂x3

− ∂v3
∂x1

∂v2
∂x1

− ∂v1
∂x2

⎞
⎟⎟⎠ ,

stands for the rigid-like movement of this fluid, and is called the vorticity.
To understand this formula, let O ⊂ R3 be a rigid body moving with a fixed point, denoted
by the origin. We take an ortho-normal basis moving with O , and let {i(t), j(t),k(t)} be its
position at the time t. Since O is rigid, it holds that

i(t) · j(t) = j(t) · k(t) = k(t) · i(t) = 0
i(t) · i(t) = j(t) · j(t) = k(t) · k(t) = 1

and, therefore,

i′ · j+ i · j′ = j′ · k+ j · k′ = k′ · i+ k · i′ = 0
i′ · i= j′ · j = k′ · k= 0. (2.64)
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Describing {i′(t), j′(t),k′(t)} by {i(t), j(t),k(t)},
i′ = c11i+ c12 j+ c13k
j′ = c21i+ c22 j+ c23k
k′ = c31i+ c32 j+ c33k, (2.65)

we obtain

c23+ c32 = c31+ c13 = c12+ c21 = 0
c11 = c22 = c33 = 0

by (2.64). Thus (2.65) is reduced to

i′ = c3 j −c2k
j′ = −c3i +c1k
k′ = c2i −c1 j

(2.66)

using c1 = c23 = −c32, c2 = c31 = −c13, c3 = c12 = −c21, and the vector

ω =

⎛
⎝ c1c2
c3

⎞
⎠

is called the angular velocity.
If x(t) denotes the position vector at the time t moving with O , then it follows that

x(t) = x1(0)i(t)+ x2(0) j(t)+ x3(0)k(t),

where

x(0) =

⎛
⎝ x1(0)x2(0)
x3(0)

⎞
⎠ .

This formula implies

x′(0) = x1(0)i′(0)+ x2(0) j′(0)+ x3(0)k′(0)

=

⎛
⎝ c2(0)x3(0)− c3(0)x2(0)c3(0)x1(0)− c1(0)x3(0)
c1(0)x2(0)− c2(0)x1(0)

⎞
⎠= ω× x|t=0 ,

and, therefore,

v=
dx
dt

= ω× x (2.67)

at t = 0.
Relation (2.67) is valid to each t, and, therefore, this rigid body is infinitesimally rotat-
ing along ω with the speed |ω | in the direction where ω , x, and v form a right-handed
coordinate system. It implies also

∇× v= 2ω ,
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and thus, the rotation ∇× v of the velocity v is twice of the angular momentum if the fluid
moves like a rigid body. This relation is what we have described at the begining of this
paragraph.

Euler Equation

The velocity v= v(x,t) of non-viscous incompressible fluid is subject to the Euler equation
of motion and the equation of continuity described by (2.1) and (2.2), respectively, where
ρ is a constant. This equation comprises of

vt +(v ·∇)v= −∇p
∇ · v= 0 in R3× (0,T ) (2.68)

when the outer force F is zero, where p denotes the pressure. If the vorticity of v is denoted
by ω = ∇× v, then (2.74) implies

ωt +(v ·∇)ω = (ω ·∇)v
∇ · v= 0 in R3× (0,T ). (2.69)

Here, we consider the two-dimensional case, described by

v3 = 0, v1 = v1(x1,x2,t), v2 = v2(x1,x2,t).

Then it holds that

ω = ∇× v=

⎛
⎜⎝

0
0

∂v2
∂x1

− ∂v1
∂x2

⎞
⎟⎠ ,

and, therefore, using the two-dimensional scalar field ∂v2
∂x1

− ∂v1
∂x2
, still denoted by ω , we

obtain

ωt +(v ·∇)ω = 0, ∇ · v= 0 in R2× (0,T ),

or, equivalently,

ωt +∇ · (vω) = 0, ∇ · v= 0 in R2× (0,T ). (2.70)

Regarding

∇ · v=
∂v1

∂x1
+
∂v2

∂x2
= 0,

we define the scalar field ψ = ψ(x1,x2), called the stream function, by

v1 =
∂ψ
∂x2

, v2 = − ∂ψ
∂x1

.

This relation means v= ∇⊥ψ for

∇⊥ =

(
∂
∂x2

− ∂
∂x1

)
,
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and then it holds that

ω =
∂v2

∂x1
− ∂v

1

∂x2
= −Δψ . (2.71)

Thus (2.70) is reduced to

ωt +∇ · (ω∇⊥ψ) = 0, −Δψ = ω in R2× (0,T). (2.72)

If Ω ⊂ Rn, n = 2,3, is a bounded domain with smooth boundary ∂Ω, the Euler equation
(2.68) is taken place of

vt +(v ·∇)v= −∇p
∇ · v= 0 in Ω× (0,T)

ν · v= 0 on ∂Ω× (0,T). (2.73)

In the case thatΩ⊂R2 is simply-connected, we can define the stream functionψ =ψ(x,t)
by

v= ∇⊥ψ

using the solenoidal condition ∇ · v= 0. Then the boundary condition ν · v= 0 of (2.73) is
recovered by

ψ = constant on ∂Ω× (0,T).

Thus (2.73) is reduced to

ωt +∇ · (ω∇⊥ψ) = 0

ψ(·,t) =
∫
Ω
G(·,x′)ω(x′,t)dx′ in Ω× (0,T) (2.74)

similarly to (2.70), where G= G(x,x′) denotes the Green’s function for −ΔD.

Vortex Equation

The problem (2.74) has a similar structure to the simplified system of chemotaxis, that is
(1.125) and takes the weak form

d
dt

∫
Ω
ϕω =

1
2

∫∫
Ω×Ω

ρϕ ·ω⊗ω (2.75)

for ϕ ∈C1(Ω) with ϕ |∂Ω = 0, where

ω⊗ω = (ω⊗ω)(x,x′,t) = ω(x,t)ω(x′,t)
ρϕ = ρϕ(x,x′) = ∇⊥

x G(x,x′) ·∇ϕ(x)+∇⊥
x′G(x.x′) ·∇ϕ(x′).

Using

Γ(x) =
1
2π
log

1
|x| ,
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we obtain

G(x,x′) = Γ(x− x′)+K(x,x′)
K ∈C2,θ (Ω×Ω∪Ω×Ω),

and, therefore,∫∫
Ω×Ω

ρϕω⊗ω =

∫∫
Ω×Ω

∇⊥Γ(x− x′) · [∇ϕ(x)−∇ϕ(x′)
]
ω⊗ω

+
∫∫
Ω×Ω

[
∇⊥
x K(x,x′) ·∇ϕ(x)+∇⊥

x′K(x,x′) ·∇ϕ(x′)
]
ω⊗ω

= lim
ε↓0

∫∫
Ω×Ω\{|x−x′|<ε}

∇⊥Γ(x− x′) · [∇ϕ(x)−∇ϕ(x′)
]
ω⊗ω

+
∫∫
Ω×Ω

[
∇⊥
x K(x,x′) ·∇ϕ(x)+∇⊥

x′K(x,x′) ·∇ϕ(x′)
]
ω⊗ω , (2.76)

provided that ω(·,t) ∈ L1(Ω) and supp ϕ ⊂Ω, see.76,192,272,304
Now, we apply (2.75)-(2.76) to

ω(dx,t) =
N

∑
i=1
αiδxi(t)(dx)

with αi ∈ R and xi(t) ∈Ω (i= 1, . . . ,N), and obtain the vortex equation
dxi
dt

=
1
2
αi∇⊥R(xi)+

N

∑
j=1, j �=i

αiα j∇⊥
x G(xi,x j) (2.77)

for i= 1, . . . ,N, where R(x) =K(x,x). This equation is formulated by the Hamilton system

αi
dxi1
dt

=
∂H
∂xi2

αi
dxi2
dt

= − ∂H
∂xi1

, (2.78)

where xi = (xi1,xi2) and

H = H(x1, . . . ,xN) =
1
2∑i

α2i R(xi)+∑
i< j
αiα jG(xi,x j)

=
1
2

N

∑
i=1

N

∑
j=1, j �=i

αiα jG(xi,x j)+
1
2

N

∑
i=1
α2i R(xi). (2.79)

2.2.2. Boltzmann Relation

If the Hamiltonian is given, then we can define the probability densities describing macro-
scopic state of large number of particles. This formulation is based on the principle of
equal a priori probabilities, and in this paragraph we derive Boltzmann’s relation by this
principle.
First, Boyle-Charles’ law holds in the ideal gas, and hence it follows that

pV = RT,
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where p, V , T , and R are the pressure, the volume, the temperature, and the gas constant,
respectively. We have also

U = cvT,

where cv is the specific heat andU is the inner energy. If the process is reversible, it holds
that

dS =
d′Q
T

=
dU+ pdV

T
= cv

dT
T

+R
dV
V

.

We obtain, therefore,

S(T,V) = cv logT +R logV,

up to the additive constant. This formula implies

ΔS = R log
V2
V1

> 0

under the dilation of the gas with ΔT = 0, where

ΔV =V2−V1 > 0.

Let us consider the boxrooms of which volumes are equally v0. Then, their numbers are
M1 = V1/v0 and M2 = V2/v0 before and after the dilation, respectively. The numbers of
divisions of moleculars into these boxrooms are

W1 =
MN1
N!

=
1
N!

(
V1
v0

)N

W2 =
MN2
N!

=
1
N!

(
V2
v0

)N
,

where N = NA is the Avogadro constant. Thus we obtain

ΔS=
R
N
log
W1
W2

,

which results in

S= k logW, (2.80)

where k = R/NA is the Boltzmann constant. This W is called the thermal weight factor.
It thus indicates the number of microscopic states admitted by the prescribed macroscopic
state.
This macroscopic state is divided, furthermore, into many mezoscopic states, labeled by
i= 1,2, · · · , and then we obtain

W =∏
i

gnii
ni!

,

where gi and ni denote the numbers of microscopic states and of particles, respectively,
taking the mezoscopic state i. Here, each microscopic state takes fi = ni/gi particles from
the principle of equal a priori probabilities. Using Stirling’s formula

logn!∼ n(logn−1), n→ ∞,
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we obtain

S = k∑
i
(ni loggi− logni!)

∼ k∑
i

(ni loggi−ni(logni−1))

= k∑
i

( figi loggi− figi(log fi+ loggi−1))

= −k∑
i
gi fi(log fi−1).

If f = f (x, p) indicates the mean density of particles with the phase variable (x, p), then
we replace gi by ΔxiΔpi/h using microcanonical statistics and uncertainty principle, where
h denotes the Planck constant. This formulation implies

S= − k
h3N

∫∫
f (log f −1)dxdp

for dxdp= dp1dx1 . . .dpNdxN .

2.2.3. Ensemble

Ensemble is a fundamental concept of statistical mechanics, indicating the equivalent class
of the microscopic states that have the same macroscopic profile. Then, the mission of
the equilibrium statistical mechanics is to define their probability measure in the equilib-
rium using the principle of equal a priori probabilities. There are micro-canonical, canon-
ical, and grand-canonical ensembles, associated with the materially and kinetically closed,
materially closed, and open systems, respectively. The micro-canonicial ensemble is pre-
scribed by N, V , and E , the canoical ensemble is prescribed by N, V , and T , and the
grand-canonical ensemble is prescribed by V , T , μ , respectively, where N, V , E , T , and μ
stand for the number of particles, the volume, the energy, the temperature, and the chemical
potential, respectively.

Micro-Canonical Statistical Mechanics

First, micro-canonical statistical mechanics is concernedwith the kinetically and materially
closed system. Such a system is described by the Hamilton system

dqi
dt

=
∂H
∂ pi

dpi
dt

= −∂H
∂qi

, 1≤ i≤ N, (2.81)

where (q1, . . . ,qN) ∈ R3N and (p1, . . . , pN) ∈ R3N denote the general position and the gen-
eral momentum of self-interacting particles, respectively, and

H = H(q1, . . . ,qN , p1, . . . , pN)

is the Hamiltonian (§2.3.1).
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We obtain
d
dt
H(q(t), p(t)) = 0,

and, therefore, the total energy H is a constant, denoted by E , while each point in the
phase space (p1, . . . , pN ,q1, . . . ,qN)∈ Γ=R6N is regarded as a microscopic state. Thus the
micro-canninical ensemble is the equivalent class of Γ with the equivalent relation defined
by this total energy. Here, the co-area formula guarantees

dx= dE · dΣ(E)

|∇H| ,

where dx= dq1 . . .dqNdp1 . . .dpN , and dΣ(E) is the surface element on

{x ∈ Γ | H(x) = E} ,

and, therefore, the probability measure of the micro-canonical ensemble is defined by

μE,N(dx) =
1

Ω(E)
· dΣ(E)

|∇H|
Ω(E) =

∫
{H=E}

dΣ(E)

|∇H| (2.82)

for each E ∈R, from the principle of equal a priori probabilities.
Thus

〈 f 〉 = 〈 f 〉E,N =

∫
{H=E}

f (x)μE,N(dx)

indicates the phase mean of the physical quantity f over {H = E}. From the ergodic
hypothesis, this value 〈 f 〉 is assumed to be equal to the time mean along the orbit,

f (x) = lim
T→∞

1
T

∫ T

0
f (Ttx)dt,

for dΣ(E)-a.e. in x ∈ {H = E}, where {Tt} denotes the semi-group associated with (2.81).
This value f (x) is regarded as an observable macroscopic datum, and the ergodic hypothe-
sis asserts the practical efficiency of the equilibrium statistical mechanics.

Canonical Statistical Mechanics

Canonical statistical mechanics is concerned with the materially closed system with pre-
scribed temperature. To assign the probabilities of such ensembles, first, we take a kineti-
cally and materially closed system of n-particles provided with the HamiltonianH. We use
the coordinate

(x1, . . . ,x2n) ∈ Γ= R6n

instead of (p1, . . . , pn,q1, . . .qn) for simplicity, and decompose this phase space into Γ =

Γ1⊕Γ2 by (x1, . . . ,x2N) ∈R6N and (x2N+1, . . . ,x2n) ∈R6n−6N . Prescribing the total energy
by H = E , we obtain the sets of microscopic states constrained by H = E in Γ1 and Γ2,
denoted by G1 and G2, respectively.
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Let μ1(E1) be the probability of the microscopic states of G1 of which energies are E1.
Then, from the principle of equal a priori probabilities it follows that

μ1(E1) =
Ω1(E1)Ω2(E−E1)

Ω(E)
, (2.83)

where Ω(E), Ω1(E1), and Ω2(E2) denote the numbers of the microscopic states of Γ, Γ1,
and Γ2 with the total energies E , E1, and E2, respectively.
We assume N� n, and regard G1 and G2 as a materially closed equilibrium system and a
heat bath, respectively, where the temperature T is prescribed. In this case, E1 = E∗

1 attains
the maximum of μ1(E1), and it holds that

0=
∂Ω1(E1)
∂E1

· Ω2(E−E1)
Ω(E)

+
Ω1(E1)
Ω(E)

· ∂Ω2(E−E1)
∂E1

by (2.83), and hence
∂
∂E1

logΩ1(E1) =
∂
∂E2

logΩ2(E2),

where E2 = E−E1. Here, we confirm that E1 = E∗
1 is prescribed and that the temperatures

of G1 and G2 are equal because they are in the equilibrium. Thus
∂
∂E2

logΩ2(E2)

is a constant determined by T .
Regarding (2.80) and (1.234), now we infer

S2 = k logΩ2(
∂S2
∂E

)
V

=
1
T

,

and conclude
∂
∂E2

logΩ2(E2) = β

Ω2(E2) = constant× eβE2,
where β = 1/(kT ) is called the inverse temperature. Still E1 = E∗

1 is prescribed, and this
guarantees that μ1(E1) is proportional to e−βE1 by (2.83). Writing μβ ,N(dx), H, and Γ for
μ1(E1), E1, and Γ1, respectively, thus we obtain the probability measure of the canonical
ensemble, called the Gibbs mesure,

μβ ,N(dx) =
e−βHdx
Z(β ,N)

Z(β ,N) =

∫
Γ
e−βHdx. (2.84)

If we define the entropy, the inner energy, and the free energy of the macrostate by

S= −k
∫
Γ
μ(logμ−1)dx

E =

∫
Γ
Hμ(dx),
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and F = −TS+E , respectively, then the above particle density μ = μβ ,N(dx) is the min-
imizer of F = F(μ) defined for the probability measure μ = μ(dx) on Γ. In fact, Euler-
Lagrange equation for this variational problem is described by

logμ+βH = constant,

and then the minimizer μ = μβ ,N(dx) is defined by (2.84), using μ(Γ) = 1.
We note that in the case of model (B) equation derived from Helmholtz’ free energy, the
Hamiltonian describing inner energy is associated with the particle density through the
self-interaction potential, and then (2.84) induces an elliptic eigenvalue problem involving
exponential nonlinearity and non-local term, see §1.1.4.

Grand-Canonical Statistical Mechanics

Grand-canonical statistical mechanics is concerned with the open system with prescribed
temperature and pressure. To assign the probabilities of such ensembles, we follow
the argument of canoncial statistical mechanics. Thus we take a kinetically and ma-
terially closed system of n-particles provided with the Hamiltonian H, use the coordi-
nate (x1, . . . ,x2n) ∈ Γ = R6n to indicate these particles, decompose the phase space into
Γ = Γ1⊕Γ2 by (x1, . . . ,x2N) ∈ R6N and (x2N+1, . . . ,x2n) ∈ R6n−6N, prescribe the total en-
ergy by H = E , and obtain the microscopic states in Γ1 and Γ2, denoted by G1 and G2,
respectively.
Then, we take the probability μ1(E1,n1) of the microscopic states of G1 of which energies
and particle numbers are E1 and n1, respectively. From the principle of equal a priori
probabilities, now it follows that

μ1(E1,n1) =
Ω1(E1,n1)Ω2(E−E1,n−n1)

Ω(E,n)
, (2.85)

whereΩ(E,n), Ω1(E1,n1), andΩ2(E2,n2) denote the total quantities of microscopic states
of Γ, Γ1, and Γ2 with the total energies E , E1, and E2, and the particle numbers n, n1, and
n2, respectively.
We assume N � n, and regard G1 and G2 as an open equilibrium system and a particle
bath, respectively, where the temperature T and the pressure p are prescribed. In this case,
(E1,n1) = (E∗

1 ,n
∗
1) attains the maximum of μ1(E1,n1), and, therefore, (2.85) implies

∂
∂E1
Ω1(E1,n1)
Ω1(E1,n1)

=

∂
∂E2
Ω2(E2,n2)
Ω2(E2,n2)

∂
∂n1
Ω1(E1,n1)
Ω1(E1,n1)

=

∂
∂n2
Ω2(E2,n2)
Ω2(E2,n2)

, (2.86)

where E2 = E−E1 and n2 = n−n1.
The first relation of (2.86) implies

∂
∂E2

logΩ2(E2,n2) = β
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similarly. The chemical potential, on the other hand, is defined by

μ =

(
∂G
∂n

)
T,p

= −T
(
∂S
∂n

)
E,V

from G=H−TS and H = E+ pV , and, therefore, it holds that

∂
∂n2

logΩ2(E2,n2) = −ζ

for ζ = βμ by the second relation of (2.86). This property implies

μ1(E1,n1) = constant× eζn1−βE1,
and, consequently, the probability measure of the grand-canonical ensemble is defined by

μβ ,ζ (n,dx) =
eζn−βHdx
Ξ(β ,ζ )

Ξ(β ,ζ ) =

∫
Γ
eζn−βHdΓ.

If there are a variety of particles, then it holds that

μβ ,ζ (nk,dx) =
eζnk−βHdx
Ξ(β ,ζ )

, k = 1,2, . . .

Ξ(β ,ζ ) =∑
k

∫
Γk
eζnk−βHdΓk,

where Γk = R6k and dΓk indicates the volume element.

2.2.4. Turbulence

One aspect of turbulence is illsustrated as a status of the fluid provided with a large number
of vortex points. Two-dimensional vortices macroscopically stable for a log time period
are observed often. This phenomenon is mentioned in the context of ordered structure, and
motivated by this observation, Onsager241 initiated the equilibrium statistical mechanics of
many vortex points. More precisely, two-dimensional vortex points of the perfect fluid are
described by the Hamilton system (2.78), whereby the above mentioned theory of equilib-
rium statistical mechanics is applied. Its physical validity, on the other hand, is examined
in connection with the ergodic hypothesis.84

In this case, the phase space Γ is replaced byΩn and the probability measure of the ensem-
ble is denoted by

μn = μn(dx1, . . . ,dxn),

where n� 1 is the number of vortex points and

Xn = (x1, . . . ,xn) ∈Ωn.



2.2. Particle Kinetics 181

We can define ρn1,i(xi) by

ρn1,i(xi)dxi =
∫
Ωn−1

μn(dx1 . . .dxi−1dxi+1dxn),

which is independent of i = 1, . . . ,n from the principle equal a priori probabilities. This
ρn1,i(xi) is denoted by ρ

n
1 (x), and is called the one-point reduced probability density func-

tion, or (reduced) “pdf” in short. Similarly, the k-point reduced probability density function
is defined by

ρnk (x1, . . . ,xk)dx1 . . .dxk =
∫
Ωn−k

μn(dxk+1, . . . ,dxn). (2.87)

The stationary n-vortex pointsω =ωn(x)with the intensities equal to the same value α > 0
is described by

ωn(x)dx=
n

∑
i=1
αδxi(dx)

and, therefore, its phase mean is defined by

〈ωn(x)〉 =
n

∑
i=1

∫
Ωn
αδ (xi− x)μn(dx1 . . .dxn)

= nαρn1 (x),

using the one-point pdf ρn1 = ρn1 (x).
In the high-energy limit, we assume n→∞with αn= 1, α2n2Ẽ = E , and α2nβ̃ = β , where
Ẽ and β̃ are the energy and the inverse temperature of the n-vortex system, respectively,
and E and β are constants. In this case, the mean field ρ = ρ(x) is defined by

lim
n→∞〈ωn(x)〉 = ρ(x) = lim

n→∞ρ
n
1 (x), (2.88)

which is expected to satisfy the mean field equation,

ρ =
e−βψ∫
Ω e−βψ

ψ =

∫
Ω
G(·,x′)ρ(x′)dx′ in Ω. (2.89)

Thus two-dimensional stationary turbulence is provided with the dual variation between
the ”particle density” ρ and the ”field” ψ .
If equation (2.89) admits a unique solution, conversely, then the limiting process (2.88)
is justified in the sense of measure.39 This property is actually the case of β > −8π .
Furthermore, there is propagation of chaos indicated by

ρnk ⇀ ρ⊗k

in the sense of measure, where ρnk (x1, . . . ,xk) is defined by (2.87) and

ρ⊗k(x1, . . . ,xk) =
k

∏
i=1
ρ(xi).
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In the general case, it holds that

ρnk ⇀
∫
ρ⊗kξ (dρ)

passing to a subsequence with a probability measure ξ (dρ), and if ρ is in the support of ξ ,
then it is a minimizer of a free energy functional.39,143

Actually, these results are obtained in the context of equilibrium statistical mechanics using
the Hamiltonian (2.79). Although the above β is called the inverse temperature, it is not
associated with the physical temperature, and there is a possibility of negative β . In fact,
using the micro-canonical probability mesure Ω(E) defined by (2.82), we obtain

β =
∂
∂E
logΩ(E)

by (2.80) and (1.234). We have, on the other hand,

Θ(E) ≡
∫
{H<E}

dx1 . . .dxn =

∫ E

−∞
Ω(E ′)dE ′

by the co-area formula and (2.82), and therefore,

β̃ =
Θ′′(E)

Θ′(E)
.

Since Θ(E) is a monotone increasing bounded function of E ∈ R, it has a point of inflec-
tion, and β̃ < 0 occurs for E � 1, see.241 The other argument uses canonical statistical
mechanics to confirm the case β < 0, see.84

Deterministic Intensity

The above described mean field equation is concerned with a uniform intensity, but vortices
with non-uniform intensities can also arise. These intensities may be either deterministic
or stochastic.
First, there are several physical and mathematical arguments to derive the stationary tur-
bulence mean field equation for deterministic intensities.39,40,159,170,258 Here, we apply
the method of159 concerning the signed vortices, and show the general form. In more de-
tail, we use the micro-canonical statistical mechanics, assuming n1n, . . . ,nIn-numbers of
vortices with the intensities α1α, . . . ,α Iα , respectively, where 0 < ni < 1, −1 ≤ α i ≤ 1
(i= 1, . . . , I), and ∑Ii=1 ni = 1.
First, we divideΩ into small cells {Δk} with the same volume Δ= |Δk| (k= 1,2, . . .). If Nik
denotes the number of vortices of the intensity α iα contained in Δk, then the weight factor
indicating the number of microscopic states is defined by

W =
I

∏
i=1
∏
k

ΔNik
Nik!

,
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and the equilibrium of
{{
N11 ,N12 , . . .

}
,
{
N21 ,N22 , . . .

}
, . . . ,

{
NI1,NI2, . . .

}}
is described by the

condition thatW attains the maximum under the constraint of

∑
k
N1k = n1n, . . . ,∑

k
NIk = nIn

H(x1, . . . ,xn) = Ẽ. (2.90)

Here, xk is the center of Δk, k= 1,2, . . ., and

H(x1, . . . ,xn) =
α2

2 ∑k ∑� �=k

(
I

∑
i=1
α iNik

)(
I

∑
i=1
α iNi�

)
G(xk,x�)

+
α2

2 ∑k

(
I

∑
i=1
α iNik

)2
R(xk)

denotes the Hamiltonian defined by (2.79) and

α∑
i
α iNik = αk.

Thus it holds that (2.90) and

∂
∂Nik

logW − c1 ∂
∂Nik
∑
k′
N1k′ − c2

∂
∂Nik
∑
k′
N2k′ − . . .− cI ∂

∂Nik
∑
k′
NIk′

−β̃ ∂
∂Nik

[
α2

2 ∑k′ ∑�′ �=k′

(
I

∑
i=1
α iNik′

)(
I

∑
i=1
α iNi�′

)
G(xk′ ,x�′)

+
α2

2 ∑k′

(
I

∑
i=1
α iNik′

)2
R(xk′)

⎤
⎦= 0 (2.91)

for k= 1,2, . . . and i= 1, . . . I, where c1, . . . ,cI and β̃ are the Lagrangian multiplier.
Since

logW = log
I

∏
i=1
∏
k

ΔNik
Nik!

=
I

∑
i=1
log

[
∏
k

ΔNik
Nik!

]

≈
I

∑
i=1
∑
k

[
Nik logΔ−Nik logNik+Nik

]

it holds that

∂
∂Nik

logW = logΔ− logNik,

and, therefore, the last term of the left-hand side of (2.91) is equal to
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β̃

[
α2

2 ∑
�′ �=k
α i
(

I

∑
i=1
α iNi�′

)
G(xk,x�′)

+
α2

2 ∑k′ �=k

(
I

∑
i=1
α iNik′

)
α iG(xk′ ,xk)+α2

(
I

∑
i=1
α iNik

)
α iR(xk)

]

= β̃α2α i
[
∑
� �=k

(
I

∑
i=1
α iNi�

)
G(xk,x�)+

(
I

∑
i=1
α iNik

)
R(xk)

]
.

Thus it holds that

logΔ− logNik− ci− β̃α2α i

·
[
∑
� �=k

(
I

∑
i=1
α iNi�

)
G(xk,x�)+

(
I

∑
i=1
α iNik

)
R(xk)

]
= 0, (2.92)

and, therefore, we obtain

logW =
I

∑
i=1
∑
k

(
Nik logΔ−Nik logNik+Nik

)

=
I

∑
i=1
∑
k
Nik

[
ci+ β̃α2α i

[
∑
� �=k

(
I

∑
i=1
α iNi�

)
G(xk,x�)

+

(
I

∑
i=1
α iNik

)
R(xk)

]]
+n

= n+
I

∑
i=1
∑
k
ciNik+ β̃α

2

[
I

∑
i=1
∑
k
α iNik

·
[
∑
� �=k

(
I

∑
i=1
α iNi�

)
G(xk,x�)+

(
I

∑
i=1
α iNik

)
R(xk)

]]

= n+
I

∑
i=1
∑
k
ciNik+ β̃α

2

[
∑
k
∑
� �=k

(
I

∑
i=1
α iNik

)(
I

∑
i=1
α iNi�

)

·G(xk,x�) +∑
k

(
I

∑
i=1
α iNik

)2
R(xk)

⎤
⎦

= n+
I

∑
i=1
cinin+2β̃Ẽ.

This formula implies

2β̃ =
∂
∂ Ẽ
logW =

1
k
∂S
∂ Ẽ

,

and, therefore, 2β̃ describes the inverse temperature of this system.
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Next, we obtain

Nik = Δe−c
i
exp

(
−β̃α2α i

[
∑
� �=k

(
I

∑
i=1
α iNi�

)
G(xk,x�)

+

(
I

∑
i=1
α iNik

)
R(xk)

])
(2.93)

by (2.92), and assume the high-energy limit,

∑
i
α i
Nik
n

≈ ρ(xk)Δ. (2.94)

More precisely, we deduce

nni =∑
k
Nik

= e−c
i∑
k
Δexp

(
−β̃α2α i

[
∑
� �=k

(
I

∑
i=1
α iNi�

)
G(xk,x�)+

(
I

∑
i=1
α iNik

)
R(xk)

])

≈ e−ci∑
k
Δ · exp

(
−β
2
α i
[
∑
� �=k
ρ(x�)G(xk,x�)+ρ(xk)R(xk)

]
Δ

)

from (2.93) and 2β̃α2 = β/n, and introduce the ”stream function”

ψ(x) =

∫
Ω
ρ(x′)G(x′,x)dx′ =

∫
Ω
G(x,x′)ρ(x′)dx′.

Using the principal value, then we obtain
[
∑
� �=k
ρ(x�)G(xk,x�)+ρ(xk)R(xk)

]
Δ ≈ ψ(xk),

and hence

nni ≈ e−ci∑
k
Δexp

(
−β
2
α iψ(xk)

)

≈ e−ci
∫
Ω
exp

(
−β
2
α iψ(x)

)
dx.

This relation implies

e−ci

n
=

ni∫
Ω exp

(
− β
2α iψ

)
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and hence it holds that

ρ(xk) ≈∑
i
α i
Nik
nΔ

=∑
i
α ini

e−ci

n
exp

(
−β̃α2α i

[
∑
� �=k

(
I

∑
i=1
α iNi�

)
G(xk,x�)

+

(
I

∑
i=1
α iNik

)
R(xk)

])

≈∑
i

α ini∫
Ω exp

(
− β
2α iψ

)

·exp
(
−β
2
α i
[
∑
� �=k
ρ(x�)G(xk,x�)+ρ(xk)R(xk)

]
Δ

)

≈∑
i
α ini

exp
(
− β
2α

iψ(xk)
)

∫
Ω exp

(
− β
2α iψ

)
by (2.94) and (2.93).
Thus using

P(dα) =
I

∑
i=1
niδα i(dα),

we obtain

ρ =
∫

[−1,1]
αe−

β
2 αψ∫

Ω e−
β
2 αψ

P(dα)

ψ =

∫
Ω
G(·,x′)ρ(x′)dx′. (2.95)

This formula implies

logρα +
β
2

(−ΔD)−1ρ = constant (2.96)

for

ρα =
e−

β
2 αψ∫

Ω e−
β
2 αψ

satisfying

ρα ≥ 0,
∫
Ω
ρα = 1

ρ =

∫
[−1,1]

αραP(dα). (2.97)
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Equation (2.96) has the variational function

I(⊕ρα) =

∫
[−1,1]

[∫
Ω
ρα(logρα −1)

]
P(dα)+

β
4
〈
(−ΔD)−1ρ ,ρ

〉
=

∫
[−1,1]

[∫
Ω
ρα(logρα −1)

]
P(dα)

+
β
4

∫∫
[−1,1]×[−1,1]

αα ′
(
(−ΔD)−1/2ρα ,(−ΔD)−1/2ρα ′

)
P⊗P(dαdα ′)

constrained by (2.97). Its boundedness is studied when P(dα) is discrete, see.62,284

We obtain, on the other hand,

−Δψ =

∫
[−1,1]

αe−
β
2 αψ∫

Ω e−
β
2 αψ

P(dα) in Ω, ψ = 0 on ∂Ω (2.98)

by (2.95), which has the variational function

J(ψ) =
1
2
‖∇ψ‖22+

2
β

∫
[−1,1]

log
(∫

Ω
e−

β
2 αψ

)
P(dα)+

2
β

defined for ψ ∈ H10 (Ω). For the duality of these variations to confirm, we define the La-
grangian

L(⊕ρα ,ψ) = − 2
β

∫
[−1,1]

[∫
Ω
ρα(logρα −1)

]
P(dα)+

1
2
‖∇ψ‖22−〈ψ ,ρ〉 . (2.99)

Then, it follows that

L|
ρα= e−

β
2 αψ

∫
Ω e

− β2 αψ

= J

L|ψ=(−ΔD)−1ρ = − 2
β
I.

Putting v= − β
2ψ and λ = − β

2 in (2.95), we obtain

−Δv= λ
∫

[−1,1]
αeαv∫
Ω eαv

P(dα) in Ω, v= 0 on ∂Ω (2.100)

with the variational functional

Jλ (v) =
1
2
‖∇v‖22−λ

∫
[−1,1]

log
(∫

Ω
eαv

)
P(dα) (2.101)

defined for v ∈ H10 (Ω). The Moser-Onofri-Hong inequality147,206,240 implies

log
(∫

Ω
eαv

)
≤ 1
16π

‖∇v‖22+K

for α ∈ [−1,1], v ∈H10 (Ω), where K is a constant determined by Ω. The inequality

inf
v∈H10 (Ω)

J8π(v) > −∞
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derived from the Moser-Onofri-Hong inequality is improved as follows and then we obtain
the existence of the solution to (2.95) for β > −2λ∗.

Theorem 2.4. For Jλ = Jλ (v) defined by (2.101), it holds that

inf
v∈H10 (Ω)

Jλ∗(v) > −∞ (2.102)

for

λ∗ =
8π∫

[−1,1]α2dP(α)
. (2.103)

Proof: From the Pohozaev-Trudinger-Moser inequaliy,206,257,325 it holds that∫
Ω
e4πw

2 ≤C for ‖∇w‖2 ≤ 1. (2.104)

Using this property with

αv≤ 4π (αv)2

‖∇(αv)‖22
+α2

‖∇v‖22
16π

for v ∈ H10 (Ω)\ {0}, we obtain
∫

[−1,1]
log

(∫
Ω
eαv

)
P(dα) ≤ ‖∇v‖22

16π

∫
[−1,1]

α2P(dα)+K

with a constant K determined by Ω which implies that

Jλ (v) ≥
(
1
2
− λ
16π

∫
[−1,1]

α2P(α)

)
‖∇v‖22−λK

and hence (2.102). �

In the neutral case defined by

P(dα) =
1
2
{δ−1(dα)+ δ1(dα)} , (2.105)

it follows that

Jλ (v) =
1
2
‖∇v‖22−

λ
2

[
log

(∫
Ω
ev
)

+ log
(∫

Ω
e−v

)]
.

We have λ∗ = 8π for λ∗ defined by (2.103), but actually it holds that

inf
v∈H10 (Ω)

J16π(v) > −∞,

see.236,285 The mean field equation (2.100) to (2.105), on the other hand, is formulated by

−Δv=
λ
2

(
ev∫
Ω ev

− e−v∫
Ω e−v

)
in Ω, v= 0 on ∂Ω. (2.106)
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This equation was derived by the above described method159 and also by the other method
of direct calculation258 using the micro-canonical ensemble. From the latter method, we
obtain (2.95) with β

2 replaced by β , see.
269 There will be a sharper form of inequality

(2.102) regarding the dual inequality, see.62,232,284,285

Stochastic Intensity

It is shown by the method of minimal free energy using the canonical ensemble221 that if
the intensities of the vortices are independent random variables α ∈ [−1,1] subject to the
the same distribution P(dα), then the mean field equation is defined by

ρ =

∫
[−1,1]αe−αβψP(dα)∫

[−1,1]
(∫
Ω e−αβψ

)
P(dα)

ψ = (−ΔD)−1ρ . (2.107)

Thus in the neutral case of (2.105), slightly different from (2.106), it holds that

−Δv= λ
(

ev− e−v∫
Ω ev+

∫
Ω e−v

)
in Ω, v= 0 on ∂Ω,

and the associated variational functional is

Jλ (v) =
1
2
‖∇v‖22−λ log

(∫
Ω
ev+

∫
Ω
e−v

)

defined for v ∈ H10 (Ω). This case is also obtained by the method of maximal entropy.84

In fact, in this case we put

x̃i = (xi,α i) ∈Ω× [−1,1] = Ω̃
because the intensity αi = α iα is also a random variable besides the position xi at each
vortex point. The Hamiltonian is described by

Hn(X̃n) =
1
2
α2

n

∑
i=1

n

∑
j=1, j �=i

α iα jG(xi,x j)+
1
2
α2

n

∑
i=1

(α i)2R(xi),

and, therefore, dividing

X̃n = (x̃1, . . . , x̃n) ∈ Ω̃n

into

X̃ k = (x̃1, . . . , x̃i) ∈ Ω̃k
X̃n−k = (x̃k+1, . . . , x̃n) ∈ Ω̃n−k,

we obtain

Hn(X̃n) = Hk(X̃ k)+Hn−k(X̃n−k)+
k

∑
i=1

n

∑
j=k+1

α iαα jαG(xi,x j).
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The canonical measure, on the other hand, is described by

μn(dX̃n) =
e−β̃Hn(X̃n)dX̃n

Z(n, β̃ )

Z(n,β ) =

∫
Ω̃n
e−β̃H

n(X̃n)dX̃n,

and, therefore, the k-point reduced pdf is defined by

ρnk =

∫
Ω̃n−k

μn(dX̃n−k) =
e−β̃Hk(X̃k)

Z(n)
·

·
∫
Ω̃n−k

e−β̃H
n−k(X̃n−k)e−β̃α

2∑ki=1∑
n
j=k+1α

iα jG(xi ,x j)dX̃n−k.

Using

dX̃n−k = Z(n− k)e β̃nn−k Hn−k(X̃n−k)μn−k(dX̃n−k),
we deduce

ρnk =
Z(n− k)
Z(n)

e−β̃H
k(X̃k) ·

·
∫
Ω̃n−k

e
β̃k
n−kH

n−k(X̃n−k)e−β̃α
2∑ki=1∑

n
j=k+1G(xi,x j)μn−k(dX̃n−k),

and, in particular,

ρn1 (x̃1) =
Z(n−1)
Z(n)

exp
[
−β (α1)2

2n
R(x1)

]

·
∫
Ω̃n−k

exp

[
β

2n(n−1)
n

∑
i=2

n

∑
j=2, j �=i

α iα jG(xi,x j)

− β
2n(n−1)

n

∑
i=2

(α i)2R(xi)

]
· exp

[
−β
n

n

∑
j=2
α jG(xi,k j)

]
μn−1(dX̃n−1).

Thus assuming ρn1 ⇀ ρ1 and the propagation of chaos, we obtain

ρ1(x̃1) = Z−1 exp
[
1
2

∫∫
Ω̃×Ω̃

α1α2G(x1,x2)ρ1(x̃1)ρ1(x̃2)dx̃1dx̃2
]

· exp
[
−βα1

∫
Ω̃
α2G(x1,x2)ρ1(x̃2)dx̃2

]

for Z = limn→∞ Z(n)
Z(n−1) , which guarantees

ρ1(x̃1) =
exp

[−βα1 ∫Ω̃ α2G(x1,x2)ρ1(x̃2)dx̃2
]

∫
Ω̃ exp [−βα1

∫
Ω̃ α2G(x1,x2)ρ1(x̃2)]dx̃1

.

This equality means

ρ1(x̃1) =
exp

[
βα1ψ(x)

]
∫
Ω̃ exp [βα1ψ(x)]dx̃1
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for the mean field stream function

ψ(x1) =

∫
Ω̃
α2G(·,x2)ρ1(x̃2)dx̃2, (2.108)

and hence

−Δψ =

∫
[−1,1]

α1ρ1(x̃1)P(dα1) (2.109)

because α i (i= 1,2, . . .) has the same distribution functions. Then, (2.107) holds by (2.108)
and (2.109).
The mean field equation (2.107) implies

logρα +β (−ΔD)−1ρ = constant

ρα =
e−αβψ∫

[−1,1]
(∫
Ω e−αβψ

)
P(dα)

, (2.110)

and then it holds that

ρα ≥ 0,
∫

[−1,1]
ραP(dα) = 1

ρ =
∫

[−1,1]
αραP(dα). (2.111)

Then, (2.110) is the Euler-Lagrange equation for

I(⊕ρα) =
∫
Ω

(∫
[−1,1]

ρα(logρα −1)P(dα)

)
+
β
2
〈
(−ΔD)−1ρ ,ρ

〉
constrained by (2.111).
The relation (2.107) also implies

−Δψ =

∫
[−1,1]αe−αβψP(dα)∫

[−1,1]
(∫
Ω e−αβψ

)
P(dα)

in Ω, ψ = 0 on ∂Ω (2.112)

which is provided with the variational function

J(ψ) =
1
2
‖∇ψ‖22+

1
β
log

(∫
Ω

[∫
[−1,1]

e−αβψP(dα)

])
+
1
β

defined for ψ ∈ H10 (Ω). Then, introducing the Lagrangian

L(⊕ρα ,ψ) = − 1
β

∫
Ω

[∫
[−1,1]

ρα(logρα −1)P(dα)

]
+
1
2
‖∇ψ‖22−〈ψ ,ρ〉 ,

we obtain the unfolding

L|
ρα e−αβψ∫

[−1,1](
∫
Ω e

−αβψ)P(dα)

= J

L|ψ=(−ΔD)−1ρ = − 1
β
I.
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Using v= βψ and λ = −β , we can write (2.112) as

−Δv=

∫
[−1,1]αeαvP(dα)∫

[−1,1] (
∫
Ω eαv)P(dα)

in Ω, v= 0 on ∂Ω, (2.113)

with the variational function

Jλ (v) =
1
2
‖∇v‖22−λ log

(∫
Ω

[∫
[−1,1]

eαvP(dα)

])
(2.114)

defined for v ∈ H10 (Ω). The following theorem, obtained similarly to (2.102), guaran-
tees the existence of the solution to (2.113) for λ < 8π . Similar to the deterministic case
(2.98), this value λ = 8π may not be optimal for Jλ (v), v ∈ H10 (Ω) defined by (2.114) to
be bounded from below.

Theorem 2.5 (221). It holds that

inf
v∈H10 (Ω)

J8π(v) > −∞ (2.115)

for Jλ = Jλ (v) defined by (2.114).

Proof: Given v∈H10 (Ω)\{0}, we apply the Pohozaev-Trudinger-Moser inequality (2.104)
to

αv≤ 1
16π

‖∇v‖22+4πα2 ·
v2

‖∇v‖22
,

where α ∈ [−1,1] andC > 0 is a constant determined by Ω. This inequality implies

log
(∫

Ω

[∫
[−1,1]

eαvP(dα)

])
≤ 1
16π

‖∇v‖22+K

for v ∈ H10 (Ω), with the constant K determined by Ω. Then (2.115) follows. �

2.2.5. Kramers-Moyal Expansion

The last two paragraphs of this section are concerned with the macroscopic descrip-
tion of the non-stationary mean field equation based on the microscopic and mezoscopic
overviews, respectively.
The first equation of (1.8) is called the Smoluchowski equation. First, master equation
describes the particle transport using the conditional probability. Then, the Kramers equa-
tion is obtained by the Kramers-Moyal expansion. The adiabatic limit of this equation is
called the Smoluchowski equation, whereby the conditional probability limit casts the par-
ticle distribution. Such a kinetic theory that derives from the drift-diffusion equation is
adapted by several authors in the context of chemotaxis in biology,5,144,246,248,290,293 while
the other argument applies the method of renormalization directly to the master equation.247

This paragraph describes the former classical approach. The space is assumed to be one-
dimensional, to make the description simple. See247 for the latter approach.
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Master Equation

Let P(x2,t2 | x1,t1) be the conditional existence probability of a particle at the position
x= x2 and the time t = t2 that was at x= x1 for t = t1. Then it holds that

P(x2,t1+Δt | x1,t1) = Fδ (x2− x1)+Δt ·W (x1→ x2) (2.116)

for 0 < Δt � 1, where the first and the second terms of the right-hand side describe the
state variation and the transient probability, respectively. Using∫

dx2P(x2,t2 | x1,t1) = 1,

we obtain

F+Δt
∫
dx′W (x1→ x′) = 1

and, therefore,

P(x2,t1+Δt | x1,t1) = δ (x2− x1)
{
1−Δt

∫
dx′W (x1− x′)

}
+Δt ·W(x1 → x2). (2.117)

Now, we apply Chapman-Kolmogorov’s equation

P(x3,t3 | x1,t1) =

∫
P(x3,t3 | x2,t2)P(x2,t2 | x1,t1)dx2 dt2

to (2.117), and then it follows that

P(x3,t2+Δt | x1,t1)
=

∫
dx2

[
δ (x3− x2)

{
1−Δt

∫
dx′W (x2 → x′)

}
+Δt ·W (x2→ x3)

]
·P(x2,t2 | x1,t1)

=

{
1−Δt

∫
dx′W (x3− x′)

}
P(x3,t2 | x1,t1)

+
∫
dx2W (x2 → x3)P(x2,t2 | x1,t1)Δt.

This equality implies
1
Δt

{P(x3,t2+Δt | x1,t1)−P(x3,t2 | x1,t1)}

= −
∫
dx′W (x3 → x′)P(x3,t2 | x1,t1)

+

∫
dx2W (x2→ x3)P(x2,t2 | x1,t1),

and, therefore,
∂
∂ t
P(x,t | x1,t1) = −

∫
dx′W (x→ x′)P(x,t | x1,t1)

+

∫
dx′W (x′ → x)P(x′,t | x1,t1). (2.118)
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This formula is called the master equation, and describes the time variation of the existence
probability P controlled by the transient probabilityW , see.282

Kramers Equation

The right-hand side of (2.118) is described by

−
∫
dyW (x→ x+ y)P(x,t | x1,t1)+

∫
dyW (x− y→ x)P(x− y,t | x1,t1),

and we apply the formal Taylor’s expansion,

f (x+a) =
∞

∑
k=0

ak

k!
∂ k f (x) = [exp(a∂x)] f (x),

to the second term. Thus it holds that∫
dyW (x− y→ x)P(x− y,t | x1,t1)

=

∫
dy [exp(−y∂x)]W (x→ x+ y)P(x,t | x1,t1),

and hence
∂
∂ t
P(x,t | x1,t1)

= −
∫
dy [1− exp(−y∂x)]W (x→ x+ y)P(x,t | x1,t1)

=

∫
dy

∞

∑
k=1

1
k!

(−y∂x)kW (x→ x+ y)P(x,t | x1,t1)

=
∞

∑
k=1

1
k!

(−∂x)kCk(x)P(x,t | x1,t1) (2.119)

for

Ck(x) =

∫
W (x→ x+ y)ykdy.

Equality (2.119) is called the Kramers-Moyal expansion. Here, we apply (2.117) and obtain∫
P(x+ y,t+Δt | x,t)ykdy

=
∫ [
δ (y)

{
1−Δt

∫
dx′W (x→ x′)

}
+ΔtW(x→ x+ y)

]
ykdy

= Δt
∫
W (x→ x+ y)ykdy

because k≥ 1. Thus it holds that

Ck(x) = lim
Δt→0

1
Δt

∫
P(x+ y,t+Δt | x,t)ykdy

= lim
Δt→0

1
Δt

∫
[P(x+ y,t+Δt | x,t)−P(x+ y,t | x,t)]ykdy,
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and henceforth, ∫
[P(x+ y,t+Δt | x,t)−P(x+ y,t | x,t)]ykdy

is denoted by 〈
[x(t+Δt)− x(t)]k

〉
x(t)=x

because it indicates the mean value of the k-th moment constrained by x(t) = x. Thus we
obtain

Ck(x) = lim
Δt→0

1
Δt

〈
[x(t+Δt)− x(t)]k

〉
x(t)=x

.

Fluctuation-Friction

The Langevin equation describes the motion of a particle subject to the fluctuation-friction
and is formulated by

dx
dt

= v

m
dv
dt

= −mγv+R(t)+mF(x)

see,80 where m, γ , R(t), and F(x) denote the mass, the friction coefficient, the fluctuation,
and the outer force, respectively. Then we can derive the Kramers-Moyal expansion of the
master equation concering the conditional probability P(x,v,t | x1,v1,t1).
In fact, replacing this relation by

v(t) = v(s)e−γ(t−s) +

∫ t

s
e−γ(t−τ)

[
R(τ)
m

+F(x(τ))
]
dτ

x(t) = x(s)+

∫ t

s
v(τ)dτ

for t ≥ s, we obtain

lim
Δt→0

1
Δt

〈x(t+Δt)− x(t)〉v(t)=v, x(t)=x = v

lim
Δt→0

1
Δt

〈
[x(t+Δt)− x(t)]2

〉
v(t)=v, x(t)=x

= 0 (2.120)

from the second equation. Next, it holds that

v(t+Δt) ≈ (1− γΔt)v(t)+
∫ t+Δt
t

e−γ(t+Δt−τ)
R(τ)
m
dτ+F(x(t))Δt,

or

v(t+Δt)− v(t)≈ (−γv(t)+F(x(t)))Δt

+

∫ t+Δt

t
e−γ(t+Δt−τ)

R(τ)
m
dτ (2.121)

by the first equation.
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Since 〈R(τ)〉 = 0, it holds that

lim
Δt→0

1
Δt

〈v(t+Δt)− v(t)〉v(t)=v, x(t)=x = −γv+F(x). (2.122)

Similarly, we obtain

[v(t+Δt)− v(t)]2 ≈ 2(γv(t)+F(x(t)))Δt ·
∫ t+Δt

t
e−γ(t+Δt−τ)

R(τ)
m
dτ

+

∣∣∣∣
∫ t+Δt

t
e−γ(t+Δt−τ)

R(τ)
m
dτ
∣∣∣∣
2

and hence

lim
Δt→0

1
Δt

〈
[v(t+Δt)− v(t)]2

〉
v(t)=v, x(t)=x

= lim
Δt→0

1
Δt

· 1
m2

∫ t+Δt

t

∫ t+Δt

t
e−γ(2t+2Δt−t1−t2) 〈R(t1)R(t2)〉dt1dt2.

If the fluctuation is a white noise, then its correlation is defined by

〈R(t1)R(t2)〉 = 2Dδ (t1− t2)
with D> 0, and then it follows that

lim
Δt→0

1
Δt

· 1
m2

∫ t+Δt

t

∫ t+Δt

t
e−γ(2t+2Δt−t1−t2) 〈R(t1)R(t2)〉dt1dt2 =

2D
m2

.

We obtain

lim
Δt→0

1
Δt

〈|v(t+Δt)− v(t)|2〉v(t)=v,x(t)=x =
2D
m2

, (2.123)

and, therefore,

C1(x,v) = (v,−γv+F(x))
C2(x,v) =

(
0,2D/m2

)
by (2.120), (2.122), and (2.123). Hence (2.119) is reduced to the Kramers equation,

∂
∂ t
P(x,v,t | x1,v1,t1) =

[
− ∂
∂x
v+

∂
∂v

(−F(x)+ γv)+
D
m2
∂ 2

∂v2

]
·P(x,v,t | x1,v1,t) (2.124)

by neglecting the higher terms of k≥ 3. This equation is called the Fokker-Planck equation
if it is uniform in x:

∂P
∂ t

=
∂
∂v

[
−F+ γv+

D
m2
∂
∂v

]
P. (2.125)

Smoluchowski Equation
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If K and T denotes the force field and the temperature, then we obtain F = K
m andD=mkT .

In this case, the Kramers equation (2.124) is described by
∂P
∂ t

= −K
m
∂P
∂v

− v∂P
∂x

+ γ
∂
∂v

(
vP+

kT
m
∂P
∂v

)

= γ
∂
∂v

(
vP+

kT
m
∂P
∂v

− K
γm
P+

kT
γm
∂P
∂x

)
− kT
m
∂ 2P
∂v∂x

− v∂P
∂x

= γ
(
∂
∂v

− 1
γ
∂
∂x

)(
vP+

kT
m
∂P
∂v

− K
γm
P+

kT
γm
∂P
∂x

)

− ∂
∂x

(
K
γm
P− kT

γm
∂P
∂x

)
.

Using

q= x+
v
γ

p= v,

we obtain
∂
∂v

=
1
γ
∂
∂q

− ∂
∂ p

∂
∂x

=
∂
∂q

,

and, therefore,
∂P
∂ t

= −γ ∂A
∂ p

− ∂
∂q

(
K
γm
P− kT

γm
∂P
∂q

)

A= vP+
kT
m
∂P
∂v

− K
γm
P+

kT
γm
∂P
∂x

.

Thus if ∫
P
(
q− p

γ
, p,t

)
dp∼ f (x,t)|x=q− p

γ∫
K
(
q− p

γ

)
P
(
q− p

γ
, p,t

)
dp∼ K(x) f (x,t)|x=q− p

γ
, (2.126)

then the Smoluchowski equation
∂ f
∂ t

=
1
γm

∂
∂x

(
−K f + kT ∂ f

∂x

)
can take place of (2.124), where

f (x,t) =

∫
P(x,v,t)dv.

From the Kramers equation, the existence probability P(x,v,t) is almost supported in |v|=
O
((

γkT
m

)1/2)
, and, therefore, the approximation (2.126) is valid if the variaions of P =

P(x,v,t) and K = K(x) in x are uniformly small for |Δx| = O
((

kT
γm

)1/2)
.
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2.2.6. Kinetic Theory

The Smoluchowski-Poisson equation (1.8) arises also in the kinetic theory in accordance
with the Boltzmann entropy.51 A relative is the degenerate parabolic equation of which
stationary state is provided with the quantized blowup mechanism.308

First, the parabolic-elliptic system

μt = ∇[D∗ · (∇p+ μ∇ϕ)]

Δϕ = μ in Ω× (0,T) (2.127)

is derived as the hydrodynamical limit of self-gravitating particles. Here, μ = μ(x,t) ≥ 0
is the function describing particle density at (x,t) ∈ Ω× (0,T ), Ω⊂ Rn, n ≥ 2, a domain,
ϕ = ϕ(x,t) the gravitational potential generated by μ , and p ≥ 0 the pressure determined
by the density-pressure relation

p= p(μ ,θ ). (2.128)

If Ω has the boundary ∂Ω, the null-flux boundary condition

(∇p+ μ∇ϕ) ·ν = 0

is imposed with ν denoting the outer unit normal vector so that the total mass

λ =

∫
Ω
μ(x,t)dx

is conserved during the evolution.
Details of the derivation are as follows. First, the density of particles at (x,t) ∈ Ω× (0,T )

moving at the velocity v is denoted by 0≤ f = f (x,v,t). It is subject to the kinetic equation

ft + v ·∇x f −∇ϕ ·∇v f = −∇v · j
with the general dissipation flux term−∇v · j. This flux term is determined by themaximum
entropy production principle, so that f maximize the local entropy S =

∫
Rn s( f (x,v,t))dv

under the constraint

μ(x,t) =

∫
Rn
f (x,v,t)dv

p(x,t) =
1
n

∫
Rn

|v|2 f (x,v,t)dv.
Averaging f over the velocities v ∈ Rn, and then the passage to the limit of large friction
or large times lead to the first equation of (2.127) in the (x,t) space, see.51 We have, thus,
several mean field equations according to the entropy function s( f ) subject to the law of
partition of macroscopic states of particles into mezoscopic states, that is the entropies of
Boltzmann, Fermi-Dirac, Bose-Einstein, and so forth.
System (2.127) with (2.128) is still under-determined, and there are several theories to
prescribe the temperature θ . In the canonical statistics one takes the iso-thermal setting,
and hence the temperature θ > 0 is a constant. In the micro-canonical statistics, on the
other hand, θ = θ (t) > 0 is the function of t, where

E =
n
2

∫
Ω
pdx+

1
2

∫
Ω
μϕdx
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is the prescribed total energy independent of t.
If Rényi-Tsallis’ entropy

S =
−1
q−1

∫
Rn

( f q− f )dv

is adopted, then (2.128) becomes

p = κθ 1−
γn
2 μ1+γ ,

where κ > 0 is a constant and 1γ = 1
q−1 + n

2 , see
26,52 for details. By normalizing constants

and assuming Ω= Rn, then we can reduce (2.127) to the degenerate parabolic equation

ut =
m−1
m
Δum−∇ · (u∇Γ∗ u)

u≥ 0 in Rn× (0,T) (2.129)

in the iso-thermal setting, where the new unknown u is a positive constant times μ , 1
m−1 =

1
q−1 + n

2 , and

Γ(x) =
1

ωn−1(n−2) |x|n−2

with ωn−1 denoting the (n−1) dimensional volume of the boundary of the unit ball in Rn
if n≥ 3 and

Γ(x) =
1
2π
log

1
|x| (2.130)

if n= 2.
When n= 3 and q= 5

3 , the case m= 2− 2
n = 4

3 actually arises to (2.129). As we shall show
by the scaling argument, equation (2.129) of this exponent m is, mathematically, a higher-
dimensional version of the Smoluchowski-Poisson equation associated with the Boltzmann
entropy in two-space dimensions. This two-dimensional equation is given by

ut = Δu−∇ · (u∇Γ∗ u)
u≥ 0 in R2× (0,T) (2.131)

with Γ = Γ(x) defined by (2.130). It is thus a relative to (1.8), the simplified system of
chemotaxis, associated with the total mass conservation ‖u(t)‖1 = ‖u0‖1 and the decrease
of the free energy,

F (u) =

∫
Ω
u(logu−1)− 1

2

∫∫
Ω×Ω

G(x,x′)u⊗udxdx′,

where Ω⊂ R2 is a bounded domain with smooth boundary, ν the outer unit normal vector,
u⊗u= u(x,t)u(x′,t), and G= G(x,x′) the Green’s function to (1.15).
Similarly to (1.8), there is a collapse formation with the quantized mass of the blowup
solution in finite time to (2.129), provided that

u0 = u|t=0 ∈ X = L1(R2,(1+ |x|2)dx)∩L∞(R2)∩H1(R2).
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In fact, (2.131) is well-posed in this function space X locally in time, and it follows that

dI
dt

= 4λ − λ
2

2π
for

I =

∫
R2

|x|2u

λ =

∫
R2
u.

We have T = Tmax < +∞ and T = +∞ if λ > 8π and λ < 8π , respectively. In the case of
T = Tmax < +∞, it holds that

limsup
t↑T

I(t) < +∞

and this property guarantees the boundedness of the blowup set in R2 from the ε-regularity
and a Chebyshev type inequality. Then, we obtain an analogous result of (1.11)-(1.13),
similarly, so that if T < +∞ then

u(x,t)dx⇀ ∑
x0∈S

8πδx0(dx)+ f (x)dx

inM (R2∪{∞}) as t ↑ T , whereS is the blowup set of u, which is finite, 0≤ f = f (x) ∈
L1(R2)∩C(R2 \S ), and R2∪{∞} is the one-point compactification of R2.
Equation (2.129) is also a model (B) equation associated with the free energy

F (u) =

∫
Rn

um

m
− 1
2
〈Γ∗ u,u〉. (2.132)

It is actually the free energy formulating the equilibrium of the Euler-Poisson equation, see
§2.1.2. In fact, we have

δF (u)[v] =
d
ds

F (u+ sv)
∣∣∣∣
s=0

=
〈
v,um−1−Γ∗ u〉,

where 〈 , 〉 denotes the L2-inner product. IdentifyingF (u) with um−1−Γ∗u, we can write
(2.129) as

ut = ∇ ·
(
m−1
m
∇um−u∇Γ∗ u

)
= ∇ ·u∇δF (u) in Rn× (0,T ). (2.133)

From this form of (2.133), it is easy to infer, at least formally, the total mass conservation

‖u(t)‖1 = ‖u0‖1 = λ (2.134)

and the decrease of the free energy
d
dt

F (u) = −
∫
Rn
u |∇δF (u)|2

= −
∫
Rn
u
∣∣∇(um−1−Γ∗ u)

∣∣2
≤ 0. (2.135)
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See298,300,311 for the rigorous proof and the notion of the weak solution.
Regarding (2.134)-(2.135), we formulate the stationary state by

um−1−Γ∗ u= constant in {u> 0}∫
Rn
u= λ . (2.136)

If the above constant is denoted by c, then v= Γ∗ u+ c satisfies

−Δv= vq+ in Rn∫
Rn
vq+ = λ , (2.137)

where m = 1+ 1
q . This constant c may depend on the connected component of {u > 0} at

this moment. We obtain, thus, a relative to (2.26) for the bounded domain case, see also
§2.4.3.
Problem (2.137) is invariant under the scaling transformation

v(x) �→ vμ(x) = μγv(μx) (2.138)

if and only if γ = n−2 and q = 1
m−1 = n

n−2 , that is m = 2− 2
n , where μ > 0 is a constant.

If this exponent is the case, conversely, problem (2.138) admits a family of solutions, each
of which is necessarily radially symmetric and has compact support, see.331 Then, we
recall the three dimensional case described in §2.1.2, and define the normalized solution
v∗ = v∗(x) to (2.137) and the quantized mass λ∗ > 0 by

−Δv∗ = vq∗+, v∗ ≤ v∗(0) = 1 in Rn

λ∗ =

∫
Rn
vq∗+. (2.139)

Then, we obtain the threshold for the existence of the solution global in time, see also.299,300

Theorem 2.6 (311). If u0 = u0(x) is the initial value satisfying

0≤ u0 ∈ L1(Rn)∩L∞(Rn)
um0 ∈ H1(Rn)∫
Rn

|x|2 u0 < +∞ (2.140)

and ‖u0‖1 < λ∗, then T = +∞ holds in (2.129) for m = 2− 2
n . Each λ > λ∗, on the other

hand, takes u0 = u0(x) such that (2.140), ‖u0‖1 = λ , and T < +∞.

The non-stationary problem (2.129) with m = 2− 2
n is provided with the L

1-preserving
self-similar transformation

uμ(x,t) = μnu(μx,μnt),

see §2.3.1. This transformation induces the backward self-similar transformation

v(y,s) = (T − t)u(x,t)
y= (x− x0)/(T − t)1/n
s= − log(T − t)
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and the rescaled equation

vs =
m−1
m
Δvm−∇ · v∇(Γ∗ v+ |y|2

2n
)

v≥ 0 in Rn× (− logT,+∞).

The constant λ∗ = λ∗(n) > 0 defined by (2.139) is the best constant of Wang-Ye’s dual
form of the Trudinger-Moser inequality, see,311,331

inf
{

F (u) | 0≤ u ∈ Lm(Rn),
∫
Rn
u= λ∗

}
> −∞

with the left-hand side equal to 0, where m= 2− 2
n .

2.2.7. Summary

We have studied the particle kinetics, particularly, stationary mean field turbulence and the
molecular kinetics using equilibrium statistical mechanics, Kramers-Moyal expansion, and
kinetic theory.

(1) Two-dimensional vortex point system is described by a Hamilton system.
(2) The equilibrium statistical mechanics formulates the probabilitymeasure of ensembles,

which are equivalent classes of the microscopic states that have the same macroscopic
profiles using the principle of equal a priori probabilities. Then, the ergodic hypothesis
asserts its practical validity.

(3) Micro-canonical, canonical, and grand-canonical ensembles are defined for materially
and kinetically closed, materially closed, and open systems, respectively. In connection
with the non-equilibrium thermodynamics, the micro-canonical setting is concerned
with the total energy conservation and the entropy increasing, the canonical setting is
concerned with the temperature conservation and Helmholtz’ free energy decreasing,
and finally, the grand-canonical setting is concerned with the pressure conservation and
Gibbs’ free energy decreasing.

(4) We obtain the mean field equation of high-energy limit of two- dimensional vortex sys-
tems by several arguments. This equation is provided with the dual variation between
the vortex point distribution and the stream function. Using the latter, it is described
by the elliptic eigenvalue problem with the exponential nonlinearity competing two-
dimensional diffusion, whereby the quantized blowup mechanism is observed.

(5) The particle equation of the system of chemotaxis is associated with the molecular
transport, and non-equilibriummean field equations are derived from the master equa-
tion.

(6) There is an equivalent mezoscopic approach using several entropies to describe the
motion of the mean field, called the kinetic theory. Mass quantization is observed for
the equation derived from the canonical setting and Rényi-Tsallis’ entropy.
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2.3. Gauge Field

The first quantization in quantummechanics is an operation for describing the movement of
the particle density from that of classical particles. If we take this process, using the gauge
of the Maxwell equation, then the Bogmol’nyi structure and the self-duality induce again
the exponential nonlinearity competing to the two-dimensional diffusion. This section is
devoted to the quantized blowup mechanism for solutions to the mean field equation in
two-space dimension. We develop the blowup analysis based on the scaling invariance
of the problem and reveals the quantized blowup mechanism through several hierarchical
arguments, and, consequently, support the motivation of §1.1 from the theory of nonlinear
spectral mechanics.

2.3.1. Field Theory

In this paragraph, we describe fundamental notions of gauge theory, particularly, covari-
ant derivative and self-duality, and derive the gauged Schrödinger Chern-Simons equa-
tion.317,318

Classical Mechanics

First, if q1, . . . ,qN are particles inR3 with the massesm1, . . . ,mN , then the Newton equation
is described by

miq̈i =∑
j �=i

∂
∂q j

(
− mimj∣∣qi−q j∣∣

)
, i= 1, . . . ,N. (2.141)

This equation is equivalent to

δ
∫
L= 0, (2.142)

using the Lagrangian

L=∑
i

1
2
miq̇2i −∑

j<i

mimj∣∣qi−q j∣∣ ,
that is (2.141) is equivalent to the Euler-Lagrange equation associated with this L and de-
scribed by

d
dt

(
∂L
∂ q̇i

)
=
∂L
∂qi

, i= 1, . . . ,N. (2.143)

Then, Hamilton’s canonical equation (2.81) is obtained by using the general momentum
pi = ∂L

∂ q̇i
and the Hamiltonian

H =∑
i
piq̇i−L,

regarded as H = H(q1, . . . ,qN ; p1, . . . , pN).
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Gauge

Motion of the electron put in the electro-magnetic field is described by

mẍ= −Q(E+ ẋ×B)−∇V,

using the position x= x(t) ∈ R3, mass m> 0, electric charge Q, electric field E , magnetic
field B, and kinetic potential V . Actually, QE and Qẋ×B denote the electric field action
force and the Lorentz force, respectively. These electric and magetic fields are subject to
Maxwell’s equation

∇×E = −∂B
∂ t

∇ ·B= 0,

and, therefore,

B= −∇×A
E = −∇Ψ+

∂A
∂ t

using the vector and the scalar potentials A and Ψ, respectively.
Writing A= (Ai)i=1,2,3 and y= mẋ= (yi)i=1,2,3, it holds that

ẏi = −Q(E+ ẋ×B)i− ∂V∂xi

= Q
(
∂Ψ
∂xi

− ∂Ai
∂ t

)
+Qẋ j

(
∂Aj
∂xi

− ∂Ai
∂x j

)
− ∂V
∂xi

= −QdAi
dt

+Q
∂Ψ
∂xi

+Qẋ j
∂Aj
∂xi

− ∂V
∂xi

,

and hence we obtain

d
dt

(yi+QAi) =
∂
∂xi

(
QΨ+Q∑

j
ẋ jA j−V

)
.

This equation means (2.143) for

L=
1
2
mẋ2+QΨ+Qẋ ·A−V

and N = 3. Thus the general momentum and the Hamiltonian are described by

pi =
∂L
∂ ẋi

= yi+QAi
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and

H =∑
i
piẋi−L

=
1
m

(yi+QAi)yi−
{
1
2m
y2i +QΨ+

1
m
QyiAi−V

}

=
1
2m
y2−QΨ+V

=
1
2m

(pi−QAi)2−QΨ+V,

respectively. Regarding q = x as the general coordinate and putting Ψ = A0, we re-
formulate the Hamiltonian of this system by

H = H(q, p,t) =
1
2m

(pi−QAi)2−QA0+V.

First Quantization

The particle mass is quantized by the Schrödinger equation. In the first quantization, the
electro-magnetic field remains classical, coupled with the vector potential Aμ , μ = 0,1,2,3.
Thus we replace E = H(q, p,t) by

t �→ t

E �→ ı
h
2π
∂
∂ t

pi �→ 1
ı
h
2π

.

Using the normalization of h
2π = 1, we obtain

ı
∂ψ
∂ t

= − 1
2m

(∂i− ıQAi)2ψ−QA0ψ+Vψ , (2.144)

and then the gauge covariant derivatives

Dμ = ∂μ − ıQAμ , μ = 0,1,2,3,

replace (2.144) by

ıD0ψ = − 1
2m
D2i ψ+Vψ , (2.145)

where ∂0 = ∂t .
The energy operator is thus described by

Ê = − 1
2m
D2i +(V −QA0)
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and, therefore, we obtain the energy expectation,

E =
∫
R3
ψÊψ

=
∫
R3
ψ
{
− 1
2m
D2i ψ+(V −QA0)ψ

}

=

∫
R3

1
2m

|Diψ |2+(V −QA0) |ψ |2 dx

by

∂i(ψDiψ) = ∂iψDiψ+ψ∂iDiψ
= DiψDiψ+ψDiDiψ
= |Diψ |2+ψD2i ψ .

This E is regarded as a Hamiltonian again, denoted by H, and then (2.144) is equivalent to

ı
∂ψ
∂ t

=
δH
δψ

.

The equivalent formulation (2.145) is obtained by replacingH and ∂t by

H =

∫
R3

1
2m

|Diψ |2+V |ψ |2 dx

and the covariant derivativeD0, respectively, that is

ıD0ψ =
δH
δψ

.

Chern-Simons Relation

The pre-gauged Schrödinger equation is defined by

ı
∂ψ
∂ t

= − 1
2m
Δψ+Vψ ,

and then there arises the nonlinear Schrödinger equation

ı
∂ψ
∂ t

= − 1
2m
Δψ−g |ψ |2ψ , (2.146)

if the potential V = −g |ψ |2 is adopted to describe the mean field self-interaction, where g
denotes the gravitational constant. Henceforth, we consider the case of two space dimen-
sion. The particle density ρ = |ψ |2 = ψψ is subject to

∂ρ
∂ t

= ψ
∂ψ
∂ t

+ψ
∂ψ
∂ t

= − ı
2m

(ψΔψ−ψΔψ)

= − ı
2m
∂k (ψ∂kψ−ψ∂kψ)
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or, equivalently,

ρt +∇ · j= 0
for

jk =
ı
2m

(ψ∂kψ−ψ∂kψ), k = 1,2

j = ( jk)k=1,2

which results in the Maxwell equation

∂μJμ = 0, (2.147)

where

J = (Jμ) = (ρ , jk) = (ρ , j), μ = 0,1,2

denotes the current density.
Equation (2.146) is described by (2.142) for

L= ıψ∂0ψ− 1
2m

|∂kψ |2+ g2 |ψ |
4 ,

and we obtain the gauged nonlinear Schrödinger equation

ıD0ψ = − 1
2m
D2kψ−g |ψ |2ψ , (2.148)

using the gauge covariant derivative Dμ = ∂μ − ıQAμ . The current density, on the other
hand, is equal to

J = (Jμ) = (ρ ,Jk)
ρ = |ψ |2

Jk =
ı
2m

(ψDkψ−ψDkψ), k = 1,2

by

∂μ(ψ1ψ2) = ψ1Dμψ2+(Dμψ1)ψ2, μ = 0,1,2.

Since this J is subject to (2.147), we take the gauge potential Aμ satisfying

∂νFμν = −Jμ , μ = 0,1,2,

where Fμν = ∂μAν − ∂νAμ denotes the rate of change of electromagnetic field. In the
Chern-Simons theory, however, this relation is replaced by

Fμν =
1
κ
εμναJα , μ ,ν,α = 0,1,2, (2.149)

using the coupling constant κ > 0 and the skew-symmetric tensor εμνα normalized by
ε012 = 1.
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Thus (2.148) with (2.149) comprises of the gauged Schrödinger-Chern-Simons equation,
where

J = (Jμ)
J0 = |ψ |2

Jk =
ı
2m

(ψDkψ−ψDkψ), k = 1,2

Fμν = ∂μAν − ∂νAμ ,
and this equation is described by (2.142) for

L = −κ
2
εμναAμ∂νAα + ıψD0ψ− 1

2m
|Dkψ |2+ g2 |ψ |

4

= −κ
4
ε μναAμFνα + ıψD0ψ− 1

2m
|Dkψ |2+ g2 |ψ |

4 .

Once the Lagrangian action density is defined, then the Bogomol’nyi structure and self-
duality induce a system of first order equations and a single second order equation, respec-
tively, see below.

Bogomol’nyi Equation

In two-space dimension, the Lagrangian action density concerning super-conductivity is
associated with the carrier (A0,A1,A2) and the Higgs field ϕ , where A0 and Ai (i = 1,2)
are the electric and magnetic gauge fields, respectively, and |ϕ |2 describes the Cooper pair
density. In the law temperature of A0 = 0, non-relativistic Ginzburg-Landau density and
the retivistic Abelian-Higgs density share the same stationary state involved by the Higgs
term and the double-well potential,124,225 that is

L(A,ϕ) =

∫
R2

1
2
∣∣(∂ j− ıAj)ϕ∣∣2+ 14FjkFjk+ λ8

(
|ϕ |2−1

)2
dx.

Here, the Higgs field ϕ : R2 → C is regarded as a cross-section of a C-line bundle on R2,
A= (Aj) j=1,2 is the connection, and

Fjk = ∂ jAk− ∂kA j
is its curvature tensor. From these topological requirements, it holds that

n=
1
2π

∫
R2
F12 ∈ Z

under the assumption of

|ϕ | → 1
DjAϕ = ∂ jϕ− ıAjϕ → 0 as |x| → ∞, (2.150)

and this n is called the vortex number. It is actually the first Chern class of the C-line
bundle. If A= 0, then the above L(A,ϕ) describes the Landau-Ginzburg vortices.22
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Putting ϕ = ϕ1+ ıϕ2, we have
1
2
∣∣(∂ j− ıAj)ϕ∣∣2 =

1
2
{
(∂1ϕ1+A1ϕ2)2+(∂1ϕ2−A1ϕ1)2

}
+
1
2
{
(∂2ϕ1+A2ϕ2)2+(∂2ϕ2−A2ϕ1)2

}
=
1
2

[(∂1ϕ1+A1ϕ2)− (∂2ϕ2−A2ϕ1)]2

+
1
2

[(∂2ϕ1+A2ϕ2)+ (∂1ϕ2−A1ϕ1)]2

+
1
2
(A1∂2−A2∂1)(ϕ21 +ϕ22 )

and
1
2

∫
R2

(A1∂2−A2∂1)(ϕ21 +ϕ22) =
1
2

∫
R2
F12(ϕ21 +ϕ22).

In the case of λ = 1, therefore, it holds that

L(A,ϕ) =
∫
R2

1
2

[(∂1ϕ1+A1ϕ2)− (∂2ϕ2−A2ϕ1)]2

+
1
2

[(∂2ϕ1+A2ϕ2)+ (∂1ϕ2−A1ϕ1)]2

+
1
2

[
F12+

1
2
(
ϕ21 +ϕ22 −1

)]2
dx+

1
2

∫
R2
F12

by

1
2

[
F12+

1
2
(ϕ21 +ϕ22 −1)

]2

=
1
2
F212+

1
8

(
|ϕ |2−1

)2
+
1
2
F12(ϕ21 +ϕ22 −1).

Thus we obtain L≥ nπ with the equality if and only if
(∂1ϕ1+A1ϕ2)− (∂2ϕ2−A2ϕ1) = 0
(∂2ϕ1+A2ϕ2)+ (∂1ϕ2−A1ϕ1) = 0

F12+
1
2
(
ϕ21 +ϕ22 −1

)
= 0. (2.151)

Self-Duality

The above described Bogomol’nyi equation27 is reduced to a single second order nonlinear
equation, similarly to the axially symmetric four dimensional self-dual SU(2) Yang-Mills
equation.317,318,337

More precisely, the first two relations of (2.151) are regarded as the real and the imaginary
parts of

2∂ϕ− ıÂϕ = 0,
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where

Â= A1+ ıA2

∂ =
1
2

(∂1− ı∂2)

∂ =
1
2

(∂1+ ı∂2) .

This formulation implies Â= −2ı∂ logϕ , and in particular,
ϕ = e f

for some f = f1+ ı f2 with

f2(θ ,r) ≡ f2(θ +2π ,r) modulo 2πZ. (2.152)

Then, we obtain

A1 = ∂2 f1+ ∂2 f1
A2 = −∂1 f1+ ∂2 f2,

and, therefore,

F12 = ∂1A2− ∂2A1 = −Δ f1.
It holds that

−Δ f1+ 12
(
e2 f1−1)= 0

and

f1 → 0, ϕ → eı f2 as |x| → ∞

by (2.150)-(2.151).
If f2 has a finite number of singular points denoted by

{a1, . . . ,am} ⊂ R2

then ϕ(ak) = 0 because ϕ(x) is continuous. If nk denotes the order of zero, more precisely,
then

f1(x) ∼ nk
2
log |x−ak|2 as x→ ak.

Thus writing

v= 2 f1−∑
k
nk log |x−ak|2 ,

we obtain

Δv= ev−1+4π∑
k
nkδ (x−ak) in R2.

Several elliptic equations involving exponential nonlinearity are obtained in stationary
self-dual gauge theories in the two-space dimension by similar arguments,348 that is non-
relativistic and relativistic super-conductivities in high temperature are described by the
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gauged Schrödinger and the Chern-Simons densities with the self-dual equations defined
by

Δv= ev+4π∑
k
nkδ (x−ak) in R2

and

Δv= ev(ev−1)+4π∑
k
nkδ (x−ak) in R2, (2.153)

respectively. The effect of vortex term 4π∑k δ (x− ak) is particularly studied in detail.316
Finally, the doubly periodic second solution to (2.153) without vortices is reduced to the
mean field equation

−Δv= λ
(
ev∫
Ω ev

− 1
|Ω|

)
in Ω

∫
Ω
v= 0, (2.154)

where Ω= R2/aZ×bZ, a,b> 0 and λ = 4π , see.315

2.3.2. Exponential Nonlinearity Revisited

As we have seen, the elliptic eigenvalue problem

−Δv=
λev∫
Ω ev

in Ω, v= 0 on ∂Ω (2.155)

relative to (2.154) describes stationary mean field of many vortices in the perfect fluid,
stationary self-dual gauge field associated with super-conductivity, and stationary state of
the chemotaxis system, where Ω ⊂ R2 is a bounded domain with smooth boundary ∂Ω,
λ > 0 is a constant, and v= v(x) ∈C2(Ω)∩C(Ω) is a classical solution. For this problem,
several results have been obtained such as the classification of the singular limit, uniqueness
of the solution, singular perturbation, and the topological degree calculation.

Theorem 2.7 (213). If (λk,vk) is a solution to (2.155) for

(λ ,v) = (λk,vk), k = 1,2, . . .

and

λk → λ0 ∈ [0,∞)

‖vk‖∞→ +∞ (2.156)

as k→ ∞, then λ0 = 8πm for some m ∈ N, and there is {v′k}⊂ {vk} such that

v′k → 8π
m

∑
k=1
G(·,x∗k) (2.157)

locally uniformly in Ω\S , whereS is the blowup set of
{
v′k
}
defined by

S =
{
x0 ∈Ω | there is x′k → x0 such that v′k(x

′
k) → +∞

}
.
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This blowup set is composed of m-distict interior points denoted by

S = {x∗1, . . . ,x∗m} ⊂Ω,

satisfying
1
2
∇R(x∗j)+∑

k �= j
∇xG(x∗j ,x

∗
k) = 0, j = 1, . . . ,m, (2.158)

where G= G(x,x′) denotes the Green’s function of −ΔD defined by
−ΔxG(·,x′) = δ (·− x′) in Ω, G(·,x′) = 0 on ∂Ω

for x′ ∈Ω and

R(x) =

[
G(x,x′)+

1
2π
log

∣∣x− x′∣∣]
x′=x

, x ∈Ω

is the Robin function.

We have
ev′k∫
Ω e

v′k
dx⇀ 8π

m

∑
j=1
δx∗j (dx)

inM (Ω), and furthermore, (2.158) is equivalent for

(x∗1, . . . ,x
∗
m) ∈Ω× . . .×Ω

to be a critical point of the Hamiltonian

H(x1, . . . ,xm) =
1
2

m

∑
j=1
R(x j)+

1
2

N

∑
i=1

m

∑
j=1; j �=i

G(xi,x j).

This fact means a recursive profile of the vortex mean field hierarchy, see (2.79). Besides
the stationary state of chemotaxis (1.25), the above described quantized blowupmechanism
is actually observed in several problems. The quantized mechanism, conversely, clarifies
the structure of the total set of solutions mathematically, and we obtain the following theo-
rems.

Theorem 2.8 (301,308). If 0< λ < 8π , then there is a unique solution to (2.155).

Theorem 2.9 (15). If (x∗1, . . . ,x
∗
m) ∈ Ω× . . . × Ω is a non-degenerate critical point of

H(x1, . . . ,xm), then there is a family of solutions {(λk,vk)}k to (2.155) satisfying (2.156)
for λ0 = 8πm and (2.157) to v′k = vk locally uniformly in Ω\S .

Theorem 2.10 (54,55). Total topological degree of (2.155), denoted by d(λ ), is determined
by the genus g of Ω if λ �∈ 8πN. More precisely, it holds that

d(λ ) =

(
m+1−g
m

)

for 8πm < λ < 8π(m+ 1). In particular, if g ≥ 1 and λ �∈ 8πN, then (2.155) admits a
solution
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Collapse Collision

The above described quantized blowup mechanism is still vaild without the boundary con-
dition or even to variable coefficients,

−Δv=V (x)ev in Ω, (2.159)

where Ω ⊂ R2 is a bounded domain. If v = v(x) is a solution to (2.155), then w = v+

logλ − log∫Ω ev solves
−Δw= ew in Ω∫
Ω
ew = λ .

The following theorem and its proof are, therefore, quite useful in the study of the self-
dual gauge field equation with vortex terms. There may arise, however, the collision of
collapses, that is multiple bubbles. Thus in Theorem 2.7, we exclude the collision of the
blowup points and also prescribe the location of blowup points, provided with the boundary
condition.

Theorem 2.11 (181). Let vk = vk(x), k = 1,2, . . . satisfy

−Δvk =Vk(x)evk

0≤Vk(x) ≤C1 in Ω∫
Ω
evk ≤C2,

where C1,C2 > 0 are constants, Vk = Vk(x) is continuous, and Vk → V uniformly on Ω.
Then, passing to a sub-sequence, we have the following alternatives:

(i) {vk} is locally uniformly bounded in Ω.
(ii) vk →−∞ locally uniformly in Ω.
(iii) We have a finite set S = {ai} ⊂ Ω and mi ∈ N such that vk →−∞ locally uniformly

in Ω\S and

Vk(x)evkdx⇀∑
i
8πmiδai(dx)

inM (Ω). Here,S is the blowup set of {vk} in Ω.

For the proof, we use the preliminary version sometimes called the rough estimate. It is
stated as follows.

Theorem 2.12 (32). Let Ω⊂ R2 be a bounded domain, and vk = vk(x), k = 1,2, . . . satisfy

−Δvk =Vk(x)evk in Ω
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for Vk =Vk(x) ≥ 0, and assume the existence c1,c2 > 0 such that

‖Vk‖∞ ≤ c1
‖evk‖1 ≤ c2

for k= 1,2, . . .. Then, passing to a sub-sequence, we have the following alternatives:

(i) {vk} is locally uniformly bounded in Ω.
(ii) vk →−∞ locally uniformly in Ω.
(iii) There is a finite set S = {ai} ⊂Ω and αi ≥ 4π such that vk →−∞ locally uniformly

in Ω\S and

Vk(x)evkdx⇀∑
i
αiδai(dx)

inM (Ω). Furthermore,S is the blowup set of {vk} in Ω.

Thanks to Theorem 2.12, the proof of Theorem 2.11 is reduced to the following case, where
B= B(0,R) ⊂ R2 and Br = B(0,r).

Theorem 2.13. If

−Δvk =Vk(x)evk , Vk(x) ≥ 0 in B
Vk →V in C(B)

max
B
vk → +∞

max
B\Br

vk →−∞, 0< r < R

lim
k→∞

∫
B
Vkevk = α∫

B
evk ≤C0,

then it holds that α = 8πm for some m ∈ N.

We can use this quantization to construct the solution for the disquantized λ , see.180,297

The origin of this property is the self-similarity of (2.159) described below. If the boundary
condition is provided, then the mutiple blowup, indicated bymi≥ 2, cannot occur,180,216,235
while there is acutal collision in the general case.57 The proof of Theorem 2.11 says that the
non-compact solution sequence is approximated by a finite sum of rescaled entire solutions.
The required estimate of mass from below is standard, using the self-similarity and the
classification of the entire solution. The estimate from above or the residual vanishing is,
thus, essential. It is obtained by the sup+ inf inequality formulated by Theorem 2.22 below,
combined with the scaling argument.
If the boundary condition is provided, this process can be replaced by the profile of the
asymptotic symmetry of the solution180 or the method of the second moment216,235 . In
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more precise, we obtain mi = 1 in Theorem 2.11, provided that

max
∂Ω
vk−min

∂Ω
vk ≤C

‖∇Vk‖∞ ≤C (2.160)

for k= 1,2, . . .. Similarly, if (2.160) holds for Ω= B, then it follows that α = 8π and∣∣∣∣∣∣∣vk(x)− log
evk(0)(

1+ Vk(0)
8 evk(0) |x|2

)2
∣∣∣∣∣∣∣≤C

for x ∈ B and k = 1,2, . . . in Theorem 2.13.
Theorem 2.11, however, has a variety of implications because it is free from any boundary
condition. For instance, even if the original problem is provided with the boundary con-
dition, the rescaled problem loses it. It often happens that this fact causes a trouble in the
blowup analysis.

2.3.3. Scaling Invariance

Equation (2.271) or its general form (2.159) is scaling invariant, that is it is invariant under
the transformation

vμ(x) = v(μx)+2logμ
V μ(x) =V (μx) (2.161)

for μ > 0. Such a property, called scaling invariance or self-similarity, is observed in
several nonlinear partial differential equations and is used essentially for their mathematical
analysis as we have seen in §1.1.
A typical example is

−Δv= vp, v> 0

for 1 < p < ∞. Thus if v = v(x) is a solution to this equation, then so is vμ(x) =

μ2/(p−1)v(μx) for μ > 0. Similarly, if v= v(x,t) is a solution to

vt −Δv= vp, v> 0, (2.162)

then so is

vμ(x,t) = μ2/(p−1)v(μx,μ2t). (2.163)

This structure causes obstruction to construct (weak) solution, while there are applications
of renormalization group and blowup analysis. In the blowup analysis, we classify non-
compact (approximate) solutions and obtain actual solution by excluding these possibilities.
Applications of such argument to the calculus of variation are described in Bahri,12 and for
example,

−Δv= v5, v> 0 in Ω, v= 0 on ∂Ω
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has a solution if the bounded domain Ω ⊂ R3 is not contractible, see §2.1.2. Another
application is the proof of the a priori bound of the solution to the sub-critical elliptic
equation, which guarantees the topological degree approach to this problem.73,117

Theorem 2.14. Let Ω⊂ Rn is a bounded domain with smooth boundary ∂Ω and 1 < p<
n+2
n−2 . Then, there is C > 0 such that any solution v= v(x) to

−Δv= vp, v> 0 in Ω, v= 0 on ∂Ω (2.164)

satisfies

‖v‖∞ ≤C. (2.165)

Here, we describe the outline of the proof to illustrate the fundamental concept of the
blowup analysis. In fact, first, we assume the contrary, the existence of the sequence of the
solutions to (2.164), denoted by {vk}, satisfying

vk(xk) = ‖vk‖∞→ +∞

for xk ∈Ω. Then, we take
ṽk(x) = μ2/(p−1)

k vk(μkx+ xk)

for μk = vk(xk)−(p−1)/2→ 0 and obtain

−Δṽk = ṽpk , ṽk > 0 in Ωk, ṽk = 0 on ∂Ωk
ṽk(0) =max

x
ṽk(x) = 1,

where Ωk = μ−1k (Ω−{xk}). From the boundary condition and the elliptic estimate, we
obtain a subsequence, denoted by the same symbol such that ṽk → v locally uniformly in
Rn for a smooth v= v(x), and it follows that either

−Δv= vp, 1= v(0) ≥ v≥ 0 in Rn (2.166)

or

−Δv= vp, 1= v(0) ≥ v≥ 0 in Rn+
v= 0 on ∂Rn+, (2.167)

where Rn+ = {x ∈ Rn | xn > 0} denotes the half space.
Problem (2.166), however, admits no solution in the case of 1< p< n+2

n−2 . The same is true
for (2.167) if 1< p≤ n+2

n−2 , and hence we end up with (2.165).
Ingredients of the blowup analysis are thus summarized as follows:

(1) scaling invariance.
(2) classification of the entire solution.
(3) control at infinity of the rescaled solution.
(4) hierarchical argument.
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In the case of (2.155), first, we use complex-geometric structure and linear theory associ-
ated with the real analysis. This study comprises of the pre-scaled analysis for the proof of
Theorem 2.12, see §§2.3.4, 2.3.5, and 2.3.6. Next, method of the moving plane is applied
to classify the entire solution, see §2.3.7. Finally, control at infinity of the rescaled solution
is done by the Harnack type inequality. We thus complete the proof of Theorem 2.13 in
§2.3.8 by the hierarchical argument using (2.161).
The self-similarity (2.163) induces forward and the backward self-similar transformations
to (2.162), see §2.163. The underlying structure of these transformations takes a funda-
mental role in the study of the system of chemotaxis, see §1.1.

2.3.4. Liouville-Bandle Theory

The problem (2.155) is associated with the complex function theory and the theory of
surfaces. In this paragraph, we describe them briefly.

Complex Structure

If we identify x= (x1,x2) ∈Ω to z= x1+ ıx2 ∈C, then
−Δu= eu (2.168)

means

uzz = −1
4
eu

for z= x1− ıx2. This implies
sz = uzzz−uzuzz

= −1
4
euuz+

1
4
uzeu = 0

for

s= uzz− 12u
2
z , (2.169)

and, therefore, s= s(z) is a holomorphic function of z ∈Ω⊂ C.
Regarding (2.169) as a Riccati equation of u, we obtain

ϕzz+
1
2
sϕ = 0 (2.170)

for ϕ = e−u/2. Here, we take x∗ = (x∗1,x
∗
2) ∈ Ω, and define the fundamental system of the

linear equation (2.170), denoted by

{ϕ1(z),ϕ2(z)} ,

such that

ϕ1|z=z∗ =
∂ϕ2
∂ z

∣∣∣∣
z=z∗

= 1

∂ϕ1
∂ z

∣∣∣∣
z=z∗

= ϕ2|z=z∗ = 0, (2.171)
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where z∗ = x∗1+ ıx∗2. This {ϕ1(z),ϕ2(z)} forms a system of analytic functions of z ∈Ω, and
it holds that

ϕ = e−u/2 = f1(z)ϕ1(z)+ f2(z)ϕ2(z) (2.172)

with some functions f1 and f2 of z.
These functions are prescribed by the Wronskian. It holds that

W (ϕ1,ϕ2) ≡ ϕ1ϕ2z−ϕ1zϕ2 = 1,

and hence

f1(z) =W (ϕ ,ϕ2) = ϕϕ2z−ϕzϕ2
f2(z) =W (ϕ1,ϕ) = ϕ1ϕz−ϕ1zϕ .

Here, the left-hand side is independent of z. Taking z= z∗ in the right-hand side, we obtain

f1(z) = ϕ(z∗,z)
f2(z) = ϕz(z∗,z).

Since ϕ is real-valued, there holds that

ϕzz+
1
2
sϕ = 0

for s = s(z) defined by s(z) = s(z). Thus this equality is valid to f1(z) and f2(z), while
{ϕ1,ϕ2} forms a fundamental system such that

ϕ1|z=z∗ =
ϕ2
∂ z

∣∣∣∣
z=z∗

= 1

∂ϕ1
∂ z

∣∣∣∣
z=z∗

= ϕ2|z=z∗ = 0.

In particular, f1(z) and f2(z) are linear combinations of ϕ1(z) and ϕ2(z).
If x∗ = (x∗1,x∗2) ∈Ω is a critical point of u, then it holds that

f1(z∗) = ϕ(z∗,z∗) = e−u/2
∣∣∣
x=x∗

∂ f1
∂ z

(z∗) = ϕz(z∗,z∗) =
∂
∂ z
e−u/2

∣∣∣∣
x=x∗

= 0

f2(z∗) = ϕz(z∗,z∗) =
∂
∂ z
e−u/2

∣∣∣∣
x=x∗

= 0

∂ f1
∂ z

(z∗) = ϕzz(z∗,z∗) = −1
4
Δe−u/2

∣∣∣∣
x=x∗

= −1
8
e−u/2Δu

∣∣∣∣
x=x∗

=
1
8
eu/2

∣∣∣∣
x=x∗

,

and, therefore,

f1(z) = cϕ1(z)

f2(z) =
1
8
c−1ϕ2(z)
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for c= e−u/2
∣∣
x=x∗ . This relation means

f1 = cϕ1

f2 =
c−1

8
ϕ2

and, therefore, we obtain

e−u/2 = c |ϕ1|2+
c−1

8
|ϕ2|2 (2.173)

by (2.172).
For the proof of Theorem 2.7, let (λ ,v) be the solution to (2.155). We apply the above
argument replacing u by v and taking x∗ as the maximum point of v. Then, we obtain

e−v/2 = c |ϕ1|2+ σc
−1

8
|ϕ2|2

similarly, where

σ =
λ∫
Ω ev

c= e−‖v‖∞/2

and {ϕ1(z),ϕ2(z)} is a system of fundamental solutions of (2.170) defined for

s(z) = vzz− 12v
2
zz. (2.174)

Given the solution sequence {(λk,vk)}, we exclude the boundary blowup points of {vk},
using the reflection argument114 and the L1 boundedness of the right-hand side.73 Thanks to
the maximum principle and the classical Montel’s theorem for holomorphic functions, this
boundary estimate implies the compactness of the family of holomorphic functions {sk(z)}
defined (2.174) for v = vk and that of the analytic functions {ϕ1k(z),ϕ2k(z)} defined by
(2.170)-(2.171). Passing to a subsequence, we obtain

ϕ1k → ϕ10
ϕ2k → ϕ20

locally uniformly in Ω. Here, we have

ck = e−‖vk‖∞ → 0,

with the relation

e−vk/2 = ck |ϕ1k|2+
σkc−1k
8

|ϕ2k|2 .

Since {vk} is uniformly bounded near ∂Ω and zero points of the analytic function ϕ20 are
discrete, there arise

σkc−1k ≈ 1
and the finiteness of the blowup points of {vk}.
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Each blowup point is thus isolated, and the classification of the singular limit of the solution
(2.157)-(2.158) is obtained by the residue analysis. More precisely, since the limit function
s0(z) of {sk(z)} is holomorphic, the singular point of s0(z) arising as a blowup point of
{vk} is removable. This removable singular point is formally a pole of the second order,
and then, (2.157)-(2.158) follow, see.213 The other proof uses the Pohozaev identity to
detect (2.158), see.191

Geometric Structure

Writing

ψ1 = c1/281/4ϕ1
ψ2 = c−1/28−1/4ϕ2

in (2.168), we have

W (ψ1,ψ2) = W (ϕ1,ϕ2) = 1(
1
8

)1/2
eu/2 =

{
c
(
1
8

)−1/2
|ϕ1|2+ c−1

(
1
8

)1/2
|ϕ2|2

}−1

=
1

|ψ1|2+ |ψ2|2
,

and, therefore,

|F ′|
1+ |F |2 =

W (ψ1,ψ2)
|ψ1|2+ |ψ2|2

=

(
1
8

)1/2
eu/2 (2.175)

for F = ψ2/ψ1. Thus we can transform (2.155) to

ρ(F)|∂Ω =

(
1
8
· λ∫
Ω ev

)1/2
(2.176)

using

u= v+ logλ − log
∫
Ω
ev

with v|∂Ω = 0, where

ρ(F) =
|F ′|

1+ |F|2 .

This ρ(F) describes spherical derivative of the meromorphic function F = F(z). More pre-
cisely, if C and dσ2 denote the Riemann sphere with the south and north poles (0,0,0) and
(0,0,1) and its standard metric, respectively, and if τ : C→ C∪{∞} is the stereographic
projection, then, the conformal transformation F = τ−1 ◦F induces the relation

dσ
ds

= ρ(F), (2.177)
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where ds2 = dx21+dx22 stands for the Euclidean metric in C. In particular, ρ(F) is invariant
under the O(3) transformation on C.
If ω ⊂⊂Ω is a sub-domain, then the immersed length of F(∂ω) and the immersed area of
F(ω) are defined by

�1(∂ω) =

∫
∂ω
ρ(F)ds

m1(ω) =
∫
ω
ρ(F)2dx,

respectively, and, therefore, it follows that

�1(∂ω)2 ≥ 4m1(ω)(π−m1(ω)) (2.178)

from the isoperimetric inequality on C. Putting

�(∂ω) =

∫
∂ω
p1/2ds

m(ω) =

∫
ω
pdx

with p = eu, we thus obtain

�(∂ω)2 ≥ 1
2
m(ω)(8π−m(ω)) (2.179)

by (2.175) and (2.178).

Spectral Analysis

The above (2.179) is a special case of Bol’s inequality valid on the surface with the Gaus-
sian curvature less than or equal to 1/2. Taking the non-parametric case, in particular, we
obtain (2.179) if p = p(x) > 0 is a C2 function defined on the domain Ω ⊂ R2 of which
boundary is composed of a finite number of Jordan curves,

−Δ log p ≤ p in Ω, (2.180)

and ω ⊂⊂Ω is a sub-domain.
Then, Schwarz’ symmetrization using the metric dσ = p(x)1/2ds guarantees Bandle’s
isoperimetric inequality.14

Theorem 2.15. If Ω⊂ R2 is a domain with the boundary ∂Ω composed of a finite number
of Jordan curves and p= p(x) > 0 is a C2 function satisfying (2.180), then it holds that

λ ≡
∫
Ω
p< 8π ⇒ ν1(p,Ω) ≥ ν1(p∗,Ω∗), (2.181)

where

ν1(p,Ω) = inf
{∫

Ω
|∇v|2 | v ∈H10 (Ω),

∫
Ω
v2p= 1

}
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and (p∗,Ω∗) is determined by

Ω∗ =
{
x ∈ R2 | |x| < 1}

p∗ =
λeu∗∫
Ω∗ eu∗

(2.182)

and

−Δu∗ =
λeu∗∫
Ω∗ eu∗

in Ω∗, u∗ = 0 on ∂Ω∗ (2.183)

Here, each λ ∈ (0,8π) admits a unique solution u∗ = u∗λ (x) to (2.183), which guarantees
the well-definednes of ν1(p∗,Ω∗) in (2.181). This u∗λ (x) is radially symmetric, described
explicitly, and satisfies

lim
λ↓0
u∗(x) = 0 uniformly in x ∈Ω∗

lim
λ↑8π

u∗(x) = 4log
1
|x| locally uniformly in x ∈Ω∗ \ {0}.

Furthermore, the value ν1(p∗,Ω∗) is associated with the Laplace-Beltrami operator on C,
and, therefore, using the separation of variables and the stereographic projection, we obtain

0< λ < 4π ⇒ ν1(p∗,Ω∗) > 1. (2.184)

More precisely, ν1(p∗,Ω∗) is realized as the first eigenvalue of the eigenvalue problem

−Δϕ = νζ0ϕ in Ω∗, ϕ = 0 on ∂Ω∗, (2.185)

where

ζ0 = ζ0(x) =
8ρ(

|x|2+ρ
)2

and ρ > 0 is a constant determined by

λ =

∫
Ω∗
ζ0.

Then, putting

ϕ(x) =Φ(ξ )eımθ

x= reıθ , ξ =
ρ− r2
ρ+ r2

Λ= 1/ν, (2.186)

we obtain the associated Legendre equation[
(1− ξ 2)Φξ

]
ξ +

[
2/Λ−m2/(1− ξ 2)]Φ= 0, ξρ < ξ < 1

Φ(1) = 1
Φ(ξρ ) = 0 (2.187)
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for ξρ = (ρ −1)/(ρ+1), see.14 This formulation is natural because the Laplace-Beltrami
operator on two-dimensional round sphere is immersed into the three dimensional Lapla-
cian in the Cartesian coordinate, which is involved by the associated Legendre equation
through the separation of variables using polar coordinates.303 Thus if Φ=Φ(ξ ) denotes a
solution to the first equation of (2.187) forΛ= 1,m= 0, andΦ(1) = 1, then ν1(p∗,Ω∗) > 1
is equivalent to

Φ(ξ ) > 0, ξρ < ξ < 1.

Since such Φ is given by P0(ξ ) = ξ , this relation means ξρ > 0, and, therefore, (2.184)
follows from

λ < 4π ⇔ ρ > 1 ⇔ ξρ > 0.

Theorem 2.8, on the other hand, is proven by the bifurcation analysis and an a priori esti-
mate. More precisely, we show that the linearized operator is non-degenerate if 0< λ < 8π
because the solution set is compact in this range by Theorem 2.7. Actually, the linearized
operator concerning (2.155) around the solution v= v is defined by

Lψ = −Δψ−λ
(
evψ∫
Ω ev

−
∫
Ω evψ

(
∫
Ω ev)

2 · ev
)

with the domainL = H2(Ω)∩H10 (Ω) in L2(Ω), and the transformation

ϕ = ψ− 1
|Ω|

∫
Ω
ψ

used in §1.2.8 induces the eigenvalue problem (1.174). Using p = p(x) defined by

p = u=
λev∫
Ω ev

,

see (1.174), this problem is written as

−Δϕ = μ pϕ in Ω, ϕ = constant on ∂Ω∫
∂Ω

∂ϕ
∂ν

= 0, (2.188)

and this p = p(x) > 0 is provided with the property (2.180). Thus we have only to show
that μ = 1 is not an eigenvalue of (2.188) provided that 0< λ =

∫
Ω p < 8π .

Since the first eigenvalue of this eigenvalue problem is μ = 0, we show that the second
eigenvalue is greater than 1 in this case.301 This property means

0< λ < 8π ⇒ μ2(p,Ω) > 1, (2.189)

where

μ2(p,Ω) = inf
{∫

Ω
|∇v|2 | v ∈H1c (Ω),

∫
Ω
vp= 0,

∫
Ω
v2p = 1

}
for

H1c (Ω) =
{
v ∈ H1(Ω) | v= constant on ∂Ω

}
,
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which comprises of the key lemma for the proof of Theorem 2.8.
For simplicity, we assume that Ω ⊂ R2 is simply-connected. To derive (2.189), first, we
show that the associated eigenfunction to μ2(p,Ω) has exactly two nodal domains. Next,
if any of them is not enclosed inside Ω, then we can apply (2.181) with (2.184) to either
and obtain (2.189). The same argument is valid if one of them, denoted by ω , is enclosed
inside Ω and it holds that ∫

ω
p< 4π .

For the rest case of ∫
ω
p≥ 4π ,

we take the doubly-connected domain ω̂ =Ω\ω , and obtain the eigenvalue problem
−Δϕ = μ p(x)ϕ , ϕ > 0 in ω̂
ϕ = 0 on ∂ω̂ \ ∂Ω, ϕ = constant on ∂Ω.

Thus μ = μ2(p,Ω) is the first eigenvalue of this eigenvalue problem, with p = p(x) > 0
satisfying (2.180) and ∫

ω̂
p< 4π . (2.190)

Here, we modify the Schwarz symmetrization on C, using the above described nodal do-
main property. In this case, (2.189) is reduced to examine an eigenvalue problem of the
Laplace-Beltrami operator provided with a modified Dirichlet boundary condition defined
on an annular domain ofC, which is contained in the chemi-sphere by (2.190). Through the
transformation (2.186), this problem is realized as the associated Legendre equation, and,
then, (2.189) is shown.301,303 This proof of (2.189) is valid even to the multiply-connected
Ω⊂ R2, and also to the case of λ = 8π , (if the solution exists), see47,308 for details.

2.3.5. Alexandroff-Bol’s Inequality

Using Bol’s inequality and its refinement of Alexandrov’s inequality, we obtain the (bub-
bled) Harnack principle303 and the sup+ inf inequality.283 For the moment, we specify the
volume and the line elements by dx and ds, respectively.

Bol’s Inequality

First, we recall the analytic form of Bol’s inequality described in §2.3.4.

Theorem 2.16. If Ω ⊂ R2 is a simply-connected domain, p = p(x) > 0 is a C2 function
satisfying

−Δ log p ≤ p in Ω, (2.191)

and ω ⊂⊂Ω is a sub-domain, then it holds that
�(∂ω)2 ≥ 1

2
m(ω)(8π−m(ω)) , (2.192)
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where

�(∂ω) =

∫
∂ω
p1/2ds

m(ω) =

∫
ω
pdx.

Inequality (2.192) holds also if Ω is multiply-connected, by decomposing it into simply-
connected domains.14 Nehari’s isoperimetric inequality218 described below is the limiting
case of (2.191)-(2.192) to the zero Gaussian curvature.

Theorem 2.17. If Ω ⊂ R2 is a simply-connected domain, h = h(x) is harmonic in Ω, and
ω ⊂Ω is a su-domain, then it holds that{∫

∂ω
eh/2ds

}2
≥ 4π

∫
ω
ehdx. (2.193)

For the proof of the aobve theorem, we define the univalent function g(z) inΩ by |g′|2 = eh.
Then, ∫

∂ω
eh/2ds=

∫
∂ω

∣∣g′∣∣ds∫
ω
ehdx=

∫
ω

∣∣g′∣∣2 dx
indicate the immersed length of g(∂ω) and the immersed area of g(ω), and (2.193) follows
from the isoperimetric inequality on the plane. We now describe the analytic proof13 of
Theorem 2.16.

Proof of (2.193)⇒(2.192): We may suppose that ∂ω is C1. Define h= h(x) by

Δh= 0 in ω , h= log p on ∂ω

and put q= pe−h. This formulation implies

−Δ logq≤ qeh in ω , q= 1 on ∂ω (2.194)

by (2.191).
Using the right-continuous non-increasing functions

K(t) =

∫
{q>t}

qehdx

μ(t) =

∫
{q>t}

ehdx

defined by {q> t} = {x ∈ ω | q(x) > t}, we obtain

−K′(t) =

∫
{q=t}

qeh

|∇q|ds

= t
∫
{q=t}

eh

|∇q|ds= −tμ ′(t) (2.195)
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a.e. t by the co-area formula.87 We have, on the other hand,∫
{q>t}

(−Δ logq)dx =

∫
{q=t}

|∇q|
q
ds

=
1
t

∫
{q=t}

|∇q|ds

a.e. t > 1, using Green’s formula and Sard’s lemma. Thus we obtain
1
t

∫
{q=t}

|∇q|ds≤
∫
{q>t}

qehdx= K(t)

by (2.194), and, therefore,

−K′(t)K(t) ≥ 1
t

∫
{q=t}

|∇q|ds · t
∫
{q=t}

eh

|∇q|ds

≥
{∫

{q=t}
eh/2ds

}2

≥ 4π
∫
{q>t}

ehdx= 4πμ(t) (2.196)

a.e. t > 1 by Schwarz’ and Nehari’s inequalities. Thus from (2.195)-(2.196) it follows that

d
dt

{
μ(t)t−K(t)+

K(t)2

8π

}
= μ(t)+

1
4π
K(t)K′(t) ≤ 0 (2.197)

for a.e. t > 1.
We obtain, on the other hand,

K(t+0) = K(t) ≤ K(t−0),
while

j(t) = K(t)− μ(t)t =
∫
{q>t}

(q− t)ehdx

is continuous: j(t+0) = j(t) = j(t−0). Thus (2.197) guarantees[
− j(t)+

K(t)2

8π

]∞
t=1

= j(1)− K(1)2

8π
≤ 0. (2.198)

Using

j(1) =

∫
{q>1}

(q−1)ehdx≥
∫
ω
(q−1)ehdx= m(ω)−

∫
ω
ehdx

K(1)2 ≤ m(ω)2,

we deduce

m(ω)− m(ω)2

8π
≤
∫
ω
ehdx

≤ 1
4π

{∫
∂ω
eh/2ds

}2
=

�(∂ω)2

4π
.
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This inequality means (2.192). �

Similarly to (2.198), we obtain

j(t) ≤ K(t)2

8π
(2.199)

for any t > 1. This inequality implies the mean value theorem.303 We note that the converse
is also true in the following theorem.

Theorem 2.18. If Ω⊂ R2 is an open set, p= p(x) > 0 is a C2 function satisfying (2.191),
and B= B(x0,r) ⊂⊂Ω, then it holds that

log p(x0) ≤ 1
|∂B|

∫
∂B
log pds−2log

(
1− 1

8π

∫
B
pdx

)
+

. (2.200)

Proof: Using (2.199) for ω = B, we obtain

μ(t) ≥ K(t)2

t

(
1
K(t)

− 1
8π

)
(2.201)

for any t > 1. Furthermore,

J(t) =
μ
K(t)

− μ(t)
8π

=
1
t
− j(t)
tK(t)

− μ(t)
8π

is right-continuous: J(t+0) = J(t), and it holds also that

J(t−0)− J(t) =
j(t)
t

{
1
K(t)

− 1
K(t−0)

}
+
1
8π

(μ(t)− μ(t−0))

=
j(t)
t

{
1

j(t)+ μ(t)t
− 1
j(t)+ μ(t−0)t

}

+
1
8π

(μ(t)− μ(t−0))

= −(μ(t)− μ(t−0)) ·
{

j(t)
K(t)K(t−0) −

1
8π

}
.

Using

K(t−0)−K(t) =

∫
{q=t}

qehdx

= t (μ(t−0)− μ(t))≥ 0
and j(t) ≥ 0, we obtain

J(t−0)− J(t)≤−(μ(t−0)− μ(t)) ·
(
1
8π

− j(t)
K(t)2

)
≤ 0
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by (2.199). On the other hand, we have

J′(t) = μ ′(t)
(
1
K(t)

− 1
8π

)
− μ(t)

K′(t)
K(t)2

≥ μ ′(t) · tμ(t)
K(t)2

− μ(t) · K
′(t)

K(t)2
= 0

for a.e. t > 1 by (2.199) and (2.195).
These relations imply

lim
t↑t0
J(t) = lim

t↑t0
μ ′(t)
K′(t)

=
1
t0

≥ J(t) = μ(t)
(
1
K(t)

− 1
8π

)

for 1 ≤ t ≤ t0 by (2.195), where t0 = maxB q. Here, the right-hand side is estimated from
below by

K(t)2

t

(
1
K(t)

− 1
8π

)2
+

using (2.201). Then, putting t = 1, we obtain

1
t0

≥
(
1− K(1)

8π

)2
+

≥
(
1− m

8π

)2
+

,

where

m=

∫
B
pdx.

This inequality means (
1− m

8π

)2
+
≥ t0 =max

B
pe−h ≥ p(x0)e−h(x0)

or, equivalently,

log p(x0) ≤ h(x0)−2log
(
1− 1

8π

∫
B
pdx

)
+

.

Here, using the mean value theorem to the harmonic function, we obtain

h(x0) =
1

|∂B|
∫
∂B
hds

=
1

|∂B|
∫
∂B
log pds,

and the proof of (2.200) is complete. �

Similarly to the harmonic case, the mean value theorem (2.200) implies the following Har-
nack inequality.
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Theorem 2.19. If v= v(x) ∈C2(B)∩C(B) satisfies

0≤−Δv≤ λev∫
Ω ev

, v≥ 0 in B

for B= B(0,R) ⊂ R2, then it holds that

v(0) ≤ R+ |x|
R−|x|v(x)−2log

(
1− λ

8π

)
+

(2.202)

for x ∈ B.
Proof: We obtain

−Δ log p ≤ p in B

for p= λev/
∫
Ω ev, and, therefore, (2.200) is applicable. It holds that

log p(0) ≤ 1
|∂B|

∫
∂B
log pds−2log

(
1− λ

8π

)
+

,

or, equivalently,

v(0) ≤ 1
|∂B|

∫
∂B
vds−2log

(
1− λ

8π

)
+

. (2.203)

Since v(x) ≥ 0 is super-harmonic, on the other hand, it holds that

v(reıθ ) ≥ 1
2π

∫ 2π

0

R2− r2
R2−2Rrcos(θ −ϕ)+ r2

v(Reıϕ )dϕ

≥ R− r
R+ r

1
|∂B|

∫
∂B
vds

for 0≤ r < R. This formula implies (2.202). �

From the standard argument, Harnack’s inequality (2.202) implies the Harnack principle
stated as follows.

Theorem 2.20. If Ω ⊂ R2 is an open set and vk = vk(x), k = 1,2, . . ., are C2 functions
satisfying

0≤−Δvk ≤
λkevk∫
Ω evk

, vk ≥ 0 in Ω

for λk > 0, then passing to a sub-sequence, we obtain the following alternatives, where

S = {x0 ∈Ω | there exists xk → x0 such that vk(xk) → +∞} .

(i) {vk}k is locally uniformly bounded in Ω.
(ii) vk → +∞ locally uniformly in Ω.
(iii) S �= /0 and �S ≤ liminfk [λk/(8π)].
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Alexandrov’s Inequality

Alexandrov’s inequality, see14 for the proof, is a sharp form of Bol’s inequality. First, we
introduce the metric dσ2 = p(x)ds2 on B = B(0,1) ⊂ R2, using p = p(x) > 0 such that
C2(B)∩C(B). This formulation implies that its Gaussian curvature, total volume m, the
boundary length � are defined by

K = −Δ log p
2p

m=

∫
B
pdx

� =

∫
∂B
p1/2ds.

Then, if

α = 2π−m+
μ (B) > 0

for

m+
μ (B) =

∫
{K>μ}

(K(x)− μ) pdx,

it holds that

�2 ≥ (2α− μm)m, (2.204)

where μ ∈ R.
In the case of K ≤ 1/2, it follows that

m+
μ (B) =

(
1
2
− μ

)∫
B
pdx=

(
1
2
− μ

)
m

α = 2π+

(
μ− 1

2

)
m

for μ < 1/2. Then, (2.204) reads;

�2 ≥ m · (4π+(μ−1)m) .

Letting μ ↑ 1/2, we obtain

�2 ≥ 1
2
m(8π−m).

This formula means Bol’s inequality on B.
In the actual application,14 we take μ∗ satisfying∫

{K>μ∗}
pdx≤ m/2

∫
{K<μ∗}

pdx≤ m/2.
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In this case, it is obvious that

{K > μ∗} �= B
{K < μ∗} �= B,

and, therefore,

{K ≤ μ∗} �= /0
{K ≥ μ∗} �= /0.

This relation implies
a
2
≤ μ∗ ≤ b

2
,

provided that
a
2
≤ K(x) ≤ b

2
,

where a,b> 0 are constants.
There areC,D≥ 0 such that ∫

{K>μ∗}
pdx=

m
2
−C

∫
{K<μ∗}

pdx=
m
2
−D

and, then, it holds that

2α− μ∗m = 4π−2m+
μ∗(B)− μ∗m

= 4π−2
∫
{K>μ∗}

(K− μ∗)pdx− μ∗m

= 4π−2
∫
{K≥μ∗}

(K− μ∗)pdx− μ∗m

= 4π−2
∫
{K≥μ∗}

Kpdx+2μ∗D.

On the other hand, we obtain∫
{K<μ∗}

Kpdx ≥ a
2

∫
{K<μ∗}

pdx=
a
2

(m
2
−D

)
≥ a
2b

∫
B
Kpdx− a

2
D,

and, therefore, ∫
{K≥μ∗}

Kpdx≤
(
1− a

2b

)∫
B
Kpdx+

a
2
D.

Thus it follows that

2α− μ∗m ≥ 4π−2
(
1− a

2b

)∫
B
Kpdx+(2μ∗−a)D

≥ 4π−2
(
1− a

2b

)∫
B
Kpdx,
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and, consequently, ∫
B
Kpdx≤ α0/2 ⇒ 2α− μ∗m≥ γ0, (2.205)

where

4π < α0 <
4π
1− a

2b

γ0 = 4π−
(
1− a

2b

)
α0 > 0.

The inclusion (2.205) implies the following lemma.

Lemma 2.1. Let B = B(0,1) ⊂ R2 and a,b > 0 be constants. Then, there is C0 > 0 such
that

−Δv=V (x)ev, a≤V (x) ≤ b in B∫
B
V (x)ev ≤ α0

implies

v(0) ≤C0, (2.206)

where v ∈C2(B)∩C(B).

Proof: We can apply (2.205) to

p= eu

K =V/2.

In fact, the function

f (r) = 4π−2
∫
{K>μ∗}

(K− μ∗)pdx− μ∗
∫
Ω
pdx

is strictly decreasing in r ∈ [0,1), and, therefore,

f (r) ≥ f (1) = 2α− μ∗m≥ γ0.
Putting

A(r) =

∫ r

0

∫
∂B(0,r′)

pdsdr′

=
∫
B(0,r)

pdx,

on the other hand, we obtain

A′(r) =

∫
∂B(0,r)

pds

≥ 1
2πr

{∫
∂B(0,r)

p1/2ds
}2

≥ 1
2πr

f (r)A(r) (2.207)
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for 0≤ r < 1 by (2.204). This inequality implies

− 1
2π
logr0 ≤

∫ 1

r0

A′(r)
f (r)A(r)

dr

=

∫ 1

r0

1
f (r)

{logA(r)}′ dr

=
logA(1)
f (1)

− logA(r0)
f (r0)

+

∫ 1

r0

logA(r)
f (r)2

f ′(r)dr

for r0 ∈ (0,1). Since

A(r0) ∼ πr20p(0)
f (r0) ∼ 4π−O

(
r20
)

as r0 ↓ 0, it holds that

lim
r0↓0

{
logA(r0)
f (r0)

− 1
2π
logr0

}
= lim
r0↓0

1
4π
log
A(r0)
r20

=
1
4π

(log p(0)+ logπ) ,

and, therefore,

u(0) = log p(0) ≤ 4π
f (1)

log
(
A(1)
π

)
+4π

∫ 1

0

logA(r)
f (r)2

f ′(r)dr.

We have, on the other hand,

A(r) ≤ A(1) =

∫
Ω
pdx≤ 1

2a

∫
B
Kpdx≤ α0

a

logA(r)
f (r)2

f ′(r) =
log α0

A(r) + log 1
α0

f (r)2
(− f ′(r))

≤ γ−20 log
α0
A(r)

· (− f ′(r)) ,

and

0 ≤ − f ′(r)
= 2

∫
{K>μ∗}∩∂Br

(K− μ∗)pds+ μ∗
∫
∂Br
pds

≤ 2 ·
∫
{K>μ∗}∩∂Br

(
a
2
− b
2

)
pds+

b
2

∫
∂Br
pds

≤
(
3
2
b−a

)∫
∂Br
pds

=

(
3
2
b−a

)
A′(r).

Using the transformation t = A(r)
α0
, we thus obtain∫ 1

0

logA(r)
f (r)2

· f ′(r)dr ≤ γ−20
(
3
2
b−a

)
· 1
α0

∫ 1

0
log
1
t
dt < +∞,



234 Chapter 2. Scaling - Revealing Hierarchy

and, therefore, (2.206). �

If V (x) is restricted to a compact family of C(B), then the blowup analysis based on the
classification of the entire solution, see §2.3.7, provides with an alternative proof of the
above lemma. The conclusion α0 > 4π , on the other hand, is regarded as an improvement
of Brezis-Merle’s rough estimate described in the next paragraph under the cost of V (x) ≥
a> 0.

Sup + Inf Inequality

Lemma 2.1 implies the sup+ inf inequality,283 see31,53 for the other version.

Theorem 2.21. If Ω⊂ R2 is a bounded domain, K ⊂ Ω is a compact set, and a,b > 0 are
constants, then there are c1 = c1(a,b) ≥ 1 and c2 = c2 (a,b,dist(K,∂Ω)) > 0 such that

−Δv=V (x)ev, a≤V (x) ≤ b in Ω (2.208)

implies

sup
K
v+ c1 inf

Ω
v≤ c2. (2.209)

Proof: From the standard covering argument, the assertion is reduced to the case Ω =

B(x0,r), K = {x0}, c2 = c2(r). Assuming x0 = 0, we take

ṽ(x) = v(rx)+2logr,

which satisfies (2.208) for Ω = B(0,1) and Ṽ (x) = V (rx). Thus we have only to consider
the case Ω= B= B(0,1) and K = {0}. Actually, we show, more strongly,

v(0)+
1
2π

∫
∂B
vds≤ c2 (2.210)

in this case.
For α0 > 4π in Lemma 2.1, we define c1 ≥ 1 by

4π(c1+1)/c1 = α0.

In the case of ∫
B
Vev > 4π(c1+1)/c1, (2.211)

we define r0 ∈ (0,1) by ∫
B(0,r0)

Vev = 4π(c1+1)/c1

and r0 = 1 otherwise. In any case, we obtain∫
B(0,r0)

Vev ≤ 4π(c1+1)/c1.
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Putting ũ(x) = u(r0x)+2logr0 and Ṽ (x) =V (r0x), we obtain (2.208) for Ω= B= B(0,1)
and also ∫

B
Ṽ eṽ ≤ 4π(c1+1)/c1 = α0.

This inequality implies

ṽ(0) = v(0)+2logr0 ≤ c0 (2.212)

by Lemma 2.1.
Now, we define

G(r) = v(0)+
c1
2πr

∫
∂B(0,r)

vds+2(c1+1) logr

= u(0)+ c1
∫ 2π

0
v(r,θ )dθ +2(c1+1) logr.

Since v is super-harmonic, we obtain
1
2πr

∫
∂B(0,r)

vds≤ v(0)

and, therefore,

G(r0) ≤ (c1+1)v(0)+2(c1+1) logr0 ≤ (c1+1)c0 (2.213)

by (2.212). Thus it holds that (2.210) if r0 = 1, by

G(1) = v(0)+
c1
2π

∫
∂B
vds.

In the other case of r0 < 1, we obtain (2.211), and, therefore, it holds that∫
B(0,r)

Vev ≥ 4π(c1+1)/c1, r0 ≤ r ≤ 1. (2.214)

Using

G′(r) = c1
∫ 2π

0
vr(r,θ )dθ +

2(c1+1)
r

=
1
r

{
c1
2π

∫
∂B(0,r)

vrds+2(c1+1)
}

and ∫
∂B(0,r)

vrds=
∫
B(0,r)

Δv= −
∫
B(0,r)

Vev,

we obtain

G′(r) ≤ 0, r0 ≤ r ≤ 1
by (2.214). This inequality implies

u(0)+
1
2π

∫
∂B
vds= G(1) ≤ G(r0) ≤ (c1+1)c0

by (2.213), and the proof is complete. �
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2.3.6. Pre-Scaled Analysis

This paragraph is devoted to Brezis-Merle’s theorem32 concerning

−Δv=V (x)ev, 0≤V (x) ≤ c0 in Ω∫
Ω
ev ≤ c1, (2.215)

where Ω⊂ R2 is a bounded domain.
First, we show Brezis-Merle’s inequality.

Theorem 2.22. If Ω⊂ R2 is a bounded domain, f ∈ L1(Ω), and

−Δv= f (x) in Ω, v= 0 on ∂Ω,

then it holds that ∫
Ω
exp

(
4π− δ
‖ f‖1

|v(x)|
)
dx≤ 4π2

δ
(diam Ω)2.

Proof: We take B= B(x0,R) containing Ω for R = 1
2diam Ω, 0-extension of f (x) outside

Ω, and

v(x) =
1
2π

∫
B
log

2R
|x− x′| ·

∣∣ f (x′)∣∣dx′.
Then, it holds that

−Δv= | f | in R2

and v≥ 0 in B by 2R/ |x− x′| ≥ 1 for x,x′ ∈ B, and, therefore,
|v| ≤ v

from the maximum principle. This inequality implies∫
Ω
exp

(
4π− δ
‖ f‖1

|v(x)|
)
dx≤

∫
Ω
exp

(
4π− δ
‖ f‖1

v(x)
)
dx. (2.216)

Next, applying Jensen’s inequality, we obtain

exp
(
4π− δ
‖ f‖1

v(x)
)

= exp
(∫

B

4π− δ
2π

· log 2R
|x− x′| ·

| f (x′)|
‖ f‖1

dx′
)

≤
∫
B

(
2R

|x− x′|
)2− δ

2π | f (x′)|
‖ f‖1

dx′,

and the right-hand side of (2.216) is estimated from above by

∫
B

| f (x′)|
‖ f‖1

dx′ ·
∫
B

(
2R

|x− x′|
)2− δ

2π
dx.
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Since B= B(x0,R) ⊂ B(x′,2R) for any x′ ∈ B, it holds that∫
Ω
exp

(
4π− δ
‖ f‖1

|v(x)|
)
dx

≤
∫
B

| f (x′)|
‖ f‖1

dx′ ·
∫
B(x′,2R)

(
2R

|x− x′|
)2− δ

2π
dx

=
4π2

δ
(2R)2 =

4π2

δ
(diam Ω)2,

and the proof is complete. �

We show the following theorem as an application.

Theorem 2.23. If

v− ∈ L1loc(R2), V ∈ Lp(R2), ev ∈ Lp′(Ω)

and

−Δv=V (x)ev in R2,

then it follows that v+ ∈ L∞(R2), where 1< p≤ ∞, 1p + 1
p′ = 1, and v± =max(±v,0).

Proof: Given ε ∈ (0,1/p′), we divide Vev ∈ L1(R2) by
Vev = f1+ f2
‖ f1‖L1(R2) < ε

f2 ∈ L∞(R2).

Fix x0 ∈ R2, and put Br = B(x0,r) for simplicity. We apply Theorem 2.22 to δ = 4π − 1
and

−Δvi = fi in B1, vi = 0 on ∂B1,

and then obtain ∫
B1
exp(|v1|/ε) ≤C,

and in particular,

‖v1‖L1(B1) ≤C.

Here and henceforth,C > 0 denotes a constant independent of x0, possibly changing from
line to line.
We have, on the other hand,

‖v2‖L∞(B1) ≤C
from the elliptic regularity, and furthermore, v3 = v− v1− v2 is a harmonic function in B1.
Using the mean value theorem, therefore, we obtain∥∥v+3 ∥∥L∞(B1/2)

≤C
∥∥v+3 ∥∥L1(B1) .
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Now, we use

v+3 ≤ v+ + |v1|+ |v2|
and

p′
∫
R2
v+ ≤

∫
R2

(
ep

′v+ −1
)

=

∫
{v>0}

ep
′v ≤

∫
R2
ev ≤C.

We conclude ∥∥v+3 ∥∥L1(B1) ≤C
and, therefore, ∥∥v+3 ∥∥L∞(B1/2)

≤C.

Finally, in

−Δv=Vev =Vev1 · ev2+v3 = g,

we have

ev2+v3 ∈ L∞(B1/2)
V ∈ Lp(B1)
ev1 ∈ L1/ε(B1)

with 1/ε > p′, and, therefore,

‖g‖L1+δ (B1/2) ≤C (2.217)

with δ > 0. Then, the elliptic regularity guarantees the decomposition v= w+h with

‖w‖L∞(B1/2) ≤C‖g‖L1+δ (B1/2) , (2.218)

where h is harmonic in B1/2, and, therefore, it holds that∥∥h+
∥∥
L∞(B1/4)

≤ C
∥∥h+

∥∥
L1(B1/2)

≤ C
(∥∥v+∥∥L1(B1/2) +‖w‖L1(B1/2)

)
≤ C (2.219)

by the mean value theorem. We obtain∥∥v+∥∥L∞(B1/4)
≤C

withC > 0 independent of x0 by (2.217)-(2.219), and the proof is complete. �

Similarly, we obtain the following theorem called the rough estimate in the previous para-
graph.
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Theorem 2.24. Let 1< p≤∞, c1,c2 > 0, 0< ε0 < 4π/p′ with 1p+ 1
p′ = 1 be given,Ω⊂R2

a bounded domain, and K ⊂Ω a compact set. Then, there exists C > 0 such that

−Δv=V (x)ev in Ω

‖V‖p ≤ c1,
∥∥v+∥∥1 ≤ c2,

∫
Ω
|V (x)|ev ≤ ε0

implies ∥∥v+∥∥L∞(K)
≤C.

Proof: From the covering argument, we may assume Ω = BR and K = BR/2, where BR =

B(0,R). We decompose v= v1+ v2, where

−Δv1 =V (x)ev in Ω, v1 = 0 on ∂Ω

and v2 is harmonic in Ω. First, we apply the mean value theorem to v2 and obtain∥∥v+2 ∥∥L∞(B3R/4)
≤CR

∥∥v+2 ∥∥L1(BR) ≤CR
(
‖v1‖L1(BR) + c2

)
.

On the other hand, we have ∥∥∥e|v1|∥∥∥
Lp′+δ (BR)

≤C

by Theorem 2.22, where δ > 0. Similarly to the proof of the previous theorem, this in-
equality implies ∥∥v+2 ∥∥L∞(B3R/4)

≤C

and, consequently,

‖ev‖Lp′+δ (B3R/4) ≤C.

Then, it holds that

‖Vev‖Lq(B3R/4) ≤C
by the assumption. Using v= w1+w2 with

−Δw1 =V (x)ev in B3R/4, w1 = 0 on ∂B3R/4,

and Δw2 = 0 in B3R/4, we obtain ∥∥v+∥∥L∞(BR/2)
≤C,

similarly, from the elliptic estimate and the mean value theorem.123 The proof is complete.
�

Now, we show Theorem 2.12 in the following extended form.
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Theorem 2.25 (32). Let Ω⊂ R2 be a bounded domain, and vk = vk(x), k = 1,2, . . . satisfy

−Δvk =Vk(x)evk in Ω

for Vk =Vk(x) ≥ 0, and assume the existence of 1< p≤ ∞ and c1,c2 > 0 such that

‖Vk‖p ≤ c1, ‖evk‖p′ ≤ c2
for k= 1,2, . . .. Then, passing to a sub-sequence, we have the following alternatives:

(i) {vk} is locally uniformly bounded in Ω.
(ii) vk →−∞ locally uniformly in Ω.
(iii) There is a finite set S = {ai} ⊂ Ω and αi ≥ 4π/p′ such that vk → −∞ locally uni-

formly in Ω\S and

Vk(x)evkdx⇀∑
i
αiδai(dx)

inM (Ω). Furthermore,S is the blowup set of {vk} in Ω.

Proof: Since {Vkevk}k is bounded in L1(Ω), we obtain

Vkevkdx⇀ μ(dx)

inM (Ω), passing to a sub-sequence. Then, the set

Σ=
{
x0 | μ ({x0}) ≥ 4π/p′

}
is finite by μ(Ω) ≤ c1 · c2.
If x0 �∈ Σ, there is ψ ∈C∞0 (Ω) satisfying 0≤ ψ ≤ 1, ψ = 1 around x0, and∫

Ω
ψdμ < 4π/p′.

Then, we obtain R0 > 0 such that∥∥v+k ∥∥L∞(B(x0,R0))
= O(1)

by Theorem 2.24. This conclusion meansS ⊂ Σ, while the converse is obvious. In fact, if
x0 �∈ S , then

{
v+k
}
is uniformly bounded in B(x0,R0) for some R0 > 0, and this property

implies μ({x0}) = 0 and hence x0 �∈ Σ by the elliptic regularity. Thus μ({x0}) < 4π/p′

implies x0 �∈ S . Now, we distinguish two cases.

Case 1: Σ= /0 implies (i) or (ii).

Again, we may assume Ω = BR. In this case,
{
v+k
}
is uniformly bounded in ω = BR/2.

Defining wk by

−Δwk = fk in ω , wk = 0 on ∂ω

for fk = Vkevk , we see that {wk} is uniformly bounded in ω because { fk} is bounded in
Lp(ω). Thus

ṽk = vk−wk
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is harmonic in ω and
{
ṽ+k
}
is uniformly bounded in ω . From the Harnack principle to

the harmonic function, therefore, {ṽk} is locally uniformly bounded in ω , or otherwise
ṽk →−∞ locally uniformly in ω . These cases imply (i) and (ii), respectively.

Case 2: Σ �= /0 implies (iii).

Since Σ is finite, each x0 ∈ Σ admits R> 0 such that ω = B(x0,R)⊂⊂Ω and B(x0,R)∩Σ=

{x0}. From the above argument, {vk} is locally uniformly bounded or otherwise diverges
to −∞ locally uniformly, in B(x0,R)\ {x0}.
In the former case, it holds that

vk ≥−C on ∂ω .

Defining zk by

−Δzk = fk in ω, zk = 0 on ∂ω ,

we obtain vk ≥ zk in ω . We have, on the other hand,

fk(x)dx⇀ αδx0(dx)+ f (x)dx

inM (ω) with

α ≥ 4π/p′

0≤ f ∈ L1(ω),

and, therefore, zk → z locally uniformly in ω \ {x0} with

z(x) ≥ 4π
p′

· 1
2π
log

1
|x− x0| −O(1), x ∈ ω \ {x0}.

This property implies

+∞=

∫
B(x0,R)

ep
′z ≤ liminf

k

∫
B(x0,R)

ep
′vk

≤ liminf
k

‖evk‖p′p′ < +∞

by Fatou’s lemma, a contradiction.
Thus we obtain vk →−∞ locally uniformly in B(x0,R)\ {x0}, and

Vkevk → 0

in Lploc(Ω\Σ) from the convering argument. This conclusion implies

μ(dx) =∑
i
αiδai(dx),

and the proof is complete. �
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2.3.7. Entire Solution

Classification of the entire solution is an important ingredient of the blowup analysis, where
the method of moving plane is useful. The results for

−Δv= vp, v> 0 in Rn

with 1< p < ∞ and n ≥ 3 are described in §2.1.2. A refined approach guarantees also the
two-dimensional version formulated as follows.56

Theorem 2.26. If

−Δv= ev in R2,
∫
R2
ev < +∞, (2.220)

then it holds that

v(x) = log

⎧⎪⎨
⎪⎩

8μ2(
1+ μ2 |x− x0|2

)2
⎫⎪⎬
⎪⎭ , x0 ∈R2, μ > 0. (2.221)

We begin with several lemmas for the proof.

Lemma 2.2. If (2.220), then it holds that∫
R2
ev ≥ 8π .

Proof: We note that v= v(x) is real-anlaytic. In particular,∫
Ωt
ev = −

∫
Ωt
Δv=

∫
∂Ωt

|∇v|

− d
dt

|Ωt | =
∫
∂Ωt

1
|∇v|

for each t ∈R, and, therefore,(
− d
dt

|Ωt |
)
·
∫
Ωt
ev ≥ |∂Ωt |2 ≥ 4π |Ωt | ,

where Ωt =
{
x ∈R2 | v(x) > t

}
. This implies

d
dt

(∫
Ωt
ev
)2

= 2
∫
Ωt
ev ·

(
−
∫
∂Ωt

ev

|∇v|
)

= 2et · d
dt

|Ωt | ·
∫
Ωt
ev ≤−8πet · |Ωt | .
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Operating
∫ ∞
−∞ ·dt, we obtain

−
(∫

R2
ev
)2

≤ −8π
∫ ∞

−∞
et |Ωt |dt = 8π

∫ ∞

−∞
et · d
dt

|Ωt |dt

= −8π
∫ ∞

−∞
etdt ·

∫
∂Ωt

1
|∇v| = 8π

∫ ∞

−∞
d
dt

∫
Ωt
ev

= −8π
∫
R2
ev.

The proof is complete. �

Lemma 2.3. We have
v(x)
log |x| → − 1

2π

∫
R2
ev ≤−4 (2.222)

uniformly as |x| → ∞.

Proof: We see that

w(x) =
1
2π

∫
R2

(log |x− y|− log |y|)ev(y)dy

is well-defined by
∫
R2 ev < +∞. Furthermore, it holds that

Δw= ev in R2
w(x)
log |x| →

1
2π

∫
R2
ev as |x| → ∞

uniformly. Writing u= v+w, we have

Δu= 0, u(x) ≤C+C1 log(|x|+1) in R2

because v(x) is bounded from above by Theorem 2.24. Then, Liouville’s theorem assures
that v is a constant, and the proof is complete. �

Method of the second moment described in §1.1.6 guarantees∫
R2
ev ≤ 8π , (2.223)

see §2.4.2. The radial symmetry of v = v(x), particularly the decreasing in r direction,
however, is a key factor in the blowup argument developed in §2.3.8. The classification
(2.221) is thus obtained by the radial symmetry of the solution,

v= v(|x− x0|) (2.224)

for some x0 ∈ R2. This property is obtained if v has the axile symmetry of two Q-
independent directions, and, therefore, is reduced to the symmetry of v in x1-direction
because of the rotation and translation invariance of (2.220). Once radial symmetry (2.224)
is obtained, the proof of Theorem 2.26 is obvious. Thus (2.220) implies (2.221) and the
proof will be complete.
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To show the symmetry of v in x1-dierction, we assume the maximum of v in x1 < −3,
regarding Lemma 2.3. Then, we put

Σλ = {(x1,x2) | x1 < λ}
Tλ = ∂Σλ = {(x1,x2) | x1 = λ}
xλ = (2λ − x1,x2)
wλ (x) = v(xλ )− v(x)
wλ (x) = wλ (x)/g(x)

for λ ∈ R, where g(x) = log(|x|−1). This wλ (x) is well-defined for x ∈ Σλ with λ < −2,
and it follows that

Δwλ = eψwλ (2.225)

Δwλ +
2
g
∇g ·∇wλ +

(
expψ+

Δg
g

)
wλ = 0, (2.226)

where ψ(x) is between v(x) and v(xλ ).

Lemma 2.4. There is R0 > 2 independent of λ < −2 such that if x0 attains the negative
minimum of wλ in Σλ , then |x0| < R0.

Proof: Since

Δg
g

=
1

|x| (|x|−1)2 log(|x|−1)
we obtain R0 > 2 such that

expv+
Δg
g

< 0

if R2 \B(0,R0) by Lemma 2.3. From the assumption, it holds that

ψ(x0) ≤max
{
v(x0),v(xλ0 )

}
= v(x0),

and, therefore,

expψ(x0)+
Δg
g

(x0) < 0

if |x0| ≥ R0. This is impossible from (2.226) and the maximum principle, and hence |x0| <
R0 follows. The proof is complete. �

To prove

vλ0 ≡ v (2.227)

for some λ0, we note that

wλ ≥ 0 in Σλ (2.228)
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holds for λ < −R0. In fact, we have
lim
|x|→∞

wλ (x) = 0

by Lemma 2.3, and if this property is not the case, wλ attains a negative minimum in Σλ ,
which is impossible by Lemma 2.4.
Since v attains the maximum in x1 < −3, we obtain the maximum λ ′

0, denoted by λ0, such
that (2.228) holds for λ ≤ λ ′

0. We show that this λ0 satisfies the following.

(a) wλ > 0 in Σλ for λ < λ0 and ∂v
∂x1

> 0 in Σλ0 .
(b) wλ0 ≡ 0 in Σλ0 .
For this purpose, we use

∂v
∂x1

≥ 0, x1 ≤ λ ′
0 (2.229)

and

wλ ≡ 0 ⇔ ∂v
∂x1

= 0 somewhere on Tλ (2.230)

for λ ≤ λ ′
0, the latter being obtained by the strong maximum principle and the Hopf lemma.

To prove (a), first, we show wλ > 0 in Σλ if λ < λ0. In fact, if this property is not the case,
it holds that

wλ0−δ ≡ 0
for δ > 0 from the strong maximum principle, and, therefore,

v(λ0−2δ ,x2) = v(λ0,x2).

This conclusion implies

∂v
∂x1

= 0, λ0−2δ ≤ x1 ≤ λ2
by (2.229). In particular, we obtain

∂v
∂x1

= 0 on Tλ0−δ

and hence

wλ0−2δ ≡ 0
by (2.230). Repeating the argument, we obtain the independence of v in x1, a contradiction.
Once this property is proven, it holds that

∂wλ
∂x1

< 0 on Tλ

by the Hopf lemma, where λ < λ0. This conclusion implies
∂v
∂x1

> 0, x1 < λ0,
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and hence ∂v
∂x1

> 0 in Σλ0 .
We have proven that v is strictly increasing in x1 < λ0, and hence λ0 < −3. We can define
wλ in Σλ for λ < λ0+1. We have also proven wλ0 ≥ 0, and, therefore, in case wλ0 �≡ 0, it
holds that

wλ0 > 0 in Σλ0 ,
∂wλ0
∂x1

< 0 on Tλ0 (2.231)

by (2.226) from the strong maximum principle and the Hopf lemma. On the other hand,
there is a sequence λk ↓ λ0 and x′k ∈ Σλk such that

wλk(x
′
k) < 0

from the definition of λ0. This property assures the minimum point of wλk in Σλk , denoted
by xk ∈ Σλk , by Lemma 2.3.
We obtain

|xk| ≤ R0
by Lemma 2.4, and passing to a subsequence, xk → x0 with

x0 ∈ Σλ0 ∪Tλ0
wλ0(x0) ≤ 0
∇wλ0(x0) = 0,

a contradiction to (2.231). �

2.3.8. Blowup Analysis

This paragraph is devoted to the proof of the quantized blowup mechanism to (2.215),
namely, Theorem 2.13. Henceforth, k is sufficiently large, and the subsequence of {vk} is
denoted by the same symbol. The fundamental idea of the blowup analysis is used in the
proof of the following lemma.

Lemma 2.5. Under the assumption of Theorem 2.13, it holds that

V (0) > 0.

Proof: We obtain xk ∈ B such that
vk(xk) =max

B
vk

xk → 0
vk(xk) → +∞.

This relation implies

δk = e−vk(xk)/2→ 0
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and

ṽk(x) = vk(δkx+ xk)+2logδk

is defined in B(0,R/(2δk)), which satisfies

−Δṽk =Vk(δkx+ xk)eṽk

ṽk ≤ 0= ṽk(0) in B(0,R/(2δk))∫
B(0,R/(2δk))

eṽk ≤C0.

Given r > 0, we obtain the well-definedness of {ṽk} in Br = B(0,r), and Theorem 2.25
is applicable to Ω = Br. The other cases than (i) are impossible, and, therefore, {ṽk} is
uniformly bounded in B(0,r). The standard diagonal argument and the elliptic estimate
guarantee the convergence

ṽk → ṽ inC1,αloc (R2),

where 0< α < 1, and it holds that

−Δṽ=V (0)eṽ, ṽ≤ 0= ṽ(0) in R2∫
R2
eṽ ≤C0.

In case V (0) = 0, ṽ is a non-negative harmonic function in R2, and hence is a constant by
Liouville’s theorem. This property implies∫

R2
eṽ = +∞,

a contradiction. �

In the above lemma, we have

ṽ(x) = log
1(

1+ V (0)
8 |x|2

)2
∫
R2
V (0)eṽ = 8π

by Theorem 2.26. In fact, v(x) = ṽ(x)+ logV (0) satisfies

−Δv= ev in R2,
∫
R2
ev < +∞

max
R2
v= v(0) = logV (0).

Taking smaller R> 0, we may assume

a≤Vk(x) ≤ b, x ∈ B (2.232)

for a,b > 0. This condition makes it possible to apply sup+ inf inequality, which takes
the role of the Harnack inequality or the monotonicity formula. Then, we can exhaust the
blowup mechanism by counting the particle concentrations.
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Lemma 2.6. Given a,b> 0, we obtain c1 ≥ 1, c2 > 0 (independent of R> 0) such that

−Δv=V (x)ev, a≤V (x) ≤ b in BR

implies

v(0)+ c1 infBr
v+2(c1+1) logr ≤ c2

for 0< r ≤ R.

Proof: The assertion is an immediate consequence of the sup+ inf inequality and the
rescaling. In fact, we take

ṽ(x) = v(rx)+2logr

for r ∈ (0,R], and obtain

−Δṽ=V (rx)eṽ in B1.

Theorem 2.21 applied to Ω= B1 and K = {0}, thus implies
ṽ(0)+ c1 infB1

ṽ≤ c2

or, equivalently,

v(0)+2(c1+1) logr+ c1 inf
Br
v≤ c2.

Here, we have

inf
Br
v= inf

∂Br
v

because v is super-harmonic, and the proof is complete. �

We use the following lemma also, obtained by the Harnack inequality for harmonic func-
tions.

Lemma 2.7. There is β ∈ (0,1) such that given C1,C2 > 0, we have c3 > 0 (independent
of R,R0 > 0 in 0< R0 ≤ R/4) such that

−Δv=V (x)ev

|V (x)| ≤C1
v(x)+2log |x| ≤C2 in BR \BR0

implies

sup
∂Br
v≤ c3+β inf

Br
v+2(β −1) logr

for 2R0 ≤ r ≤ R/2.
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Proof: Taking r ∈ [2R0,R/2], we put

ṽ(x) = v(rx)+2logr

and obtain

−Δṽ=V (rx)eṽ

ṽ(x) = v(rx)+2log(r |x|)−2log |x| ≤C2+2log2∣∣V (rx)eṽ
∣∣≤C1 exp(C2+2log2) in B2 \B1/2.

Then, we haveC4 determined byC1,C2 such that

|w| ≤C4 in B2 \B1/2,
where

−Δw=V (rx)eṽ in B2 \B1/2
w= 0 on ∂ (B2 \B1/2).

The Harnack inequality is valid to the non-negative harmonic function

h= w− ṽ+C5
withC5 =C4+C2+2log2, we obtain the absolute constant β ∈ (0,1) such that

β sup
∂B1

≤ inf
∂B1
h.

The right-hand and the left-hand sides are estimated from above and from below by

C5+C4− sup
∂B1
ṽ=C5+C4−2logr− sup

∂Br
v

and

β
(
C5−C4−2logr− inf

∂Br
v
)

,

respectively. Then, we obtain

sup
∂Br
v≤ (1−β )C5+(1−β )C4+2(β −1) logr+β inf

∂Br
v

and the proof is complete. �

We are ready to prove the key inequality.181

Theorem 2.27. Given a,b> 0, C1 > 0, we obtain γ > 0, C2 > 0 independent of 0 < R0 ≤
R/4 such that

−Δv=V (x)ev, a≤V (x) ≤ b in BR
v(x)+2log |x| ≤C1 in BR \BR0 (2.233)

implies

ev(x) ≤C2e−γv(0) · |x|−2(γ+1) (2.234)

for 2R0 ≤ |x| ≤ R/2.
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Proof: Lemmas 2.6 and 2.7 guarantee

inf
∂Br
v≤ c2

c1
− 1
c1
v(0)−2(1+

1
c1

) logr

for 0< r ≤ R and
sup
∂Br
v≤

(
c3+β · c2c1

)
− β
c1
v(0)−2

(
β
c1

+1
)
logr

for 2R0 < r ≤ R/2, respectively, and, therefore, (2.234) holds for

γ = β/c1

C2 = exp
(
c3+β · c2c1

)
.

The proof is complete. �

Here, we give the estimate from below in Theorem 2.13.

Lemma 2.8. Under the assumption of Theorem 2.13, passing to a subsequence, we have

m ∈ N, 1≤ m≤V (0) ·C0/(8π){
x jk
}
⊂ BR, lim

k→∞
x jk = 0, 0≤ j ≤ m−1{

σ jk
}

, lim
k→∞

σ jk = +∞, 0≤ j ≤ m−1
such that

vk(x
j
k) = max

B
σ jk δ

j
k
(x jk)
vk → +∞ (2.235)

B2σ jk δ
j
k
(x jk)∩B2σ ikδ ik (x

i
k) = /0, i �= j (2.236)

∂
∂ t
vk(tx+ x

j
k)

∣∣∣∣
t=1

< 0, δ jk ≤ |x| ≤ 2σ jk δ jk (2.237)

lim
k

∫
B
2σ jk δ

j
k
(x jk)
Vkevk = lim

k

∫
B
σ jk δ

j
k
(x jk)
Vkevk = 8π (2.238)

max
x∈BR

{
vk(x)+2logmin

j

∣∣∣x− x jk∣∣∣
}
≤C, (2.239)

where δ jk = e−vk(x
j
k)/2.

Proof: We take xk in the proof of Lemma 2.5, denoted by x0k . Thus it holds that

x0k ∈ BR
vk(x0k) =max

BR
vk

x0k → 0
vk(x0k) → +∞
ṽ0k → ṽ in C1,αloc (R2)
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for 0< α < 1 and

ṽ0k(x) = vk(δ 0k x+ x
0
k)+2logδ 0k

ṽ(x) = log
1(

1+ V (0)
8 |x|2

)2 .
From the diagonal argument, we may assume σ0k → +∞ satisfying∥∥ṽ0− ṽ∥∥

C1,α
(
B2σ0k

) → 0.

This relation implies ∫
B2σ0k δ

0
k
(x0k)
Vkevk =

∫
B2σ0k

Vk(δ 0k ·+x0k)eṽ
0
k → 8π

∫
Bσ0k δ

0
k
(x0k)
Vkevk =

∫
Bσ0k

Vk(δ 0k ·+x0k)eṽ
0
k → 8π

∂
∂ t
vk(tx+ x0k)

∣∣∣∣
t=1

< 0, δ 0k ≤ |x| ≤ 2σ0k δ 0k .

Thus we obtain (2.235), (2.237), (2.238) for m= 0.
Now, we assume (2.235), (2.236), (2.237), (2.238) for m = �. If (2.239) holds, then the
proof is complete. Otherwise, we obtain

Mk ≡max
x∈BR

{
vk(x)+2log min

0≤ j≤�−1

∣∣∣x− x jk∣∣∣
}
→ +∞, (2.240)

passing to a subsequence. Then, this maximumMk is attained by some x�k ∈ BR, and it holds
that vk(x�k) → +∞. Thus

x�k → 0

δ
�
k ≡ e−vk(x

�
k)/2→ 0

and (2.240) reads

mk ≡ min
0≤ j≤�−1

∣∣∣x�k− x jk∣∣∣
δ

�
k

→ +∞. (2.241)

For |x| ≤ mk/2, it holds that

min
0≤ j≤�−1

∣∣∣x�k+ δ �
kx− x jk

∣∣∣ ≥ min
0≤ j≤�−1

∣∣∣x�k− x jk∣∣∣− δ �
k |x|

≥ 1
2
min

0≤ j≤�−1

∣∣∣x�k− x jk∣∣∣ .
We have also

vk(x)+2log min
0≤ j≤�−1

∣∣∣x− x jk∣∣∣≤ vk(x�k)+2log min
0≤ j≤�−1

∣∣∣x�k− x jk∣∣∣
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and, therefore,

vk(x) ≡ vk(δ �
kx+ x

�
k)+2logδ �

k

≤ vk(x�k)+2log min
0≤ j≤�−1

∣∣∣x�k− x jk∣∣∣+2logδ �
k

−2log min
0≤ j≤�−1

∣∣∣δ �
kx+ x

�
k− x jk

∣∣∣
≤ vk(x�k)+2log min

0≤ j≤�−1

∣∣∣x�k− x jk∣∣∣+2logδ �
k−2log

1
2
min

0≤ j≤�−1

∣∣∣x�k− x jk∣∣∣
= 2log2.

Thus we obtain

−Δvk =Vk(δ
�
kx+ x

�
k)e

vk

vk(x) ≤ 2log2 in Bmk/2
vk(0) = 0

and, therefore, Theorems 2.26 and 2.25 guarantees a> 0 and x ∈ R2 such that
vk → v inC1,αloc (R2)

v(x) = log
a2(

1+ μ2a2 |x− x|2
)2

v(0) = 0
v≤ 2log2 in R2,

where μ = (V (0)/8)1/2. In particular, we obtain

1≤ a≤ 2
|x| ≤ 1/(2μ), (2.242)

and now define

L= max
|x|≤1/μ

v(x)− min
|x|≤1/μ

v(x).

From the diagonal argument, we may assume σ �
k → +∞ satisfying

‖vk− v‖C1,α (B4σ�
k
) → 0

and, therefore,

∂
∂ t
vk(ty+ x)

∣∣∣∣
t=1

< 0,
1
2
≤ |y| ≤ 4σ �

k .

This condition assures y�k ∈ B1 satisfying
vk(y�k+ x) = max

y∈B4σ�
k

vk(y+ x),
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and it holds that

x�k ≡ δ
�
k(y

�
k+ x)+ x�k → 0

by (2.242), and furthermore,

vk(x�k) ≤ vk(x�k) ≤ vk(x�k)+L.

Thus defining

ṽ�k(x) = vk(δ �
k x+ x

�
k)+2logδ �

k

δ �
k = e−vk(x

�
k)/2→ 0,

we obtain

δ �
k ≤ δ

�
k ≤ eL/2 ·δ �

k

vk(x�k) = max
|x−x�k|≤4σ �

kδ
�
k

vk(x) → +∞,

and, therefore, Theorems 2.26 and 2.25 guarantee

∫
B2σ�

k δ
�
k
(x�k)
Vkevk =

∫
B2σ�

k

Vk(δ �
k ·+x�k)eṽ

�
k → 8π

∫
Bσ�
k δ

�
k
(x�k)
Vkevk =

∫
Bσ�
k

Vk(δ �
k ·+x�k)eṽ

�
k → 8π

∂
∂ t
vk(tx+ x�k)

∣∣∣∣
t=1

< 0, δ �
k ≤ |x| ≤ 2σ �

kδ
�
k ,

similarly. This relation, combined with (2.241), implies (2.235)-(2.238) for m= �+1, and
we can continue this process as far as (2.239) fails. However, the number of this process is
bounded from above by V (0)C0/(8π), and the proof is complete. �

The proof of Theorem 2.13 is reduced to

lim
k

∫
BR\

⋃
�Bσ�

k δ
�
k
(x�k)
Vkevk = 0 (2.243)

by Lemma 2.8, which is proven by Theorem 2.27 and (2.239). It is obvious that (2.243) is
reduced to the following lemma by Lemma 2.8.
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Lemma 2.9. Under the assumption of Theorem 2.18, if we have m ≥ 1,
{
x jk
}
⊂ BR, and{

r jk
}
⊂ (0,∞) satisfying

x jk → 0, vk(x
j
k) → +∞

lim
k→∞

r jk
δ jk

= +∞ (2.244)

Br jk
(x jk)∩Br jk(x

i
k) = /0, i �= j

max
{
vk(x)+2log min

0≤ j≤m−1

∣∣∣x− x jk∣∣∣ | x ∈ BR \∪m−1j=0 Br jk
(x jk)

}
≤C (2.245)

lim
k→∞

∫
B
2r jk

(x jk)
Vkevk = lim

k

∫
B
r jk

(x jk)
Vkevk = β j ≥ 4π , (2.246)

then it holds that

lim
k→∞

∫
BR
Vkevk =

m−1
∑
j=0
β j,

where δ jk = e−vk(x
j
k)/2.

Proof: In the case of m= 1, we may assume that

x0k = 0
lim
k→∞

r0k = 0.

In fact, the lemma is obvious if the latter condition does not hold for any subsequence.
Then, Theorem 2.27 is applicable by (2.245), and it holds that

evk(x) ≤C2 · (δ 0k )2γ · |x|−2(γ+1) , 2r0k ≤ |x| ≤ R/2.

This inequality implies∫
BR/2\B2r0k

Vkevk ≤ b ·C2 · (δ 0k )2γ ·2π ·
∫ ∞
2r0k
r−2(γ+1) · rdr

= C3
(
δ 0k
2r0k

)2γ
→ 0

by (2.244). Then, we obtain

lim
k→∞

∫
BR
Vkevk = β0

by (2.246) and the assumption.
Supposing the lemma for 1, . . . ,m−1 with m≥ 2, we show it for m. Here, we may assume
that

dk ≡
∣∣x1k− x0k∣∣=min{∣∣∣xik− x jk∣∣∣ | i �= j

}
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and x0k = 0.

Case 1.
∣∣∣xik− x jk∣∣∣≤ Adk, 0≤ i, j ≤ m−1, for some A≥ 1.

In this case it holds that

lim
k→∞

∫
B4Adk

Vkevk = lim
k→∞

∫
B2Adk

Vkevk =
m−1
∑
j=0
β j. (2.247)

Then, we apply the lemma for m= 0, putting

(r0k )
′ = 2Adk

(β0)′ =
m−1
∑
j=0
β j

(x0k)
′ = 0,

and obtain

lim
k→∞

∫
BR
Vkevk =

m−1
∑
j=0
β j.

To prove (2.247), we take

ṽk(x) = vk(dkx)+2logdk

defined for |x| ≤ R/dk, and put

Ṽk(x) =Vk(dkx)

x̃ jk = x jk/dk, δ̃ jk = e−ṽk(x̃
j
k)/2 =

δ jk
dk

, r̃ jk =
r jk
dk

for 0≤ j ≤m−1. It holds that x̃0k = 0 and dk → 0. From the assumption, we have

r̃ jk
δ̃ jk

=
r jk
δ jk

→ +∞

Br̃ik(x̃
i
k)∩Br̃ jk (x̃

j
k) = /0, i �= j

max
{
ṽk(x)+2log min

0≤ j≤m−1

∣∣∣x− x̃ jk∣∣∣ | x ∈ BR/dk \∪m−1j=0 Br̃ j (x̃
j
k)

}
≤C (2.248)

lim
k

∫
B
2r̃ jk

(x jk)
Ṽkeṽk = lim

k

∫
B
r̃ jk

(x̃ jk)
Ṽkeṽk = β j (2.249)

for 0≤ j ≤m−1. We can assume, furthermore,
x̃ jk → x̃ j, 0≤ j ≤ m−1

by
∣∣∣x̃ jk∣∣∣≤ A.
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First, we obtain

ṽk →−∞ locally uniformly in R2 \⋃m−1j=0

{
x̃ jk
}

(2.250)

1≤
∣∣x̃i− x̃ j∣∣≤ A, i �= j

by (2.248) and Theorem 2.25. If limk→∞ r̃
j
k > 0 holds to a subsequence, then it holds that

∫
B1/2(x̃ j)

Ṽkeṽk → β j (2.251)

by (2.249)-(2.250). In the other case of

lim
k→∞

r̃ jk = 0,

we apply the lemma with m= 0. Then, (2.251) follows again.
By (2.250)-(2.251), it holds that

lim
k→∞

∫
B4A
Ṽkeṽk = lim

k→∞

∫
B2A
Ṽkeṽk =

m−1
∑
j=0
β j,

which means (2.247).

Case 2. The other case.

We obtain non-void J� ⊂ {0,1, . . . ,m−1}, � = 1, . . . ,k, such that

J�∩ Jm = /0, � �=m
m⋃

�=1
J� = {0,1, . . . ,m−1}

∣∣∣x jk− xik∣∣∣≤ Adk, i, j ∈ J�
lim
k→∞

∣∣∣xik− x jk∣∣∣/dk = ∞, i ∈ J�, j ∈ Jm, � �= m.

Taking x� ∈ J�, we obtain

lim
k→∞

∫
B2Adk (x�)

Vkevk = lim
k→∞

∫
BAdk (x�)

Vkevk = ∑
j∈J�
β j

similarly to the case 1. On the other hand, we can apply the lemma for m= k:

lim
k→∞

∫
BR
Vkevk =

k

∑
�=1
∑
j=J�
β j =

m−1
∑
j=0
β j.

The proof is complete. �
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2.3.9. Summary

We studied two-dimensional stationary mass quantization in detail.

(1) A typical profile of self-assembly, the quantized blowup mechanism, is observed in the
stationary state of self-gravitating particles, the mean field of turbulence, and particu-
larly, in the self-dual gauge field.

(2) This profile is controlled by the exponential nonlinearity competing two-dimensional
diffusion.

(3) This equation is provided with several mathematical structures, complex function the-
ory, theory of surfaces, real analysis, calculus of variation, spectral analysis, and par-
ticularly, blowup analysis.

(4) Blowup analysis is based on the self-similarity of the problem, and uses hierarchical
arguments.

(5) For this purpose, it is necessary to apply the methods of second moment, moving
planes, or the Harnack inequality to envelope the blowup mechanism.

2.4. Higher-Dimensional Blowup

Although the detailed study of non-stationary quantization is a project for the future, mass
and energy quantizations are certainly observed in higher-space dimension. The methods
of scaling and duality still work, in spite of unanswered questions. The last section of this
book describes aspects of these unanswered questions such as the energy quantization in the
semilinear parabolic equation, the method of duality applied to higher-dimensional prob-
lems, the higher-dimensional stationary mass quantization arising in the self-gravitating
fluid, and the general dimension control of the blowup set. We thus end up with new obser-
vations to the fundamental equations of physics from the viewpoints of calculus of variation
and a mean field hierarchy.

2.4.1. Semilinear Parabolic Equation

The semilinear parabolic equation with power nonlinearity

ut −Δu= up, u> 0 in Rn× (0,T ) (2.252)

was introduce as a ”toy“ model of the incompressible Navier-Stokes equation

vt +(v ·∇)v−Δv= −∇p
∇ · v= 0 in Rn× (0,T ), (2.253)

see for example,110,111 concerning the application of the hierachical argument to (2.253).
Based on a variety of mathematical backgrounds, scaling invariance, variational structure,
comparison principle, ...; however, the solution is provided with fruitful features observed
widely in nonlinear problems; critical exponents, blowup in finite time or blowup in infinite
time, blowup rate, blowup profile, the complete blowup in accordance with the post-blowup
continuation, and so forth.263,268
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The Cauchy problem to (2.252) is well-posed locally in time under the appropriate decay
of u at x = ∞, and T = Tmax ∈ (0,+∞] denotes the maximum existence time. The case
T < +∞ is called the blowup of the solution because then it follows that

lim
t↑T

‖u(·,t)‖∞ = +∞.

In 1966, Fujita105 formulated his exponent in comparison with the ODE part

ut = up, u> 0,

which is summarized as follows, see137,171 for the critical case p= 1+ 2
n .

(1) If 1< p≤ 1+ 2
n , then any non-trivial solution blows-up in finite time.

(2) If p > 1+ 2
n , then there is a non-trivial solution with T = +∞.

Thus, the exponent p f = 1+ 2
n is critical in (2.252) in accordance with the ODE part, which

is dominant in the sub-critical nonlinearity of 1< p≤ p f .

Forward Self-Similar Transformation

The scaling invariance (2.163) to

ut −Δu= up, u> 0 in Rn× (0,+∞) (2.254)

induces the forward self-similar transformation

v(y,s) = (t+1)
1
p−1 u(x,t)

y= x/(t+1)1/2

s= log(t+1),

and then it follows that

vs−Δv=
y
2
·∇v+ v

p−1 + vp

v> 0 in Rn× (0,+∞). (2.255)

The stationary solution to the rescaled equation (2.255) is called the self-similar solution. If
1+ n

2 < p< n+2
n−2 , the solution to (2.254) blows-up in finite time or converges to 0 in infinite

time with the rate either of the Gauss kernerl O(t−
N
2 ) or that of the self-similar solution

O(t−
1
p−1 ). The latter case of ‖u(·,t)‖∞=O(t−

1
p−1 ) arises in accordance with the ”threshold

modulus“ so that this behavior is an exceptional case, see.223 In this threshold modulus
case, the rescaled solution v = v(·,s) converges to the stationary solution to (2.255), that
is the self-similar solution, as s ↑ +∞, see.166 What happens to p = n+2

n−2 , n ≥ 3 is studied
by.150

We have

Lv≡−Δv− y
2
·∇v= − 1

K
∇ · (K∇v)
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for K = K(y) = exp
(
|y|2 /4

)
, and this L is realized as a self-adjoint operator in L2(K) =

L2(Rn,K(y)dy) with the domain

H2(K) =
{
v ∈ L2(K) |Dαv ∈ L2(K), |α| ≤ 2} .

Its first eigenvalue is n/2. Using this value and Kaplan’s argument of taking the L2 inner
product between the rescaled solution v= v(·,s) and the first eigenfunction ϕ1 = ϕ1(y) > 0
of L normalized by ‖ϕ1‖1= 1, we can provide an alternative proof of the result105 described
above; any non-trivial solution to (2.254) blows-up in finite time if 1< p≤ p f , see.85,165
The exponent ps = n+2

n−2 , n ≥ 3 is called the Sobolev exponent. The non-trivial stationary
solution to the prescaled equation, that is

−Δu= up, u> 0 in Rn (2.256)

exists if and only if p ≥ ps, see also (2.19). It p f < p < ps, there is a unique positive
self-similar solution, that is the stationary solution to (2.255), with appropriate decay at
x = ∞, while there is no positive self-similar solution in the case of p ≥ ps. Several other
critical expontes have been recognized in connection with the blowup profile, blowup rate,
and complete blowup of the solution, see97 and the references therein.

Backward Self-Similar Transformation

There are vast references concerning the blowup mechanism of the solution to

ut −Δu= up, u> 0 in Ω× (0,T)

u= 0 on ∂Ω× (0,T), (2.257)

where Ω ⊂ Rn is a bounded domain with smooth boundary ∂Ω. The principal difference
between (2.252) is the appearance of the Poincaré inequality,

λ1‖u‖22 ≤ ‖∇u‖22,
where λ1 = λ1(Ω) > 0 denotes the first eigenvalue of −ΔD:

−Δϕ1 = λ1ϕ1, ϕ1 > 0 in Ω, ϕ1 = 0 on ∂Ω.

The dominance of the L2-norm in the global in time behavior of the solution, actually, arises
with the variational structure formulated by

d
dt
J(u) = −‖ut‖22

1
2
d
dt

‖u‖22 = −I(u),

where

J(u) =
1
2
‖∇u‖22−

1
p+1

‖u‖p+1p+1

I(u) = ‖∇u‖22−‖u‖p+1p+1 .
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A remarkable implication of this fact is

T = +∞ ⇒ sup
t≥0

‖u(·,t)‖2 < +∞

for any p> 1, see.45,245

The comparison principle is also useful, which results in the properties of the (strongly)
order preserving and the parabolic Liouville property or the intersection comparison prin-
ciple.109

The scaling invariance (2.163) now induces the backward self-similar transformation de-
fined by

v(y,s) = (T − t) 1
p−1 u(x,t)

y= (x− x0)/(T − t)1/2
s= − log(T − t),

where T > 0 is the blowup time, that is

lim
t↑T

‖u(·,t)‖∞ = +∞,

and x0 ∈Ω is a blowup point. This relation implies
vs−Δv+ y2 ·∇v+

v
p−1 = vp, v> 0

in
⋃
s>− logT es/2 (Ω−{x0})×{s}

v= 0 on
⋃
s>− logT es/2 (∂Ω−{x0})×{s}

and the limiting equations are

vs−Δv+ y2 ·∇v+
v
p−1 = vp

v> 0 in Rn× (−∞,+∞) (2.258)

and

vs−Δv+ y2 ·∇v+
v
p−1 = vp

v> 0 in Rn+× (−∞,+∞)

v= 0 on ∂Rn+ × (−∞,+∞)

if x0 ∈ Ω and x0 ∈ ∂Ω, respectively. Only the constant v =
(

1
p−1

) 1
p−1 is admitted as a

bounded stationary solution to (2.258) if 1< p≤ n+2
n−2 , see.

120

If 1< p< n+2
n−2 , furthermore, then the global blowup rate is of type (I), that is

limsup
t↑T

(T − t) 1
p−1 ‖u(·,t)‖∞ < +∞,

and v(·,s) converges to
(

1
p−1

) 1
p−1 , the constant solution to (2.258), locally uniformly in

Rn as s ↑ +∞, see.120–122 In particular, any blowup point is of type (I), and the aggregation
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dominates the concentration in the parabolic envelope, where aggregation and concentra-
tion indicate the growth of local L1 norm and that of local L∞ norm, respectively.
If Ω⊂ Rn, n≥ 3 is convex, p= n+2

n−2 , T = Tmax < +∞, and

lim
t↑T
J(u(·,t)) > −∞, (2.259)

then the blowup rate is of type (II),

lim
t↑T

(T − t) 1
p−1 ‖u(·,t)‖∞ = +∞.

The leading blowup profile, furthermore, is the normalized entire stationary solution
(2.256), u∗ = u∗(x) > 0, u∗(0) = 1 involved by a scaling transfomatioin, and the forma-
tion of the second collapse arises at the wedge of the principal parabolic envelope.307 We
obtain, thus, the collision of collapses in this case; compare such profiles to those of the
two-dimensional Smoluchowski-Poisson equation (1.61). We emphasize that actual exis-
tence of the solution satisfying (2.259) with T = Tmax < +∞ has not been confirmed yet,
and in this connection, it should be noted that in the sub-critical case 1< p< n+2

n−2 , it holds
always that T < +∞ if and only if

lim
t↑T
J(u(·,t)) = −∞,

see.119,151

If Ω⊂ Rn, n≥ 3 is convex and p = n+2
n−2 , furthermore, then there is no stationary solution,

and there arises the energy quantization

T = +∞ ⇒ lim
t↑T
J(u(·,t)) = md

with m= 1,2, · · · , where d = J(u∗) and u∗ = u∗(x) > 0 is the above described normalized
entire stationary solution to (2.256), see.149,152 We remind again that although (2.256) has
a family of solutions in the critical case p = n+2

n−2 , the energy value d = J(u∗) is the same
because of the scaling invariance of the problem. This property is actually the origin of the
energy quantization to (2.257) with p= n+2

n−2 .

2.4.2. Method of Duality

The following two paragraphs are concerned with the higher-dimensional concentration to
the stationary state. Here, we provide preliminary considerations on the method of duality.
This method has played a fundamental role in the study of the chemotaxis system, see §1.1,
based on the symmetry of the Green’s function (1.17) resulting in the weak formulation
(1.33).

Pohozaev Identity

Let Ω ⊂ Rn be a bounded domain with smooth boundary ∂Ω, and v = v(x) be a smooth
solution to

−Δv= f (v) in Ω, v= 0 on ∂Ω, (2.260)
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where f = f (s) is a continuous function of s ∈ R. In this case it holds that
∫
Ω
nF(v)+

2−n
2
f (v)v dx=

1
2

∫
∂Ω

(
∂v
∂ν

)2
(x ·ν), (2.261)

where

F(s) =

∫ s

0
f (s′)ds′.

Equality (2.261) is called the Pohozaev identity256 and has a variety of applications.303

Regarding v and u= f (v) as the field density and the particle distribution, respectively, we
obtain

v(x) =

∫
Ω
G(x,x′)u(x′)dx′

u∇v= ∇F(v)

and hence

∇ · (∇F(v)−u∇v) = 0, (2.262)

where G= G(x,x′) denotes the Green’s function:

−ΔxG(·,x′) = δx′ in Ω, G(·,x′) = 0 on ∂Ω.

Given a C2-function ψ = ψ(x) of x ∈Ω, we have

0 =

∫
Ω
∇ · (∇F(v)−u∇v)ψ

=

∫
∂Ω

(
∂
∂ν
F(v)−u ∂v

∂ν

)
ψ−

∫
∂Ω
F(v)

∂ψ
∂ν

+
∫
Ω
F(v)Δψ+u∇v ·∇ψ dx.

Here, the boundary integrals of the right-hand side vanish by

F(0) = 0
F ′(v) = f (v) = u

so that ∫
Ω
F(v)Δv+

1
2

∫∫
Ω×Ω

ρψ(x,x′)u⊗u= 0 (2.263)

by the method of symmetrization, where

ρψ(x,x′) = ∇ψ(x) ·∇xG(x,x′)+∇ψ(x′) ·∇x′G(x,x′).

Since ∫
Ω
∇ψ(x) ·∇x′G(x,x′)(−Δv(x′))dx′ = ∇ψ ·∇v(x),
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it holds that
1
2

∫∫
Ω×Ω

ρψ(x,x′)Δv(x)Δv(x′)dxdx′

=

∫∫
Ω×Ω

∇ψ(x) ·∇xG(x,x′)(−Δv(x′))(−Δv(x))dxdx′

= (∇ψ ·∇v,−Δv)
= −

∫
∂Ω
∇ψ ·∇v ∂v

∂ν
+

∫
Ω
∇(∇ψ ·∇v) ·∇v

= −
∫
∂Ω

(
∂v
∂ν

)2 ∂ψ
∂ν

+∑
i, j

∫
Ω
ψi jviv j+∑

i, j

∫
Ω
ψivi jv j,

where wi = ∂w
∂xi
, wi j = ∂ 2w

∂xi∂x j
, and so forth.

Using

Ii j =

∫
Ω
ψivi jv j

=
∫
∂Ω
ψiνiv2j −

∫
Ω
v j(ψiv j)i

=

∫
∂Ω
ψiνiv2j −

∫
Ω
ψiiv2j − Ii j,

we have

∑
i, j

∫
Ω
ψivi jv j =

1
2

∫
∂Ω

(
∂v
∂ν

)2 ∂ψ
∂ν

− 1
2

∫
Ω
Δψ |∇v|2

and, therefore,

1
2

∫∫
Ω×Ω

ρψ(x,x′)Δv(x)Δv(x′)dxdx′

= −1
2

∫
∂Ω

(
∂v
∂ν

)2 ∂ψ
∂ν

− 1
2

∫
Ω
Δψ |∇v|2+∑

i, j

∫
Ω
ψi jviv j. (2.264)

We obtain∫
Ω
F(v)Δψ+∑

i, j

∫
Ω
ψi jviv j =

1
2

∫
∂Ω

(
∂v
∂ν

)2 ∂ψ
∂ν

+
1
2

∫
Ω
Δψ |∇v|2 (2.265)

by (2.263)-(2.264), and hence (2.261), putting ψ = |x|2. �

Concentration Mass Estimate

We can show that (2.220) implies (2.223) by the method of symmetrization. For this pur-
pose, we apply (2.222) and confirm the well-definedness of

w(x) =
1
2π

∫
R2
log

1
|x− x′| · e

v(x′)dx′ (2.266)
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with the estimate

|w(x)| ≤C(1+ log(1+ |x|)). (2.267)

Then, Liouville’s theorem guarantees, see,259

v= w+ constant

by Δ(v−w) = 0, (2.222), and (2.267). Writing

u= ev, (2.268)

we have

∇u = u∇v= u∇w

and hence

∇ · (∇u−u∇w) = 0 in R2. (2.269)

Equations (2.266), (2.268), and (2.269) comprise of the stationary system of chemotaxis,
and therefore, we obtain∫

R2
Δϕ(x) ·u(x)dx+ 1

2

∫∫
R2×R2

ρ0ϕ(x,x
′)u(x)u(x′)dxdx′ = 0 (2.270)

for ϕ ∈C20(R2), where

ρ0ϕ(x,x
′) = − 1

2π
· (∇ϕ(x)−∇ϕ(x′)) · (x− x′)

|x− x′|2 .

Using c= c(s) of (1.46), we have δ > 0 determined byM such that∫
R2

(
c(|x|2)+1

)
u(x)dx≥ δ

in case ∫
R2
ev =

∫
R2
u=M > 8π

similarly to174 or §1.1.6. This time, |y|2/4 factor of the right-hand side of (1.42) does not
appear, and we obtain the scaling

uμ(x) = μ2u(μx), vμ(x) = v(μx)+2logμ .

Then it follows that

M =

∫
R2
u=

∫
R2
uμ∫

R2

(
c(|x|2)+1

)
uμ(x)dx=

∫
R2

(
c(μ−1|x|2)+1

)
u(x)dx

and therefore, we can find μ � 1 satisfying∫
R2

(
c(|x|2)+1

)
uμ(x)dx< δ ,

a contradiction. �
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Two-Dimensional Mass Quantization Revisited

Putting

w= v+ logλ − log
∫
Ω
ev

in (2.155), we obtain

−Δw= ew in Ω, w= constant on Γ= ∂Ω∫
Ω
ew = λ . (2.271)

If w = w(x) solves (2.271), conversely, then v= w−wΓ is a solution to (2.155). Theorem
2.7 then implies the quantized blowup mechanism to (2.271).

Theorem 2.28 (308). Assume thatΩ⊂R2 is a bounded domain with smooth boundary ∂Ω
and

{
(λk,wk)

}
is a solution sequence to (2.271) satisfying λk → λ0. Then passing to a

subsequence the following alternatives hold:

(1)
∥∥wk∥∥∞ = O(1).

(2) supΩwk →−∞.
(3) λ0 = 8π� for some � ∈ N, and there exist x∗j ∈ Ω, j = 1, . . . , �, satisfying (2.158) and

x jk → x∗j , such that x = x jk is a local maximum point of w
k = wk(x), wk(x jk) → +∞,

wk →−∞ locally uniformly in Ω\{x∗1, . . . ,x∗�}, and
ew

k
dx⇀∑

j
8πδx∗j (dx) inM (Ω).

ThusS =
{
x∗1, . . . ,x

∗
�

}
is the blowup set of

{
wk
}
.

If we take u= ew in (2.271), then it follows that

∇u= u∇w
w−wΓ =

∫
Ω
G(·,x′)u(x′)dx′,

where G= G(x,x′) denotes the Green’s function for −Δ provided with the boundary con-
dition ·|∂Ω = 0. This relation implies∫

Ω
u∇ ·ψ+

∫∫
Ω×Ω

ψ(x) ·∇xG(x,x′)u(x)u(x′)dxdx′ = 0 (2.272)

for any ψ ∈C20(Ω)2.
Equality (2.272) is the dual weak formulation of (2.271). Using this formula, we can show
that if {(wk,λk)} is a solution sequence to (2.271) satisfying

ew
k
dx⇀ ∑

x0∈S

m(x0)δx0(dx) inM (Ω)

with m(x0) > 0, then it holds that m(x0) = 8π and (2.158). The proof is similar to.234 Mass
quantization, conversely, implies the residual vanishing, see235,304 for details.
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2.4.3. Higher-Dimensional Quantization

Problem (2.271) is regarded as a free boundary problem associated with the plasma con-
finement, where {w> 0} indicates the plasma region.103 The higher-dimensional mass
quantization is observed in an analogous free boundary problem

−Δw= wq+ in Ω, w= constant on Γ∫
Ω
wq+ = λ , (2.273)

where Ω⊂ Rn, n ≥ 3 is a bounded domain with smooth boundary ∂Ω = Γ, and q = n
n−2 .

This problem describes the stationary state of the degenerate parabolic equation derived
from the kinetic theory, see §2.2.6. It is also the equilibrium self-gravitating fluid equation
described by the field component, and the problem of plasma confinement, see §2.1.3.
First, we obtain vk = wk −wkΓ ≥ 0 in Ω by the maximum principle similarly to the two-
dimensional case. Here, the quantized value m∗ > 0 is defined by

m∗ =

∫
B
Uq

forU =U(x) satisfying

−ΔU =Uq, U > 0 in B, U = 0 on ∂B

with B= B(0,R). As is examined in §2.1.2, thisU =U(x) is radially symmetric and exists
uniquely for each R> 0, while m∗ is independent of R> 0. In the following theorem, G=

G(x,x′) denotes the Green’s function of −Δ on Ω with the Dirichlet boundary condition
and

R(x) =
[
G(x,x′)−Γ(x− x′)]x′=x ,

where

Γ(x) =
1

ωn−1(n−2) |x|n−2
is the fundamental solution to−Δ andωn−1 is the (n−1) dimensional volume of the bound-
ary of the unit ball in Rn.

Theorem 2.29 (308). IfΩ⊂Rn, n≥ 3 is a bounded domain with smooth boundary ∂Ω and{
(λk,wk)

}
is a solution sequence to (2.273) with q= n

n−2 satisfying λk→ λ0, then passing
to a subsequence the following alternatives hold:

(1)
∥∥wk∥∥∞ = O(1).

(2) supΩwk →−∞.
(3) λ0 = m∗� for some � ∈ N, and there exist x∗j ∈ Ω and x jk → x∗j ( j = 1, . . . , �), where

S =
{
x∗1, . . . ,x∗�

} ⊂Ω coincides with the blowup set of {wk} on Ω satisfying (2.158),
x = x jk is a local maximum point of w

k = wk(x), wk(x jk) → +∞, wk → −∞ locally
uniformly in Ω\S , and

wk(x)q+dx⇀∑
j
m∗δx∗j (dx) inM (Ω).
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There are several results on the actual existence of the solution sequence described in the
above theorem.332,333,340

Local version comparable to Theorems 1.23-1.24 also holds. Actually, there are ε-
regularity, self-similarity, classification of the entire solution, and sup+ inf inequality, and
these structures guarantee the following theorem similarly to the two-dimensional case of
Theorem 2.11. A slight difference to Theorem 2.28 is that the entire solution

−Δw= wq+, w≤ w(0) = 1 in Rn∫
Rn
wq+ < +∞

provided with a compact support to wq+dx. This property, however, does not cause any
difficulties.

Theorem 2.30 (331). If Ω ⊂ Rn, n ≥ 3 is a bounded domain and w = wk, k = 1,2, . . .,
satisfies

−Δw= wq+ in Ω,

∫
Ω
wq+ ≤C

for q= n
n−2 andC> 0, then passing to a subsequence, we obtain the following alternatives.

(1)
{
wk
}
is locally uniformly bounded in Ω.

(2) wk →−∞ locally uniformly in Ω.
(3) There exist � ∈ N, x∗j ( j = 1, . . . , �), and x jk → x∗j such that x = x jk is a local maximum

point of wk = wk(x), wk(x jk) → +∞, wk → −∞ locally uniformly in Ω \{x∗1, . . . ,x∗�},
and

wk(x)q+dx⇀∑
j
m∗n jδx∗j (dx) inM (Ω),

where n j ∈ N.

Here, we emphasize that Theorem 2.30 is used in the proof of Theorem 2.29, and we recall
that Theorem 2.7 is proven independently of Theorem 2.11.

2.4.4. Dimension Control of the Blowup Set

Even the general blowup mechanism in high-space dimensions is enclosed by smaller sets.
In the final paragraph, we describe a simple case of,309 see also267 for the other result.
First, given 1≤ p< n, we put

Kp = { f ∈ Lp∗(Rn,R) | ∇ f ∈ Lp(Rn,R)}
for 1p∗ = 1

p − 1
n , and define the p-capacity of a subset A⊂Rn by

Capp(A) = inf
{∫

Rn
|∇ f |p | f ≥ 0, f ∈ Kp, A⊂ { f ≥ 1}◦

}
,
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where B◦ denotes the interior of B⊂ Rn. This Capp is an outer measure on Rn satisfying
Capp(A) ≤CHn−p(A), A⊂ Rn,

where Hs denotes the s-dimensional Hausdorff measure:

Hs(A) = lim
δ↓0
Hsδ (A)

Hsδ (A) = inf

{
∞

∑
j=1
α(s)rsj | A⊂

∞⋃
j=1
B(x j,r j), r j < δ

}

α(s) =
π s/2

Γ( s2 −1)
Γ(s) =

∫ ∞
0
e−tts−1dt.

We have

Hn−p(A) < +∞, 1< p< n ⇒ Capp(A) = 0
Capp(A) = 0, s> n− p ⇒ Hs(A) = 0,

see.87

Theorem 2.31. Let Ω⊂ Rn, n≥ 3 be a bounded open set, T > 0, and

u= u(x,t) :Ω× [0,T ] → (−∞,+∞]

be a continuous function satisfying

D=
⋃

0≤t≤T
D(t)×{t} ⊂Ω× [0,T ]

ut −Δu≥ 0 in Ω× (0,T)\D, (2.274)

where

D(t) = {x ∈Ω | u(x,t) = +∞}
and suppose that u= u(x,t) is Lipschitz continuous near ∂Ω uniformly in t ∈ [0,T ]. Then,
it holds that ∫ T

0
Cap2(D(t))dt ≤ Ln(Ω)

2
. (2.275)

The second relation of (2.274) is taken in the distributional sense, so that∫∫
Ω×(0,T)\D

uϕt +
∫∫
Ω×(0,T )\D

uΔϕ ≤ 0

for any ϕ = ϕ(x) ≥ 0 in ϕ ∈C∞0 (Ω× (0,T)\D). If u is independent of t, then we obtain

Cap2(D) = 0
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by (2.275), where D = D(t). If Ω is convex, on the other hand, we have the boundary
estimate for solutions to the semilinear elliptic equation, see.73,114 Then, the following
theorem follows from the proof of Theorem 2.31, where dH(A) denotes the Hausdorff
dimension:

dH(A) = inf{s≥ 0 | Hs(A) = 0}.
Theorem 2.32. Let Ω⊂Rn, n≥ 3 be a bounded convex domain, f = f (u,λ ) be smooth in
u≥ 0, and {(uk,λk)}k be a solution sequence to

−Δu= f (u,λ ) ≥ 0 in Ω, u= 0 on ∂Ω

satisfying ∫
Ω
f (uk,λk)dx≤C

‖uk‖∞→ +∞.

Then, it holds that Cap2(S ) = 0 and in particular,

dH(S ) ≤ n−2,
where

S = {x0 ∈Ω | there exists xk → x0 such that uk(xk) → +∞}
denotes the blowup set.

We have

uk → +∞ locally uniformly in Ω

in the case of ∫
Ω
f (uk,λk)dx→ +∞.

The proof of this fact of entire blowup is similar to the two-dimensional case, see213 and
§2.3.4.

2.4.5. Summary

Although the non-stationary blowupmechanism in higher-space dimension is a problem for
future, we have evidence as well as new overviews for the mass and energy quantizations.

(1) The method of scaling reveals an even higher-dimensional blowup mechanism.
(2) For the semilinear parabolic equation with the critical Sobolev exponent, there is an en-

ergy quantization to the non-compact solution sequence with bounded total energy. If
it occurs in a finite time, then we obtain the formation of sub-collapse and the collision
of collapses at the wedge of the parabolic envelope.

(3) There is mass quantization for the stationary higher-dimensional state to the free
boundary problem with the critical exponent.
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(4) A very general dimension control of the blowup set holds in terms of the capacity.
(5) Type (II) blowup rate, formation of sub-collapses, and possible collision of collapses

are observed when the free energies are bounded in the energy quantization, such as
harmonic heat flow and semilinear parabolic equation with critical Sobolev exponent.
In the two-dimensional Smoluchowski-Poisson equation, on the other hand, we have
always type (II) blowup rate, formation of a sub-collapse, and collisionless of collapses
as a consequence of the mass quantization.
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1990.

7. H.W. Alt and I. Pawlow, Mathematical model of dynamics of non-isothermal phase separation,
Physica D 59 (1992) 389–416.

8. A.R.A. Anderson and M.A.J. Chaplain, Continuous and discrete mathematical models of tumor-
induced angiogenesis, Bull. Math. Biol. 60 (1998) 857–899.

9. S. Angenent, The Morse-Smale property for a semilinear parabolic equation, J. Differential
Equations 62 (1986) 427–442.

10. S. Angenent, The zero set of a solution of a parabolic equation, J. Reine Angew. Math. 390
(1988) 79–96.

11. V.I. Arnold and B.A. Khesin, Topological Methods in Hydrodynamics, Springer, New York,
1998.

12. A. Bahri, �Critical Points at Infinity in Some Variational Problems, Logman, New York, 1988.
13. C. Bandle, Isoperimetric inequalities for a nonlinear eigenvalue problem, Proc. Amer. Math.

Soc. 56 (1976) 243–246.
14. C. Bandle, Isoperimetric Inequalities and Applications, Pitman, London, 1980.
15. S. Baraket and F. Pacard, Construction of singular limits for a semilinear elliptic equation in

dimension 2, Calc. Vari. in PDE 6 (1998) 1–38.
16. V. Barbu, Nonlinear Semigroups and Differential Equations in Banach Spaces, Nordhoff, Lei-

den, 1976.
17. G. Barles, H.M. Soner, and P.E. Souganidis, Front propagation and phase field theory, SIAM J.

Cont. Optim. 31 (1993) 439–469.
18. J. Bartz, M. Struwe, and R. Ye, A new approach to the Ricci flow on S2, Ann. Scuola Norm. Sup.

Pisa Cl. Sci. IV 21 (1994) 475–482.
19. G. Bates and P.C. Fife, Dynamics of nucleation for the Cahn-Hilliard equation, SIAM J. Appl.

Math. 53 (1993) 990–1008.
20. F. Bavaud, Equilibrium properties of the Vlasov functional: the generalized Poisson-Boltzmann-

Emden equation, Rev. Mod. Phys. 63 (1991) 129–149.
21. H. Berestycki and H. Brezis, On a free boundary problem arising in plasma physics, Nonlinear

Analysis 4 (1980) 415–436.
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Partial Differential Equations 9 (1984) 955–978.

46. S. Chandrasekhar, An Introduction to the Study of Stellar Structure, Univ. Chicago Press, 1939.
47. S.-Y.A. Chang, C.-C. Chen, and C.-S. Lin, Extremal functions for a mean field equations in

two dimension, In; Lectures on Partial Differential Equations (ed. S.-Y.A. Chang, C.-S. Lin, and
S.-T. Yau), International Press, New York, 2003.

48. S.-Y.A. Chang and P.-C. Yang, Prescribing Gaussian curvature on S2, Acta Math. 159 (1987)
215–259.

49. S.-Y.A. Chang and P.-C. Yang, Conformal deformation of metrics on S2, J. Differential Geometry
27 (1988) 259–296.

50. S. Chanillo and M. Kiessling, Rotational symmetry of solutions of some nonlinear problems in



References 273

statistical mechanics and in geometry, Comm. Math. Phys. 160 (1994) 217–238.
51. P.-H. Chavanis, Generalized kinetic equations and effective thermodynamics, Banach Center

Publications 66 (2004) 79–101.
52. P.-H. Chavanis and C. Sire, Anormalous diffusion and collapse of self-gravitating Langevin par-

ticles in D dimensions, Phys. Rev. E 69 (2004) 016116.
53. C.-C. Chen and C.-S. Lin, A sharp sup+ inf inequality for a semilinear elliptic equation in R2,

Comm. Anal. Geom. 6 (1998) 1–19.
54. C.-C. Chen and C.-S. Lin, Sharp estimates for solutions of multi-bubbles in compact Riemann

surfaces, Comm. Pure Appl. Math. 55 (2002) 728–771.
55. C.-C. Chen and C.-S. Lin, Topological degree for a mean field equation on Riemann surfaces,

Comm. Pure Appl. Math. 56 (2003) 1667–1727.
56. W. Chen and C. Li, Classification of solutions of some nonlinear elliptic equations, Duke Math.

J. 63 (1991) 615–622.
57. X. Chen, Remarks on the existence of branch bubbles on the blowup analysis of equation−Δu=

e2u in dimension two, Comm. Anal. Geom. 7 (1999) 295–302.
58. X.-Y. Chen, Generation and propagation of the interface for reaction-diffusion equation, J. Dif-

ferential Equations 96 (1992) 116–141.
59. Y.-G. Chen, Y. Giga, and S. Goto, Uniqueness and existence of viscosity solutions of generalized

mean curvature flow equations, J. Differential Geometry 33 (1991) 744–486.
60. K.-S. Cheng and C.-S. Lin, On the asymptotic behavior of solutions of the conformal Gaussian

curvature equations in R2, Math. Ann. 308 (1997) 119–139.
61. S. Childress and J.K. Percus, Nonlinear aspects of chemotaxis, Math. Biosci. 56 (1981) 217–237.
62. M. Chipot, I. Shafrir, and G. Wolansky, On the solutions of Liouville systems, J. Differential

Equations 140 (1997) 59–105.
63. B. Chow and D. Knopf, The Ricci Flow: An Introduction, Amer. Math. Soc. Providence, 2004.
64. R. Coifman, P.-L. Lions, Y. Meyer, and S. Semmes, Compensated compactness and Hardy

spaces, J. Math. Pures Appl. 72 (1993) 247–286.
65. J.B. Collins and H. Levine, Diffuse interface model of diffusion-limited crystal growth, Phys.

Rev. B 31 (1985) 6119–6122, 33 (1985) 2020.
66. L. Corrias, B. Perthame, and H. Zaag, A chemotaxis model motivated by angiogenesis, C. R.

Acad. Sci. Paris, Ser. I 336 (2003) 141–146.
67. L. Corrias, B. Perthame, and H. Zaag, Global solutions of some chemotaxis and angiogenesis

systems in high space dimensions, Milan J. Math. 72 (2004) 1–28.
68. M.G. Crandall, H. Ishii, and P.-L. Lions, User’s guide to viscosity solutions of second order

partial differential equations, Bull. Amer. Math. Soc. 27 (1992) 1–67.
69. M.G. Crandall and T. Liggett, Generation of semi-groups of nonlinear transformations on gen-

eral Banach spaces, Amer. J. Math. 93 (1971) 265–293.
70. G. Dal Maso, An Introduction to Γ-Convergence, Birkhäuser, Boston, 1993.
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